CHAPTER

oo

SYMBOLIC
EXPRESSIONS
AND ABSTRACT
PROGRAMS

Accurately describing computing models requires formalisms for both
syntax (the form of an expression) and semantics (its meaning). The prior
chapter addressed syntax; this chapter addresses semantics. The primary
. Dotation is called abstract programming and wiil be used to express short
“functions’” which when mentally executed will return the value ex-
pected by the appropriate computational model. :
To a programmer practiced in a block-structured language such as
Pascal or C, this notation will be quite natural and easy to read unambig-
uously. Further, as will be shown later, the notation also maps directly

into lambda calculus, meaning that we could make it a real programming ,

language without much difficulty.
Before defining abstract programming, however, we will first re-
view a notation that is useful for defining a data structure usually termed
-a Iist. Virtually any other data structure can be simulated by some form
of list, meaning that it can serve as the sole data structure defining mech-
anism in abstract programming.

Next, this chapter will also include a discussion of a special class of
functions, termed recursive functions, where each function definition is
€Xpressed in terms of itself. Nearly all the functions of interest in this
book are recursive and use a relatively standardized format to express
them. This chapter will introduce this notation and a matching mental
Process to use in reasoning about them.
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42 110 ARCINTECTURE O SYMBOLIC COMPUTERS

Finalty, part of our most frequent use of nbstract programming will
be in describing simple "interpreters’” and *‘compilers” for langyages of
interest. To avoid the complexity of lexical scanners, parsers, token-
izers, etc., as found in real mplementations, we will aupment abstract
programming with a set of abstract synfax functions that will do the equiv-
alent work but without the gory detail on their implementation.

Unlike the previous two chapters, the material in this chapter is
likely to be new for most readers. The only exception might be the sec-
tion on s-expressions, However, given the way the materinl permeates
the rest of this book, it is recommended that all readers review this chap-

ter in total.

3.1 SYMBOLIC EXPRESSIONS

{Henderson, 1980; McCorihy et al., 1963)

By this point it should be obvious that the idea of a tuple as en ordered
coltection of other objects would be an excelient descriptive mechanism
for many objecls of interest to a compuler scientist. ‘This is so true that
the entire structure of the programming language LISP was designed
around it in the early 1960s, and vatiations of the mechanism used in that
implementation have persisted to this day in one form or another in many
important languages.

The term symbolic expression, or s-expression for shorl, was coined
by LISP's inventor, John McCarthy, for both the notation and its imple-
mentation. Coupled with this, McCarthy eiso defined a set of functions
which can perform useful work on objects written in the notation, and a

method for deseribing arbitrary prefix expressions in it,
The Following subsections briefly describe both the notation, a sim-

ple implementation, and the major operators, Because of their historical
significance and widespread use in the computer sclence community,
much of the originat LISP terms will be used in this text, even though in
some cases a more modern notation might make the exposition clearer.
We will try to point out places where such confusions might occur, and
augment them with extra discussion,

3.1.1 Graphical Represenintion—Trees

If one were to take an arbitrary tuple and repetitively “pull’* up onit,
leaving behind at each pull only those components that are themsetves
tuples, the shape very quickly takes on the two-dimensional appearance
of a tree (see Figure 3-1}.

Graphically, such trees are structured interconnections of rodes of
three differant types: ’

o A terminal node, leaf node, atomic node, or atom is one that has no fur-
ther internal structure (namely, it is not a tuple, set, or other complex
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Pull o
((AB,C), 1L.42,.31,X)) (ABC 12X
(2} Original tuple, (h) Aler first pull,

[+

.

mE

A B C @Y X

{c) After second pull. (d} After fnal putt,

o tepresents a nonterminal node,

FIGURE 3-1
Crowlng a tres from a tuple,

object), It typically has associated with it a constant, literai, character
string, etc.

e A nonterninal node ia one that does have some internal structure, and
usually corresponds to a tuple. The internal structure can be repre-
sented as ares that join it o its chitdren nodes, that is, other
nonterminals or terminals. Il is a paresr to these child nodes. Each
child corresponds to a component or element of the tuple represented
by the parent.

o A roof node is a nonterminal node that has no parents.

Not all graphs i the normal mathematical sense correspond to valid
objects which are expressible as tuples. Specifically, to be a tree a graph
must have the following properties: :

¢ There iz either a unlque root node or the tree is empty.
s No noaterminal can be n parent or child of itself.
s All simple vatues are at the leaves,

The first rufe simply guarantees that we are discussing a single ob-
Ject which is a tuple. Note that an object whose value is expressible as o
simple constant is not a tuple, and is excluded by this rule. However, a
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tuple of exactly one terminal is, The second rule simply prevents foops in
the tree, and the third reinforces the relationship to the (uple form.

Note that none of these rules excludes the possibility of a node hav-
ing an arbitrary mixture of leaves and nonterminals as its chitdren. This
again is in agreement with the concept of a general tuple.

Although it would seem natural to draw trees from the root up, his-
torical reasons have led most people to draw them upside down. The root
node is at the top. Fanning downward from this node are arcs {like limbs)
that lead 1o the node's children, Typically afl the direct children {leaves
and nonterminals) of any node are drawn on the same horizontal tevel,
Any of the children that are themselves nonterminals fan similarly out-
ward to their children on the next lower level. This process continues as
long as there are nonterminals to expand. When complete, terminal

nodes teeminate all paths,

3.0,2 Historlenl s-Expression Notation

Our notation for tuples consists of sequences of expressions separated by
' and surrounded by **()." This is a perfectly valid notation, and one
that will be used heavily later on. However, the reader should be aware
that the language that originated s-expressions, LISP, uses = slight vari-
ation, namely, one where the *',"" separator is replaced by one or more
spaces. Thus ((A,B,C),1,((2,3),X)) would be written as (A B C) 1 ((2 J)
X)). in addition, the term tuple is renamed & fist.

Some modern languages, especially function-based ones, use bolh
notations. The **,"* form is used when the number of elements in a par-
ticutar tuple is known in advance and does not chauge. ‘The ** "' form is
used when the length of the list may vary unpredictably and dynamically.

We will foltow similar guidelines (cf. Figure 3-2); context should in-
dicate why one form was used over the other.

3.1.3 Dot Notation

A special notation, called dof notatfon, exists for the case where 2
nonterminal has exactly two components. If all nonlesminals in & tree

<g-expression> = <terminal> | <nonterminnl>
<terminal> := "‘nppropriate character slrings’’
<nonteiminal> = <tuple> | <list>

<wple> 1= (<s-expresslon> {, <s-expression>}*}

<fist> 1= (<s-expression> {'' ** <s-expresslon=>}*)

FIGURE 3-2
Partial BNF for tists and tuples.
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wete such, the resull would correspond to a binary free. The notation in-
volves using the infix operator *'."* (pronounced ‘'dot") to specify that
exactly two subtrees are 1o be joined together al a new nonterminal. The
s-expression that is written to the right of the *." is the same one that
graphically is on the right leg. The same holds for the left. **{)"* surround
e " and its two arguments. Thus, if a and b are s-expressions, then
(a.b) {pronounced ‘‘a dot b"'} represents a tree whose roo! has two arcs
to a and b, respectively. Figure 3-3 diagrams seversl examples.

A single BNF addition to Figure 3-2 extends s-expressions to in-
clude dot notation:

{nonterminal) := ({s-expresslon}.(s-expression})

3.4.4 Implementatlon of Dot Notation

pne of the beauties of dot notation is the directness and simplicity of its
implementation in the memory of a conventional computer, A typical ap-
pronch involves dividing memory up into multiple cells, each of which
corresponds to a single node and contains within itself enough storage to
hold several pieces of information. First of these is a tag field, which tells
what kind of node this cell represents, a nonterminal or terminal, and if
the tatler, what kind of value linteger, Mosting-point number, character
string, etc.; see Figure 3-4(b)]. The rest of the cell's contents depends on
the tag. For a terminnl node it is a value field holding a standard binary
representation of the node's value. For a nonterminal, there are two
pointer flelds whose contents can address other cells in the memory [see
Figure 3-4(a}]. These pointers correspond to arcs to the node’s childres,
one for the left child and one for the right.

Given the address of a nonterminal cell, a standard operator called

(NL{HL.THERE))

I

(HI1, THERE) i

}_

L 1t THERE It THERE
(=) b {c}

((ML.THERE} , (HL.THERE)) {(L{MOM.DAD)L(SEND.$))

i i

I 1 I ! i 1 ! 1
HI THERE Il THERE H1 . SEND 3
) { 1
MoM DAD
{e}
FIGURE 3-3

Sample use of dot sotation.
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car cde
tab) = [ | 1] a = [teg] valie ]
liteal' Ildshtll
are are
a b
(a) tag = "nonterminal,” (&) tag = “tesminal.”
FIGURE 3.4

Dot notatlon and its equivalent.

head, first, left, or car returns the contents of the first pointer.. Another
standard operator cafled fail, last, right, or cdr takes the same cell address
and returns the other polnter, This text will use car and cdr, respectively.
Thus, if ¢ is the cell representing (a.h), then car(c) returns a and cdr(c)
teturns b,

Applying car or cdr to a terminal node is not defined.

The terms car and edr have their origing in early implementations of
LISP on the IBM 7090, This machine hnd a 36-bit word with two halves,
the “‘address” half and the “‘data’ hall, each of which could lold a
pointer. This was an excellent match to the cell structure described
above. The 7090 instructions to access the iwe halves were *'contents of
the address register’ and “‘contents of the data register,”” Thus the
names,

3.1.5 Shorthand Cell Drawing

Drawing s-expressions as connections of cells can often get quite tedious
and consume considerable amounts of space, To reduce this we will use
severa! shorthand drawing notations in this book.

First, in nearly all circumstances the tag value of a celt is obvious
from the diagram. A cell with two subfields is a nonterminal; a cell with
only one is a terminal. In the Iatter case the actual tag value is obvious
from the cell value. Consequently, many of our diagrams will not show
explicit tag fields.

Next, one kind of node not mentioned yet corresponds to the emply
tree. Although it is possible to define a special tag value for this node, a
more common implementation encodes any pointer that should point to
an empty tree node as n special value, usunlly zero. This value is calied
nil, and is usually semantically indistinguishable from 2 normal pointer to
a cell with the emply tree type tag. Thus we do not need to expend a
unique memory cell for the nit object, In a drawing we will usually wtite
“ait' in a celt’s field when that field should point to the nil object.

Finally, very often the car or edr of a nonlerminal cell will point to
another cell with a terminal tag. For brevity in notation, we will often
draw such diagrams in a fashion similar to that for nit. The nonterminal
cell is drawn with the value from the terminal cell in its appropriate field
{see Figure 3-5(b)]. Even though such a diagram shows only the onc
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e | F—ival 1 J—wrl | J—lx]_w]

(] 7} [F[ e ] [ 2 1

{ a) Full representation of ¢ F.(uit{2.nl13).

L] F——[2]m]

(b) Condensed drawing.

FIGURE 3.5
Drawlng condensed s-expresston cell dlagrams,

nonterminal cell, it is important to remember that in reality lwo cells are
used, with the one not shown conizining a tag of type lerminal and the
value shown in the nonterminal’s field.

3.1.6 Implementation of Lists with Duts

The dot notation is easy to implement, but it supports only two chiidren.
Most general tuples and lists have an arbitrary number of children, and it
would be useful to use the cell imptementation to support it.

The most common approach is quile simple:

s A zero-element Jist is the nil pointer discussed above,

s To construct a general n-element list, start with a nonterminal cell
whose car part points to the first element of the list and whose cdr part
points o the remnining (n—1)-element list. (see Figure 1-6),

The net result is n cells, the cars of which point to the n children
and the cdrs of which point to the next cell, except for the last entry,
which contains a nil. This Iast nil scrves as a wall to indicate the end of
the line for children of this node. Figure 3-7 diagrams a node with five
children and its construction as a list of cells. Note also from this figure
the now natural conversion from a pure s-expression notation Lo a dotted
form, An s-expression of the form

“-(a, a...0)"  or  ‘Ya, ay....8,)"
has an equivalent dot version as
“(ag . {ny. (o ng omil)eL )
Note the cases for n={ and 2:
{n,} = (n,.nil)
(n; &) = {0y, 8)) = (a,.(n;.nil)}  (THIS IS NOT (a,.q,))

202
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Tag = ncmcrmingl

Polnter to ~
e} n- » To (N~1)-etement Hst

N-clement (il If M=}
list
Firat chitd in list

FIGURE 3-6
Linked-fist equivalent of dot notation.

Tuple form: (1), THERE, MOM,AND,DAD)
List form: (31 THERE MOM AND DAD)
Tree form:

1 1 1 ]
1! THERE MOM AND DAD

Dot fom: (IIl.('l'lIERE.(MOM.(I\ND.{DAD.nIE)))))

1 H
——
THERE i
MOM i
AND i

DAD nit

Equivatent finked list:
Y

FICURE 3.7
Muitiple children in dot nutation.

i i i “a node to be an empty tree
1t is possible for any of the children of a no . Ipty tre

itsetf by si?nply placing a nit in the car of the appropriate ccl!._Smce it is
the car pointer being used, there is no danger of co::l‘us:ou with th‘e te;'-
minating nil in the final cdr. Thus “'(( ).( )AL )" in dot notntion 15

il (nil . {A . {nil . nil)))). o
o ({: nl(l the(se cases the equivalent list form has significantly fewer pa-

rentheses, and thus is nearly always ?asier o write and rea(: accu:ir‘:;ul:;;;i
Further, the general idea can be carnc_d forward to cases W :Icrle(and ";e
cdr is not nil. In general, we will permit all but the it_aﬂmostb oremoved
matching parenthesis) at any level of an s-expression to oe .

Thus:

(a, .(nz.(...(a,,_,.(n,,_,.(n,.. V) )
={a; Bp.or M2 Ay - 0y - Ane))

49", leaving an initial *'c
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Figure 3-8(a) diagrams a varicty of totally equivalent ways of writ-
ing the list (1 2 3); Figure 3-8(b} diagrams a variety of similar expressions
that nre neverthetess totally different,

There is nothing in the equivalence of dot notation and list notation
that prevents any child of a nonterminal from being a nonterminal itself,
The ear of the appropriate cell in the first tist simply points 1o the first
cell in the chain that represents the second, Here, of course, the outer-
most { ) of the inner object must be present or there is no way to identify
the beginning and end of the sublist. Figure 3-9 diagrams the cell equiv-
nlent of the s-expression from Figure 3-8, Note that the shorthand form in
{b) really cotrresponds to all the cells shown in ().

Figure 3-10 diaprams several other examples of list notation and
their equivalents,

3.1.7 Common Functlons nnd Predicntes

Of all the functions used {o process s-expressions, perhaps the most com-
mon are ent and edr. When applied to an s-expression they return what-
ever object is indicated by the approprinte subfield, Thus car of ({1 2.3) 3
4) is (1 2.3); odr of the same list is (3 4),

Not only are these commaon functions, they are often used in long
strings of compositions of each other o pick out various elements of ob-
jects. For example, ear(cdr(cdr(x)}) picks out the third element of a list x;
if x is the above list (1 2,3) 3 4), this is 4. Likewise, cdr(ear(y)) picks out
a list representing all but the first child of the direct children of the first
child of y, namely, (2.3). ’

Because such composilions are so typical, a common convention
eliminates from the written form all the middle "“r(c''s and matching
' o final Y'e" and an inlermediate string of
“a'"s and “'d"s. Thus, car(cdricdr{x})} is shortened to caddrly), and
cdricar{y)) reduces o cdar(y).

Besides car and edr, there are several standard functions typically
found in systems that support the cell implementation of dot notation
(Figure 3-11 gives some examples):

(123 =(1213 (1.02.3)

= (1,(2.(3.nit}) {(1.2).3)

= (1.2.00 {(1.2) 3

= (1.(23) N3

= (1 2.(3.ni1}) (123

= (1 2.{) (t 23 nll)

= (12 3.ni) (1 2 (3.0t}
(a} Equivaleni representations, (b) Different ecpresentations,
FIGURE 3.8

Three-elenient s-expresslons,’

T2
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o

{ (ABC) (23) X)
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2]

R et

S [ I

(a) Bapllcitceit representatlon.

L*ED—’!ID—*E{]E

<

]

[ % Lot

(b) Shorthand ;cpresentnllun.

Note: A,B.C.X assumied to be terminal stomic conatants

FIGURE 3.9
Polater structure of (A P C) 1 {2 3 X

cons (x,y) conslructs an s-expression (x.y). 1t finds an unused cefl in
memory and modifies it so that x Is its car, y is its edr, and its tag is
nonterminal, and then returns a pointer to the celt.

list (xy, X4+ .- Xp) CrEQies a list where the i-th element is x;;=cons
(x,, cona(x,..., CON8 {x,,.nil)...).

length (x) returns a count of the number of toplevet elements in x;
e.g., length(({A.B) 3 (3 4 3) 6))=4,

append (x,y) concatenates & copy of list x to s-expression yi €.8.,
append ({(A (B B) C), ((1.4) 2 M=ABBC (1.4)23).
The general execulion followed by this function involves making a copy
of the list x, finding the last cell in the list, and replacing its cdr by a
pointer lo the root cell of y.

This function is also called concateitate or concal,
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(AB.CY) = (A B.C)

(Anll) = (A)

{(AB.0l)) = (A B}

(A{B.{Cnil})) = (ABC)

{(A} (B.C) (D (B.F}D)
= ((A) (B.C) (D (B.F}.nll)
= ((A) ((B.C).UD (B.F).ni))
((A)(B.C).UD (E.F).nil))
= ((A){B.C).{(D ((E.F).nil)).nil))
= ((AL{(B.CYLUD.((E.F).nll)).ni})))
= ({A.nil).((B.C)L.UD.(E.FL.uil).nil))} Snml;:ll:l?ii:l.lsgld dot eapressions,

Xea(d48312)
Y=ii2)
Za{ABC)

cons(X.’{)—an__i__] append(Y,Z) —>»1 |
| el e 4

Xy

Unt(X,Y, Z} s ] l | 4l \ 1 I it ]

X Y Z
rovene(X) —>1 2 | 4—{ 1 | -I—-)m_—}—]

l——»[al 4[4 Tau]
x-¥—>[ 4 J-{a] [ ]m]

Nole: All cells shown here are different from those
Implementing lsta X, Y, and Z.

FIGURE 311

Cell form of typicel s-expression funclions.

reverse (x) reverses the order of top-level children of list x;
reverse((A (B C) (D EY)=((D E) (B C) A). o e
difference list x—y returns a list whose concatenali i i
renc ) 7 on with Ids x.
It is a partial inverse of append; e.g., if x=(4 83 12), y=(3 12}, xyn);’l:(458;
Also append (x—y, y)=x and append (x,y)—p=2x,

M
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1n addition to these functions there are several common predicates:

atont (x) returns true only il x is a tesminal,
null (x) returns true only if x=nil.
eq (x,y) retlurns:

s True if x and y both terminals and x = y.
o False if x and y both terminals and x # y,
o Undefined otherwise (a partial function).

member(x, ) returns true if s-expression x is some first-level child of 5.

3.2 ABSTRACT PROGRAMS
(Henderaon, 1980)

An absfract program {s a method of describing an expression built out of
compositions of functions appfied to arguments In a simple standardized
equational form. Its beauty is that for the most part the meaning of the
notation is relatively obvious to anyone who has had a moderate amount
of programming experience. As such, it wilt be used throughout this book
to describe the semantics of various constructs fn other programming lan-
guages. This section gives encugh of a description to permit reading and
understanding these later semantic definitions. A more formal definition
and mathematical basis can be found later, where the close relationship
between this notation and lambda calculus is explored.

Figure 3-12 gives the major syntax for abstracl programs,

The key syntatic unit is an expression which can (ake several forms,
First is simple arithmetic and function applications on the arguments.
Since this notation is primarily for human use, whatever form of expres-
sion seems most appropriate at the time will be acceptable. This includes
infix, prefix, or postfix, use of standard arithmetic functions, the s-
expresston operators discussed earlier, and the like, all without need for
more detailed definitions, A simple example might be

2+ 3xtength(edr(y)).

1n addition to composition of functions, an ll-then-else form is also
acceptable. In this form an expression following the If (usually a predi-
cate) returns either true or false when evatuated, When the overall func-
tion is applied to an argument, if this expression evaluates to true, then
the expression following the thenis reduced. Similarly, the else expression
provides a value if the predicate is false, There is nothing prohibiting nest-
ing of an {l-then-else inside the expressions or predicate of another H-
then-else. The interpretation is obvious. Figure 3-13 glves two examples.

The final bit of syntax to be described here is the fef expression, Thls
has two parts, the first of which (the definition part) tooks like one or
more assignment statements in a conventional programming language
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<asbstract-program> : = <erpr>

<expr>> t= ' any normal mathematical expression™
<expr> = <|f.expr> | <lsl-expr> | <where-expr>
<if-expr> 1= If <expr> then <expr> else <expr>

<fet-expr> 1= let <deflnltion> In <expr>
{ letrec <definftion>> in <expr>

<where-expr> = <expr> where <deflnltion>
| <expr> whererec <definltlon>

<definlllon>> : = <functlon-egin> | <arg> = <expr>
| <defnitton> {and <definidon>)*

<fen-eqin®> = <function-name>(<arg>{,<arg>}*) = <expr>
<arg>> 1= <|dentlfier>

<function-name>> 1= <identifter>

FIGURE 3.12
A partial DNF syntax for abstract progrnms.

raverse((A B C D)) whereree reverse(x) =
H nubI(x)
then x

else fet y =reverse(cdr(x)} in append(y,cons(car(x),nil))

(a) Reversing the list (A B C D).

fetcec Ack(l,)) =~
If{=0 then }+1
elselfl =0 then Ack{i—1,1)
else Ack(l—1,Ack{t,]—- 1)
In Ack(2,1)

(&) Ackerman's function,
FIGURE .13
Sample abstract programas.

(coupled by the keyword and), and the second {the body) which is a con-
venti9nal expression. Each definition cither defines a function or equates
a variable name with some expression. Typically these function defini-
tions are ones that are used inside the expression following In. Bach func-
tion is defined by giving it a name and appending to it a tuple of formal
argument names. These argoment names are placeholders for the compo-
nents of a single argument tuple that the function would accept as input,
To the right of this name and fist is an "'="" followed by an expres-

79



54  THE ARCIITHCTURB OF SYMBOLIC COMPUTERS

sion that denotes the value returned by the function when it is applied to
a real argument. The "=" really means equalily in the mathematical
sense, and not an assigniment, storage, or other memory-changing oper-
ation. Whenever one sees the teft-hand side in an expression being eval-
vated, it can be replaced by something that is totally equal to it, namely,
the right-hand side.

In the second form of a definition an identifier (without any argu-
ments) is equated to an expression. The purpose is to simplify complex
expressions where the same subexpression is used several places in some
deeper expression. For example, instead of @A+ +HIN(RZHO)+4,"
we could write "'let x=(3Xz+6) In X +3%x+4."

Apgain, it is imporlant 1o renlize that any such definition Is not an
assignment statement in the classical sense. The “variable’" in the defi-
nition part receives a value only once and has no concept of allocated
storage to which values may be written or read many times, It Is more
like a niacro substitution in a sophisticated assembler system, and actually
defines an anonymous function with the jet varlable as a formal argument
name and the In expression as the function body. The expression in the
definition is then the actual argument being applied to this function. In
the substitution notation defined eatlier, an expression of the form *et
x=A In E" is equivalent to "{AKX)E,"

The range of text over which the definitions in the let part have ef-
fect is limited to the expression in the matching In part. 1t is permissible
to nest let expressions inside the expression parts of other let expres-

sions, creating a hierarchy of definitions very similar to the standard -

scoping rules in block-structured languages such as Pascal. Thus, in
jol x=3 In lol x=x-+1 In let x=xx2In 7-x

the only x to take on the value 3 is the one in “‘x+1," which means that
the x in “xx2'" takes on the vatue 4, and the x in "'7—x"" the value 8
(yielding a value of —1 for the whole expression).

Syntatically, the letrec statement is the same as the let. Semanticalty
the difference is that the scope for the definitions being made includes
not onty the expression in the In part, but also the expression in the def-
inition part. This is a subtle but important difference and permils abstract
programs to define functions which are defined in terms of themselves,
Such functions are called recursive functions and are of great importance
in computing. The next section will address such functions more fully,
and pive several detailed examples.

The where nnd whererec statements are identical to let and latrec,

except that the delinitions come after the expressions over which the def- .

initions apply. It often simplifies notation somewhat for humans, but fins
no semantic differences from the lat forms.

Finally, the typical abstract program will often consist of several
relatively high-level function definitions followed by a call to one of them
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as the ultimate expression to be evaluated, 1n such ill i

. cases we will invoke
a standard bit of shorthand by deleting the outermost Yet, and matching
ands and In. The function definitions and final expression will be written
independent of ench other and on separate lines.

3.3 RECURSION
{Bavel, 1982, pp. 304-332; Burge, 1975, pp. 33-40)

{\ cl(?sc look at many of the BNF statements and abstract programs used
in this bc_)ok will reveat that they often have the strange property of em-
bedding in their defining expression an application involving themselves
Both Ac.:kermnn's function and the definition of list reversal given earlie;
have this property. In general, & function defined thus is termed a recur-
sive function,

Wililf: it is possible to define functions that tock themselves up in a
nevel:-eﬂdmg sequence of applications of themselves, all the recursive
functions of practical Interest have the property that when they use them-
selves within their own definitions, they always do it with "'simpler'* ar-
guments than they started with. Each such call of a function to itself is
termed a recursion or recursive cail. Eventually, these arguments become
simple enough for the function to solve withoul recursion, and a value
gets returned, Such functions are effectively computable; that is, even
though they are defined in terms of themselves, they can be con‘:puled
.me.c!mnicaliy in less than infinite time. This means that we can consider
writing compuler programs that compute them,

Recursion is an incredibly powerful tool that will be used through-
out this book in discussing computationa! models. Indeed, most of the
Innguages studied here have at the very heart of their semantic descrip-
tions mechanisms that can only be expressed recursively, and usuaily
quite compactly.

kn general, a recursive definition of a function will follow 8 common
outline somewhat like the following:

({lunction-name)({arg){,(arg}) ):=f (basls-tast)
then {basls-casa)
olse {recursive-rule)

The {basis test) is a predicate expression that tests if the arguments
are "simp!e enough.’’ If so, the {basfs case) expression provides the result
directly without fusther recursion, 1f not, the {recursive rule) or genterating
rule expression determines two things:

s How to compute the resull for the current set of arguments if the an-
swer 1o a simpler version of the same problem is known

e How to compute the argument values for tha simpler version from the
current ones

£y
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1t is possibte to have more than one basis test, basis case, and re-
cursive rule by approprinte nesting of If expressions. However, from a
computational viewpoint it is impartant that no recursive rule be invoked
before being sure that none of the basis tests applies. Foilure to do this
could cause a computer executing Lhe function to chase forever down un-
necessary blind alleys, .

In addition, it is important that alf recursive rules really do generate
“simpler'’ cases; otherwise the function's description is of no use to any-
one who wants to use it as an outline for a compuler program.

Perhaps the most famous recursive definition is that of the factorial
function. Figure 3-14 describes the various parts of a recursive definition
for it, its expression as an abstracl program, and a sample “'execution,"

The classical implementation technique for recursive functions on
conventional von Neumann computers involves use of a stack. Bach time
the function refers to itself, the program executing it saves on this stack
a complete set of information as to where it was and what the values as-
signed to all formal arguments were. Such a collection of information is
often called o frame.

The program computes the new argument values and then jumps
back to the beginning of the program code for the function. Then, if the
basis test is passed, the code at the basis case computes the desired an-
swer. Further, it checks the status of this internal stack. If the stack is
emply, the answer is returned directly. If the stack is not empty, the top
frame i popped back into the arguments, and the program is restarted at
the point it suspended itself, but with the just-computed result now avail-
able. Again, when this code completes itself, it tests the stack before
quitting. A nonemply stack triggers another popping sequence.

Frilure of alt basis tests leads to the recutsive rule code, where a
new frame is built and a new call to the function takes place,

Many recursive definitions, such as that for factorinl, can be written

factotial(n) = aX(n=1)X{n-2)... X1
Basis test: Does n=07
Basis case: Velue Is } f n=0
Recursion rule: n  factorial(n— 1) if n>>1

Thus, a3 an abstract program deflnition:
tactorial{in) = If n=0 then | else n X factoctal(n—1)

B.g.. factorial(3} — IX factorial(3 -1}
— 3% (2 % faciorial(2—~ 1))
—+ 3R (2K (1 X (factorial(] — 1))}
= 3IX@x{IxIn
—+6
EIGURE 3-§4
Recursive factorinl,
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ns classicnl Iteration loops in conventional programming languages that
simply repeat the same code for a certain number of iterations, changing
various variable values ench time. The most common case of this occurs
when the only recursive call of a function to itself occurs once at the very
end of the recursive rule, and where it is nol necessary to do any com-
putation on the result of the recursive call. Such recursion is called tail
rectrsion, and is antomatically detected by many good compilers for lan-
guages that support recursion. An example of the {actorial function
which more clearly shows such tail recursion is

factorial(n) == fact(n, 1}
whererac fact (1,2} = Il n=1 then z slse laect(n—1,nxz)

Here, inside the function fact, the argument » takes on the stalus of
a loop counter that counts down to 0. The argument z takes on the status
of a variable modified each time through the foop, with the value at the
end of the loop the desired result.

Not all recursively defined functions can be oplimized into a con-
ventional loop like this, Mathematicians have shown, for example, that
Ackerman's function (see Figure 3-13) can only be computed recursivety,

Another example of a non-tail-recursive definition is the standard
one for o Fibonacchl functlon flb, namely,

fib(n) = if n<2 then { else fib{n—1)+lib(n-2)

Each of the recursive calls in the recursive rule must return its
valie to the rule as an input to the addition, which in turn will compute
the final result, This function is unlike Ackerman's, however, because it
is possible to define a tail-recursive form.

3.3.1 Common Examples

Many of the functions mentioned so far, particufarly those thal process
s-expressions, are recursive. Figure 3-15 gives typical definitions assum-
ing that other functions such as ear, cdr, cons, +, —, X, atom, null, etc.
are al{ **built-in"" and defined separately, ' ’

3.3.2 Accumulating Parameters

In many cases the inherent computationa!l complexity of a function stated
recursively fs not related to the simplicity of ils definition. For example,
in functions dealing with s-expressions, a common unit of ""work"’ is the
number of cons operations performed (this is because in real implemen-

6?



58  1ig ARCINTECTURE OF SYMDOLIC COMPUTERS

From prior sections:
factorial(x} = If x =0 then 1 else x X factoriai(x — 1}

teagth(r) = if null{x) then 0 else | + lengthicdr(x))

append(z.y) = if null(x) then y else let z=reverse(x} In
append(reverse(cde(z)), cons{eur(z),y))

teverse(x} = If pull{x) then nil
else uppend{tcverse(cdr(x)).cons(cm{x).nll))

member{x,s} = If null(s) then F
else i eq(x,cor(s))
then T
else member(x,cdr(x)}

Other interesting functions:

count(x) counts the number of non-nit atoms in &,
count(x} = if atom{x)

then If nuif(x) then O else |

else count{car{x)) + count{cdr(x}}
B.g., coom({{(A(BC)D)) = 4

equak(x,y) is true Iff x ond y are Jdentical lists.
equal(x,y) = if atom(x}
then if atom(y)
then eqix,y)
clse F
else if equal{car(n),cor(y))
then equal{cdr{x),cdr(y))
else F

unton(s,1) returns a list containing every ¢lement of sort,
unton{s,) = If null(s) then t
else  addeli(car(s),unton(cdr(s}, 1))
wheee nddeli(x,) = If member{x,t) then 1 else
cons(x.)
B.g.. union{(A (D B) CHL{A(BC)D) = (A (DEYC(BCYD)

intersect(s.t} returns commen elements of s and .
imtersect(s,1) = If nuli(s) then nil
else fet z = intersect{cdr{s),1) in
if member{cor{s),t) ’
then consfear(s),z)
else z
B.g.. Intersect{ABCD)(BCDE M =(BCD)

FIGURE 3-45
Some common recursive functions.
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tations cons requires n relatively expensive memory altocation process to
be invoked). Counting these up as a function of the size of the input often
glves some valuable insight into how that function might perform if trans. -
Inted into a program for a conventionat computer,

A good example is the definition of the reverse function from Figure
315, PFigure 3-16 gives one reduction sequence for the case where the
input has four elements. If we count the number of cons’s done by each
append, the total is 10. A simple generalization leads to the conclusion
that for an N-element Hst as input, this reverse takes (N+ XN/ cons
operntions to complete.

Can one do better than this? Consider, for example, a program to
do the same function in a conventional programming language wherc
loops are common [cf. Figure 3-17(a)). This program does exactly one
cons per efement in the input argument, for a complexity of N. The key
difference from the prior definition of reverse is that we have a variable z
which “accumulates’ the partial answer as it is built up.

Modifying the abstract program reverse to have the same lowered
complexity is not only possible but a vatuable lesson in a general tech-
nigue for recursive function optimization. The basic ider is to define the
desired function in terms of a new function which has all the same argu-
ments {unchanged) from the original function, plus one more. This addi-
tional argument is called an accumulating parameter, and takes the place
of the loop variable z in the prior figure. The new function is itself recur-
sive, and in each of its recursive rules the new value to be computed by
that rule is placed in the accumulating parameter position. When a basis
case is reached, the current value of the accumulating parameter is re-
turned as the value of the function application,

For reverse this process would yield a definition of the form of Fig-
ure 3-17(b). Al each recursive call to rev, the accumulating parameter is

: :cverse(iA pCcDy =

~+ append( append| append] append(nil,D,nil),C.nil) B.all],A.nil)

‘ 1 1 1 1
— append( append{ append{{D)(C)} (B)1(AD)

)

f more
- appcnd(ﬂ?pendlw C).(B)).(A))

2 more
~» append((D C B),(A)} — (D C B A)

3 more
FIGURE 3-16

Counting cons operations in reverse.
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procedure reverse(x)

2 =nll;

while r¥énil do
begin
2! =cons(car(x).z}
K: = cdr{x);
end;

refuen z;

(a) An imperative roverse.

reverse(x) = rev(x,nil)
whererec rev(x,z) = If null{x} then z .
else revicdr(x),cons(car(z},z))
(b} An absteact program using accumutating paramelers,

FIGURE 3-17
More efficient reverses.

computed in a form that looks just like that used in the iterative loop pro-
gram. The original argument takes on the role of an iteration variable
which signals when the *‘loop' is over. Note also that the calf to rev in
the definition of reverse includes an initinl value for this accumulating pa-
rameter, .

As another example, consider a function sunproduct(x), where x Is a
jist of numbers, ‘This function returns a dotted pair of numbers, where the
car element is the sum of all the numbers and the cdr is the product. A
straight recussive definition without the use of an accumulating parame-
ter can get quite complex, in contrast to the following:

sumproduct(x) = sp(x,0,1)
wharerec sp(x,y,z) = I null{x)
then cons(y,z)
plse lal p==car(x)
In sp(cdr(x},p+y.pX2)

This definition uses exaclly | cons, in contrast to the approximatefy
2" cons's needed by an approach without an accumulating parameler.

3.3.3 The Towers of Hanol

The towers of Hanol is a classic example of a problem with an elegant re-
cussive solution. In this problem, there is a board with three pegs, la-
beled *'L,"” "*M,” and “R" (for left, middle, and right). Initially, there
are n disks on peg L., all of different sizes. A property of this initial con-
figuration is that the largest disk is on the bottom, and no disk of any size

rests on top of a smaller one,
The goal of the probiem is to move alt disks to the R peg, so that the
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result is in the same order as initially. During the solution only one disk
cnn be moved at n time, and no disk can be placed on top of a smaller
one. Any of the pegs can be used at intermediate steps.

A recursive solution Lo this problem is the essence of simplicity.
First the problem is genernlized so that we can try to move a stack of
disks from any of the three pegs (called the from peg) to any of the others
(called the to peg), where the third peg (called the other peg) may have
disks on It, but they are nil Jarger than any on the first. The basis test is
\a.:hcther there is exactly one disk on the from peg. If so, the basis case
simply moves it to the fo peg, and is done. If not, the recursive rule now
assumes that there are n>1 disks on the from peg, and they are lo be
moved to the fo peg, with the other peg available for intermediate steps.
It then performs the followlng steps:

1. Recursivety call for'the solution of moving the top n~1 disks from the
from peg to the other peg, with the ro peg free.

2. Move the now exposed largest disk from the from peg 10 the 1o peg.

3, Again recursively call for the solution of moving n—1 disks, but this
time from the other peg to the fo peg.

Note in both recursive calls that the problem gets “‘simpler,”’ that
is, the number of disks to move gets smuller than the original one (n—1
disks moved versus n). This guarantees that eventually the basis case will
be invoked and the recursion process will stop.

Figure 3-18 gives an abstract program of a function that solves this
problem recursively. As a sidelight it also uses s-expressions in an accu-

\
Towers-of-Hanol(n) = revarse(toh(n,Left,Right,Middle,nif))
whererec toh{n, from, to, other, list.of-moves) =
If n=1 then ({from.to}.list-of-moves)
clse toh{n—1, other, to, from, .
((From.to)toh{n—1,from,other,tolist-of-moves)))

Itecursive cafl
Sample reduction sequence:
towers-of-hanol(2) —> reverse(toh{2,Left,Right Middle,nil})

—> reverse(toh(], Middle, Right, Left,
(Left.Righty.ioh(t Left,Middle Right,nif)))

~—3 reverse(toh(l, Middle, Right, Left,
((Lef.Right) (Left.Middle)))

—> reverse(((Mlddle.Rigtt) (Left.Right) (Left.iMiddle)))

—3 ({Left.Middle) (Left.Right) (Middle.Right))

FIGURE 3.18
An abateact program for selving the towers of Hanol.

oy 7.
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mulating parameter position to return as the result of the function a list of
all the moves that had to be performed. Thus for the two-disk problem
the result is ((1.M) {L.R) (M.R)), meaning that the first step involved
moving a disk from L to M, then [rom L to R, and finally from M to R.

3.4 ADSTRACT SYNTAX
(McCarthy el al., 1965}

A common use of abstract programas in this lext is to describe functions
which in turn describe the semantics of other programming languages.
Our approach will be through an abstrac interpreter, which takes expres-
sions or statements in this other language and performs the appropriate
computational nctions. By observing the actions of the inlerpreter on dif-
ferent kinds of language constructs, we can quickly understand the es-
sentint semantics of the language. This is a combination of interpretative
semantics, where we model some abstract computes, and denotational se-
mantics, where we describe the "'meaning’ of a construct by defining a
semantic function that translates it into a real value.

To define such interpreters requires some recourse to the syntax of
the other fanguage, at {east to the point of identifying what construct of
the language is being discussed at what point in the interpreter function,
Ideally one would like to divide the actual character strings of an actual
program dows into the exact syntatic units, and then move out to seman-
tic functions. Such a process is calted parsing, and would be needed il we
were actually going to code such interpreters in a real program. How-
ever, given the somewhat informat nature of most of the descriptions in
this text, it would be desirable to avoid the rigorousncss that a full BNF
analysis would offer and instead simply “invent'' functions which wilt do
whatever parsing we want without great programming effort. What we
give up in delail, we gain tenfold in clarity. This is the purpose of abstract
synlax,

The general approach of abstract syntax is to write functions whose
arguments and/or results “represent’’ pieces of program text that corre-
spond lo some major syntalic structure, The inner workings of such func-
tions are never defined but should be cbvious to the reader without fur-
ther explanations. If the function were ever executed {(which for our
purposes is only performed “mentally’’ by the reader), the actual argu-
ments would be real character strings from some real progrant.

There are three distinct kinds of activities that we will need these

abstract functions to perform:

1. Test arguments (fragments of program text} to see if they fall in some
syntatic category; for example, "'Is x a lot expresslon?”

2. Break a fragment of program text of known syntatic type into pieces;
for example, “'Gel the definition text from the ot expression x."’
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3, Put picces back together again; for example, “'Create a character
string corresponding to the number 3,1415.”

Functions of the first type are called abstract predicates, typically
have names of the form Js-a-zzz(x), and return true or false depending on
whether or not the actusl argument for x is a piece of program text thal
corresponds o syntatic type (zzz) in the language under study, For an
example, an ls-n-nssignment(x) function might accept arbittary statements
as its domain, and return true only if they are syntatically valid assign-
men! statements,

A function which breaks down pieces of text is called an abstract
selector and by convention has a name of the form ger-zz2(x), where x is
a piece of text and (222) is the syntatic name of some component of x.
Usually such functions are used in an abstract interpreter only after
an earlier abstract predicale in an li-then-else expression has verified
that x is of the proper type. An example might be a get-operator func-
tion which returns the operator from an expression of the form
“{expr){operator){expr).”

Very often the results returned by such get funclions are assumed
to be translated into their nctual meaning, rather than being left as a char-
ticter string. Thus, for example, get-number(x) takes a piece of text which
corresponds syntatically to a number in the programming language under
investigation, and returns the actual number represented. This is very
close to a low-level semantic function as discussed earlier.

The final type of functions used in programs employing abstracl
syntax are called abstract creators, and typically they have names of the
form create-zzz(x). In many ways these are the inverses of get functions,
since they go from some *‘real”” meaning back into a syntaticafly valid
text form of type (zzz). An exnmple might be a crente-term function
which takes two other terms and an operator and combines them back
into n syntatically valid term in the language under study. Likewise,
create-nmmber(x) would create the character string representation for the
number bound to x. .

As a reasonably complex example, Figure 3-19 gives n set of such
functions for the simple-integer expression fanguage described in the pre-
vious chapter. Figure 3-20 then uses these functions in an actual abstract
interpreter that gives the **menning’ of an integer expression by showing
how such expressions are evaluated. The input to the function eval Is a
character string from the integer-expression language, and the output is
an equivalent character string that represents the number to which the
expression corresponds when fully reduced.

Note the advantages this notation gives us. First is simplicity; the
entire interpreter fits on a half sheet of paper and is readily comprehen-

" sible. The second is that the interpreter is equally valid, not just for the

specific language described, but also for a wide range of syntatically sim-
ilar ones. For example, a change in number representation from standard

)
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Predicate functlons:
is-a-number{x}—true i x hoa syntax of a number
{s-paren{x)-—true il x liaa outer ()
{§-a- X (x)—true If x Is the X operator
15+t 4 (R), i8-8-(x),. .. —slmilor

Setector functlons:

pet-value(x)—retumns numeric value of x {(assuming x I3 a number)
get-body(x)—retums & without outermost ()
pet-operater(x}—retums oulenmost X N

get-left(x)—retums left term from outermost functlon

get-right(x) —retums right term from cutermost function

Creator functlons:
create-number(x}—converts x Into syatatically valtd numbert string

create-Infix{feft, operator, right)—creates an Infix expresslon

Note: For the above predicates and setectors, the domaln of the segument x is the set
of vedld statements in the integer-expression langunge. ‘This same set Is the range for
the creator functions.

FIGURE 3-1%
Abstract syntax functlons for integer expressions.

base-10 Arabic notation to Roman numerals would have no eflect on the
interpreter. We need only remember that get-value and create-number
(ranstate to and from the alternate representation. This is as it should be,
since the purpose of the interpreter is to describe meaning, not form.

As an example, consider what this function would do il applied to
the expression ''3Ix{8-2)."" The argument e receives the value
“3%x(8—2)" and is passed to the function eval, “'3x(8~2)" is nol a num-
ber, and it does not have surrounding parentheses, so it is taken apart by
the selector functions in the lot, yielding f=""x," a=eval{"3), and
b=eval(*"(8=2)""). ‘3" is a number in this Janguage, so eval(''3"") returns
the numeric value 3. **(8~2)" does have outside ( ), so evat(**(B—2)"} be-
comes eval(get-body('(8—2'")}, which in turn becomes eval(**8—2"), and
which by similar processes finally reaches the appropriate leg of the cas-
cade of {fs, where the number 2 is subtracted from the number 8. The
resulting 6 goes back up to the above point, where it-is finally multiplied
by 3. The resulting number 18 then goes through create-number to return
the character string 8" as the ''meaning” of the expression,

1. J
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evaluate(e): ¢ an 'Inieger expressiou"
retum lis value in same syntax !
o graate-nsmber{eval{e))
where eval(e) = If Is-a-number(e) <---- Basis test
then get-value(e) €+eececeeacenann- Basls cose
else il Is-paren(e) €-<c--ve-emvenees
then eval{get-body{e)}
else let = get-operatorie)
and a=eval(get-lefi(e)) Doubly nesied
and b=cval(get-right(e)) In  recursion rule
if Is-a-X(f ) thenaXb
else if Is-a-/({} thena/b
else if 13-a-+{f) thena+b

else If Is-a-—{f) thena ~b ¢-----

FIGURE 3-20
Abstract interpreter for integer expressions.

3.5 PROBLEMS

1. Find equivalent forms for the following s-expressions that minimize the num-
ber of dots.
Q2. aibp . (1. 62, ndl}) . ail)
(1.2). (2.3
{(2@.0l).43560

2. Drow g picture of the cells needed to implement the s-expressions of ¥
b}, showing all cells, P B o e

3. How many memory celis are needed for each of the following? Draw a pic-
ture (use condensed form). .

((t 2)3 95 6)

(. 2X3.0)(5.6)

{(1.2), (3. N5.6)

{((1.2).(3.4).(5.6)

((1.2).((3.49).(5.6M

(. (34).6560

OO0

Find the cor, cdr, cadr, cdar, and crddr (if possible) of each of the expres-
sions from the preceding problem.

5. ;Z\I't;i)lmle Ackerman's functlon A(2,1).showing ail reductions (see Figure
6. Wrile an absteact program that returns the difference of two lists.

4
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7. Rewrite the sumproduct function without using accumulnting parameters,

§. Neither vnlon nor Intersect as defined In (he lext guarantee that the efements

of their output lists are all unique, that is, there Is no duplication of elements.

Write some versions that guarantee uniqueness, regardless of whether or not

the original input lists had duplicatcs in them,

Write a tail-recursive form of the Fibonacchi function as an abstract defini-

tion, (Hint: Consider using two extra accumulating poarameters.)

16, Expand Figure 3-20 to handle {-then-else expressions where the then and
olso expressions arc integer expressions, and the Il test is a comparison (<,
=, >, =, =) between two inleger cxpresstons, Add any abstract functions
you [eel are necessary. tndicate which are recursive,

2

CHAPTER

LAMBDA
CALCULUS

Lambda cafculus is n mathematical {angunge for describing arbitrary ex-
pressions built from the application of functions to other expressions. It
originated with an attempt to find a coherent theory from which cne
could derive the fundamentals of mathemalics, and it ended up with the
capability of describing any ‘‘computable expression."" Thus it is as pow-
erful as any other notation for describing algorithms, including any con-
ventional programming lnnguage,

The major semaniic feature of lambda calculus is the way it does
computation. The key (and only) operation is the application of one
subexpression (trented as a function) to another (treated as its single ar-
gument) by substitution of the argument into the function's body, The re-
sult is an equivalent expression which in turn can be used as either a
function or an argument, Thus enrrying of multiple-argument functions is
niot only possible it is the normal mode of execution.

Syntatically, lambda calculus is very simple. 1 is essentinlly a pre-
fix notation where functions have no names and can be differentinted
from “*arguments™ only by their positions in an expression. The only
names given to things are the formal parameters of a function, and there
are well-defined ryles as to what the value of a formal parameter is after
a function has been applied 1o an argument. These rules mirrer closely
the lexical scoping rules of conventional block-structured languages such
s Pascal,

The following sections address the syntax and semantics of lambda
calculus, with particular emphasis on the rules for formal parameters and

67
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their replacement under substitution. Also addressed is what is possible
when an expression has several different internal function-argument paits
that could be applied at the snme step. These discussions will lead in later
chapters to opportunities for parallclism that are not found In conven-
tional computing.

Finally, we will also discuss how to formufate out of lambda cateu-
lus many of those objects and facilities that we have grown to expect of
any notation that has pretensions of being & “programming language."
‘Ihese include functions wilh multiple arguments, support for standard
arithmetic, boolean truth values, logic conneclives, conditional "*if-then-
else"" operations, and recursion. The next chapter will use these mecha-
nisms as the formal basis for abstract progtamming.

From a historical perspective, the intcrested reader is referred to
Church (1951) or Rosser (1982). Other good references include Landin
(1963), Burge (1975), Stoy {1977), Turner {1979b), and Henderson (1980).

In closing, the first-time reader of this chapter should not feel dis-
tressed if the material seems overwhelming. While none of the basic con-
cepts is individually difficult, there are a lot of them, and the rational for
their inclusion will not always be obvious until tater chapters, A sugges-
tion to such readers is to complete the chapter, try some of the simpler
problems at the chapter's end, read the next chapter in particular, and
then come back for the rest of the problems and a rereading as necessary.

4.1 SYNTAX OF LAMBDA CALCULUS

Figure 4-1 dingrams in BNF the basic syntax of lambda calculus, Al-
though later sections wili discuss minor extensions, for the most part (his

syntax is a complete description of the language.

The key points to remember are that tambda calculus is a language
of expressions, where a function definition is a vatid expression, and that
a function application involves one and only one argument.

The alphabet for this fanguage consists of the set of fowercase let-

ters, plus the characters “t ), v and “\' (the Greek characler
tambda). The nonterminal »(expression)’”’ describes atl valid lambda cal-
culus expressions, and comes in one of three forms: an application, &
function, and 4n identifier. An application expression consists of the con-
catenation of two other expressions, surrounded by a sel of parentheses.

<identifier> := alblcidle....

<funcilon> ;= (?.<ldem1flcr>"i"<cxpresalon>)
<applieation> = (<expression> <espression=>)
<expresslon> 1= <identifler> t <function>> | <application™>

FIGURE 41
BNF syntex for lambda calculus,

[ Ll
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S.ynlmical‘lny.. 'lhc feflmost of such expressions {the one to the immediate
lr;gh! of a ( ) represents a function object for which the expression is to
e used as its aclual and sole argument in a functional evaluation

The most basic form of a function is as a character slrin.g sur-
rounded by ‘()" and with '\ as its leftmost character. In a sense, A is
the one and only keyword needed by the language to distinguish be!\:ve
[ ﬁmc':l!!ion object and other types of expressions. "

- 1e rest of a funclion expression consists of two

a '1."" The part on the lef is a single lowercase letter (::r(tlsd;;ﬁag‘r;‘;(:emt
resenting the *'name’’ of the single formal argument for the function Tlfc
part on .the right is the body of the function and may itself be an arbi.lr'\r
expression of any kind. For obvious reasons, this body usually incl ‘I ‘y
copies of the formal argument’s name in it, y ehdes

An identifier is simply a placeholder in the body of a function for an
argument that has not yet been provided. It is given a name so that it can
be used several imes within such an expression and still be rehlled be (:c
to the Tunction expression that contains it. : e

For pure lambda calculus we assume that afl identifiers are single
clmr.nclers. Tlufs two lowercase characlers writlen logether without sg .
araling spaces is tolally equivalent to the same string of characters wi:’h
mterv;:ung spaces, namely, an applicalion.

he expression *x*" is thus an example of an i i “px)'i

ﬁ)é:f;?;‘:”af _an nppTicat:on.f as is "((AE!UX}Ja;]. 'l'de;‘!l:g c;hbgﬁ;)resl:ig::
: is an example of a function, " i
function expression, P tor: “OIRAIGORIT s  nested

.Fmally, we will have frequent need 1o discuss general lambda ex-
pressions where parls of the expression can be any valid lambda expres-
sion |ls§l!'. In such cases we will usc uppercase single letters to represent
expressions. Thus (AB} represents the application of two arbitrar
:;g:::tda expressions A and B, where A is the function and D is its ar‘guji

4.2 GENERAL MODEL OF COMPUTATION

In lambda caleulus, what an expression “‘means'’ is equivalent 1o what it
can reduce to after all function applications have been performed ']:hus
we can “understand’ a lambda expression by an Inferpretative se;::ar:tfc
mod.el that describes exactly how an application is transformed into an
equivalent but simpler expression, In simple terms, this model of can-
putation might run as follows. For any Iambda expression:

f. Find all possible nppfim—tion subex ions i i
‘ : s pressions in the expression (usi
the third syntax rule of Figure 4-1). f (usine
2. l’l(ltk one w.hcre Il'le_funclion object {the one just to the right of **("’] is
neither a simple identifier nor an application expression, but a func-

9% 7,
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tion expression of the form “(AxIE),"”" where E Is some arblrary ex-
pression.

3. Assume that the expression to the right of this function is some arbi-
trary expression A.

4. Now perform the substitution [A/X]E (that is, within certain limits,
identify alt occurrences of the identifier x in the expression E and re-
place them by the expression A).

5. Replace the entire application by the resuit of this substitution and
loop back to step 1.

Figure 4-2 gives 8 simple example of one such computation,

As defined above, this model of Inmbdn calculus lends to several
natural questions. First, is there not some way of minimizing the paren-
theses and simplifying the notation in general? Next, given that an ex-
pression has several possible applications that could be performed,
which one should be done first, and what difference does it make to the
final answer? Finally, how exactly do we decide which copies of a func-
tion's formal argument in its body are replaced by the current argument?
{Consider, for example, "((Ml((hxl(xx))(xx}))a)"-—thc firgt “'xx"' is not an
immediate candidate for substitution by a.) The following sections tackle
each of these questions in more detail.

Given: (IR EAZAI)2)Ih))

Passible first applications:

¢ (AKI(sd)) to (A2 Agig)z))

o (Ml((Aqlq)z)) to h

e (hgig)to 2

pick ons: Apply (Ax(xD)) to ((A2li(hala)2))h)
Replace x in (ad) by (hzli(hgig)enh),
i.e., [{(A((hgla)z)h)Ix] (i}
- ()2

Remnaining possible applications:

» (AelGhalg)z)) to b

» (hglg) to Z

Pick one: Apply (Aglq}to 2
Replace q in g by 2, I.e., lz/qlq
— (((AZi2))N)

Only possible application: apply (hzlz) té h
« Replace 2 by b, i.e., [WV2)2 )

« — (hh

FIGURE 4.2

Sample computation.
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4.3 STANDARD SIMPLIFICATIONS

As can be seen from Figure 4-2, the basic simplici
: plicity of a lambda expres-

gizr can gu:ck!y become obscured by a muliitude of nested parenthgscs.

5 section gives some standard convenlions that can minimize these
parentheses without foss of precision.

_ The first convention simplifies the expression of a series of apphi-
cations. If we let E; be either an identifier or an expression that is still
enclosed by *'(),"" then, given an expression of the form

(...((E,E)Ey)...E,)
we wiil feel free to wrile It as
(E\E,E;...Ey)

Note that the second expression can be interpreted i
way, 'The only application that can be made is that \Shicﬁdlr::ug"l!sy ::;
function and B, as its argwnent. Only after this application is perf(;rmcd
can we cpnsider E, as an argument to the function that results from the
first :Epphcallon. Under no conditions can we consider any other E; as a
fEmchon object in an apptication until it has been absorbed by the lgf;-t
right %roxiﬁss a.r;d lappcars fn a true function posttion. 0-
urther, if there is no opportunity for confusio i
free to drop even the remaining set ory outer "'( )." !}"h;:eh:;geﬂionfgzll
often when this is the whole expression, or when the expression i lﬁ
body of & function definition. Thus: >

(AxIOYIAZIM)) = eIk y IN2IM)

The next simplification deals wit} i i

‘ g v nested function definitions.
QGiven an expression of tht.:. form (AxIhyIAziM), it is permissible to eascade
all tpe formal parameter identificrs into a single string, as in (AxyzIM).
l{’sgam, however, the meaning of this is very precise. An expression of the
orm

(AxyzIM)E B, Ey

still means that the [unction is (AxIhyzi{{zy)a)=(Axt{Ayi{Azlzyx))), and
lnkes'on!y the singte argument E, for the formal x. The result witl’ l::e a
func'lmn (?\yzl{E,!x]M), which in tura wilt process B, and so on. (A later
:f:?!llli(:}I:l )\:wil. however, address n multiple simultancous substitution con-

A!Iolhcr simpfification is to use standard notations for numbers an
infix arithmetic expressions whenever it makes sense. This will be justi-

W
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fied in a later section where we give exact lambda equivalents to standard

integer arithmetic.
Even when nifl the above simplifications have been performed, ex-

pressions still may have a significant number of parentheses. In such
cases use of different kinds of parenthesis such as *'(}"" or “[ I'" (paired
appropriately, of course) often helps to identify the boundaries of differ-

enl subexpressions,
Finnlly, the notation we have chosen here is not the only one found

in the literature. Most of the differences are in how we Identify the formal
purameter names. Churcly's original notation deleted the "I (as in
“»xA""); other commen notations use an extra set of parentheses around
a tuple of identifiers {(as in “(Mx.y,2)A)"). Still others (cf. Allen, 1978)
use square brackets and ;" (as in “AfxiyizJA"), or even like ours but
with & **,”" instead of a "'I"".

The reason for this notation is threefold. First, it minimizes the
number of parentheses of any kind in an expression. This is a real boon in
complex expressions. Second, it provides a unique symbol to separate
the list of formal argument names from the function body. Finally, the
choice-of "I'" agrees with similor uses in other mathematical notations, as
in set definitions "*{xIx is...},"" and as stich, will be used in later logic
expressions. M also avoids confusion with our use of *." in s-

expressions.

4.4 1DENTIFIERS

An identifier as used in lambda calculus as a placeholder to indicate
where in a function's definition a real argument should be substituted
when the function is applied. It is specified by its appearance {at most
once) in an argument list to the teft of **1** and is used (an arbitrary num-
ber of times) to the right.

Such an identifier is often cafled a variable because it lakes on a
value at the time of function application and obeys scoping rules like
variables in classical block-structured languages. However, it is not an
imperative variable like those found in such languages, because there is no
reference and no sense of storage atlocation and, most important, 8t no
time does a pasticular identifier “'change its vajiue."

A more appropriate term for an identifier in lambda catculus is as a
binding variable, because during a function application a value is bound to it,

Hach use of an identifier symbot to the right of an *'I"" inn an expres-
sion is called an instance of that identifier. Thus in the expression
(Axyly{yx)) there are two instances of y and one of x. These instances are
bound to vatues when the function is given arguments and reduced.

Although no single instance can have more than one value, it is pos-
sible for multipte instances of the same symbol in the same expression lo
have different values. This vecurs when multiple function definitions are
embedded within each other, alt uging some common identifier character
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in their I.isl of formal arguments. Each of these function definitions con-
trols a different, nonovertapping part of the expression. Figure 4-3 gives
an cxample of such an expression and the values taken on by dilferent
Instances of the identificr x. .

' Formally, the seope of an identifier with respect to some expression
is the region of the expression where instances of it wilt always have the
same value, .For Inmbda calculus the rules for identifier scoping are much
the same as in statically scoped conventlonal languages. With respect to
any expression, an instance of an identilier symbol may be either a bound
Instance or a free instance, In the forarer case an instance is 'within the
slcope_" (i.e., within the body) of some function object having that iden-
ul‘i‘cr in its argument list. As shown in Figure 4-3, the particular function
ob_lect_ilmt aclually binds it is the "‘closest'’ such object in lerms of sur-
:gulnidm% iparc?lhfi?lcs. ;ln cbonlrnsl, an instance is free if it is not bound,

at is, it is not within the body of i i i

et et y of any function object having that symbol

The same identifier can have both bound and free instances in the
same cxpression. For example, in {(Axlxx)x the fast inslance of x is free
while the {irst (wo are bound.

Besides talking about specific instances, we can also address the
properties of an identifier in general. Given an arbitrary expression &, we
say l!ml an identifier x occurs free in E if there is at least one free ins!z;nce
of x in B, More precisely, this is true if any one of the following is true;

1. E=yx,
2. E={AyIA), y#x, and x occurs free in A.
3. E=(ADB) and x occurs frec in either A or B,

(xR HAK T Xx0(bRR) X)) €
—3 le/x (O xxx)(bx)x){ax)
—3 {(Axl(Axtxxx)({bx)x){nc}

—3 [{ncyx)(x] xxx}(bx)x)
— ({Ax]xxx)b(nc)) (nc))
—> [{b{rc)/u}(xxx)(zc)

—> {blac)b(ne)(biac))(ac)

Mote: AH Instances of a, b, and ¢ are free,
FIGURE 4.3

Sample nested funcifons with snme
identificr,
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Similarly, x eccurs bound in B if there is at least one bound instance
of x in E, that is, if one of the following is true:

1. BE=(AB) and x occurs bound in either A or B,
2. BE=(ApIA), y=x, and there is an instance of X in A,
3. E=(AylA}, y#x, and x occurs bound in A.

Again, an identifier can occur both free and bound in the snme ex-
pression,

Figure 4-4 diagrams some sample expressions, and indicates for
each which instances are free and which are bound.

4.5 SUBSTITUTION RULES

The Jast example of Figure 4-4 (modified from Stoy, 1977, p. 61) is of
particular interest. Figure 4-5 shows two possible reduction sequences.
The first (a proper one) yields 10 as a resull. The second (an invalid se-
quence of reductions) ends up in a strange state,

The difference is in the first substitution of the second sequence. If
we blindly apply the function (\gI(A\pIp(p@)i(Arit p ¥} Lo its argument (+
p 4), we substitute the latter for ¢ inside the function’s body. However,

(xy) Aylny)
*

e

X, y oocut free y occuts bound
x vceurs free

CyHhy 2yl Al (xyhy [xy))
L [ &
y occuis free and bound y ceeurs free snd bound
% occurs free 1 occurs bound
(A i{xb)ihx ] re)a
& e

n, b, ¢ occur free
% opcurs bound {two different ways)

k!

T 17
(hplthq!(hplpm (hrl4p 1)) (+p4))2

Al [dentlflers oceut bound only.

FIGURE 4.4
Sample identificr occuirence patierns.
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Reduce: (AplAI(MpIp(p q))(ATE+ p e))(+ p 4))2

Apply (APIOMIAIpEE QA1+ p O)(+- p 4)) to 2 (properly)
= (AqAPIP(P g+ 2 0)(+ 2 4)
=+ (AqlCApip{p qN(Ael+ 260 6
~ (Aplp(p 6N (Arl+ 2 1)
~+ (A4 2 (Ml 21) 6)
=+ (Ael4- 214 2 6)
~ {Ml+ 2108
-+ 42810

(a) A valld reduction sequence,

Apply (AqitAptalp @X(hel+ p o) to (+ p 4) Arat (Improperly)!
—+ (Apl(Ap!p(p (+ p A)MARH p )2
= (ApIACEE p (el p o) (F (Al p o) A+ p )2
= (el 2 (Ml 20) (H (Al 20 4O+ 210
— 4 2{arh 213 (el 2 0 A0kl 20)
- 4 $?(+ 2(+\dl4 204N+ 2 1)
-+

(1) An Improper substilution,

FIGURE 4.5
Example of a potentisl subsiliution problem,

the p in (4 p 4) is free in that expression, while the p's in the function
body subexpression (Apip{pq)) are bound. A simple substitution will
change this formerly free p to a bound one, changing the meaning of the
expression. In a proper substitution, the free p should remain free even
after the application, because its '*value’’ should remain unchanged.

The solution to this lies in a more careful definition of the rules for
substitution. Given an expression of the form (AxJE)A, where £ and A are
arbitrary expressions, the evaluation of the expression involves the sub-
stitusfon of the expression A for all appropriate free occurrences of the
identifier x in the expression E, denoted [A/x]E. For discussion purposes
we call the expression resulting from [A/x]E as B,

Formally, B! = {A/x]E can be computed from the rules given in Fig-
ure 4-6. Basically, these rutes follow the rules for free occurrences of x in
E. Such occutrences of x are replaced by A; any bound occurrences of x
and any occurrences of any other symbols are left unchanged.

Rule | is the simplest case, where the expression E is a single iden-
tifier symbol. If the symbol matches the symbol being substituted for
(i.e., x), it is replaced; If not, the expression is unchanged, Rule 2 handles
the case where E is an application. Logically enough, the resulting ex-
pression is an application constructed from the substitution of A for x in
both parts of the original expression,

Rule 3 handles the final possibility for E, namely, when E is itseff a
function object. There are three subcases here, based on the symbol used
for the function's formal argument. ‘The simplest case is where the formal

W
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For (AXIBJA —» [A/x]E — B
Rules for substitution |A/KIE ate:

1. If B Is an Identifier y
then If y=x, then B’ = A
else (In this case, y¥x) B = B,
Bramples: :
s (AXIOM =+ [Mir)x — M
« (Axly)M — IM/x]y = y

2. it B = (BC) for some expressions B and C
then B' = {{{A/X]B}{A/XIC).
Brample: (AKlxy)M — ((MIXIGEYIEMIRI) — MyM

3, If B = {AyIC) and C some expression

a. and yox, then B' = E.
Example: (ARIAnxN)M — (AxixiN)

b. and y¥x and y does not oceur free inA
then B' = (AYI[A/X]C)
Ixample: (AxtAyixyN)IM
- | M/x)(hylxyN))
— (hylEM/](xyN)))
— (\yMyN)}
—+ (AIMyN)

¢. (RENAMINO RULE) otherwise (l.e., y occurs free In A)
B = (AJAXI/YICY), where 7 1s a new symbol never
used before (or at lenst not free In A)

Example: (Axi{AylxyN)) (0y)
—» [(ayMx}J(hylxyN) (note y occurs free in {ry))
—» (Aal{(ay)x 2y lixyN)
— (A2[(ay)Mx}(xzN})
— {Azi(ay)zN}

FIGURE 4.6
Substltutien rules for lambde cateulus.

parameter i3 the same as x; by our previous definition there can be no
free occurrences of x in the function (they are all bound to E's internal
binding variables), and thus nothing to substitute for. The result of the

substitution is E htself.

Rules 3b and 3¢ are, howevey, more complex. Here the formal pa-

rameter in the function is different from x, so any free occurrences of x in
the body of C are also free in the total function C, and thus must be re-
placed by A. The complication, as brought out in Figure 4-5, occurs when
the expression reptacing the x's (L.e., A} has within itsell free occurrences
of the y, the formal parameter of the function. Rule 3b covers the case
when this does not occur; the substitution goes through without diffi-
culty. If, however, A has free occurrences of y in it, then a blind substi-
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tution into the body of the function will end up changing those i
olf x in A from free to bound, radically clmngi::g the %al?jc oorsfh::nfat.:\;?riﬁ
slon,

The sclution is to change the formal parameter of the function and
all free occurrences of that symbol in the function's body. The symbol
we change it to must be one that does not conflict with any symbols al-
ready in use, This can be done if we avoid any symbol that has free oc-
cutrences in either C or A, In Figure 4-6 we nssume that this symbol is z

l\folc further that the substitutions must be done in the indicnlcdlorl
der. First we replace all y's in € by z {(2/yJC)—this prevents conflicts
with the y's in A, Then we replace all free x's in the result by A—now the
free y's (and just those y’s) remnin [ree,

Tfiis finnal rule ia called the renaming rule for obvious reasons.

Figure .4~7 dingrams a proper substitution version of Figure 4-5(1)
The answer is again 10, as in (a). Figure 4-8 diagrams another sample ap:
plication where if renaming is not applied, the resuit changes.

4,6 CONVERSION RULES, REDUCTION, AND

NORMAL ORDER
(Stoy, 19717, pp. 64-67)

The basic lambda calculus execution mechanism “'replaces’ one expres-
sfon by another by substituting an argument into a function. Normally
the expression after the substitution is simpler than the original, thus the
term reduction is used to refer to one function application. In s'my cuse
however, the semantics of lambda calculus guarantees that the "mcan:
ing'* of the before and after expressions is the same-~they both represent
the same object,

In this context it becomes relevant to discuss under what conditions
we know that two separate expressions are in fact the same, and what
kinds of standard forms there are that simplify such comparis'ons.

I:«lot unexpectantly, we say that two expressions A and B are the
same if there is some formal way of converting from one to the other via

Reduce: (AplAIAPIB(p g)XAel+ p DX+ p 412

Apply (MYAplp(p @))(ATE4 p 1)) to (4 p 4) first (Properly)!
— (hpl(hzlzéz (4 p Nrt+ p )2
=+ (Azlz(z (+ 2 N(Ael+ 2 1)
=+ (Aziz(z 6)){hl+ 2 1)
= (Atl+ 2 O{(Ael+ 2 1) 6))
— + 2{{hsl+ 21) 6)
— 4 2(+ 26) 10
FIGURE 4.7
A proper reducilon sequence,

pre
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((y THAREQy Lry)lyalb) —

1
2

o If Application 2 done firat,
—> by} IRk (hy ey)lya) = {iAx H(hy Exy)lba)
> ({b/xl(hy 1xy)n > (Aylby)a —> ba

« If Application | done first AND NO RENAMING (on error,

> Ay I(Hy/x)(hy Lxydal)b) = (OwH Oy yya])b)
“name conflict”
]

+ If Application 1 done frst AND renaming used correctly:
—» (A1 [yl 1xyDalib) = (1 Lz Hy/xllz/ylxyNa) )b}

Change name to 2"

—» (N1 [z (y/x)(xz)a])b) ~> (A H (el (y2)al)b)
— ((\y1ya)b) > ba

FIGURE 4-8
Sample renaming subatitution.

a series of reductions. Notationally, we write A — B if A ‘‘reduces
to' B in one or more steps. Figure 4-9 lists formalty the three rules gov-
eening these valid reductions. Figure 4-10 gives a variety of sample
equivalences.

The alpha conversion rule corresponds to a si
ing" of formal identifiers. Two expressions are t

mple and safe "‘renam-
he same if they differ

Alpha conversion (renrming):
If y not free In E then (M) — (Aylly/R]E)
Brample; (Axlxzx) —* (vylyzy)

Deta converslon (application):
(MIB)A — (A/X]B (with renaming in g)

Eia conversion (optimization}:
If 2 not free In B then (AEx) — B

FIGURE 4-9
Reduction rules for expression equivalence.
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bk x 93— (AN + x4) = (+ 347

W x4+ 22) — [(+ 2 2Mx)(+ 5 d4) > (- (4 2 2)4)
(Ml x93 (+3y)

iyt % y) 3 = (x4 2 y) = Ayl 3 )
(ARl 2 3) 4 — 4]+ x 3) = (Axl 4 x )
(AXAYI+ y ) 4 — [Ty ¥ 3) = Ayl o+ ¥ )

(Wil y (- 2 4) = Ayl[(+ z 4YX)(+
~+ (Ayl+ y(+ 24} ! > Ay 0

Ayt y a)(+ y 43 — hall(+ y 4 .
AR (+ y Hixlleyl(+ y x)

EAPP(PQ(NFI+ p 1)) (+ p 4)

- 5 (++p 4;f?l((hp1p(pq)lthﬂ+ p 1)

- p A)/qi(pip(pad) (HC+ p AMaj(het+ R

=+ (i{+ p /gl plp(pa)) (Ml p 1) RUler):zb vLE?

:: E:s:i:: P :}:q:lsfpi (plpaN)(dsl+ pr)  RULE 3¢

C+ p Aiglis(sq))) (Arl+ pr) AT ;

= (hsls{s(+ p ANt p 1) Pr PIER RENAME
(ARIxx)(Axlan) = [(AxIxx)/x}(xx)

— (MK xx)(Axt xx)

{Arlexx)(hxlxxx)
~ (ARIXXK)ARIXRR) (i xn)
= (NI AR I k) (i x)
— ... . an [nfinitely long concatenation of (Axlxxx)

FIGURE 4-10
Sample equivalemt expressions,

only in the symbol names they gi i j
only In I . y give o their function objects' formal pa-
. I‘Tll,'c beta ‘canverslon |:u|c matches normal Jambda calculus function

pff ications. Two expressions are the same if one represents the result of
pe Oli_llllﬂg some funclion application found in the other.
et 'umlly..em_ conversion corresponds to a simple optimization of a
Orli,ce:on appllcs'utton '!I‘hat occurs quite often, 1t is basically a special case

a conversion. To show thal it is correct, consi i
i

of beta ¢ , consider any expression ol

{(xIEx)A with no free x's in B
With beta conversion (simple application), this expression reduces to

[A/x](Ex) — EA, since there are no free x's i.n E.

~

(e
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Using eta conversion first,
OxIExA — BA

which is the same as above for any E or A,

With these rules there are an infinite number of expresslons that
might be equivalent to some given expression. In fact, if we used eta con-
version in reverse, we could take an arbiteary expression E and construct
an arbitrarily long equivalent expression of the form

E, ~ (At g (o OxgIBxy) Xg).. )x,) for any o

where no x, appears [ree in E. Note that because of the **)"* between xy
and x,.,. this is nor the same as xys . xgd G {Bxx) L X0) Xo) LX)

Given this, it would be convenient to pick one form of an expres-
sion as the “simplest'* and give rules on how 10 find it. Given the seman-
tics of lambda calculus, it would seem that this “simplest’’ {form occurs
when we can no longer apply betn or eta converstons lo it; there are no
more applications that can be performed, ond no more oplimizations.
This is called reducing an expression to normal order, after which the
only conversions possible are the essentinfly infinite number of alpha
“renamings’ that might go on.

All the examples of Figure 4-10 are shown in their normal order ex-
cept for the last, That is an example of an expression with no normal-
order equivalent; beta reductions can be performed on it forever. Also
note that il is possible for intermediate expressions to exceed in size ei-
ther the original expression or the final normal-order {orm.

4.7 THE CHURCH-ROSSER THEOREM
(Sroy, 1977, p. 67)

Many expressions have more than one beta or eta conversion that could
be performed at any one time, giving rise to several possible different se-
quences of conversions. Does it matter which sequence one chooses? Is
there one or several normal-form equivalents of an expression? Is there
any preferred sequence? :

The answers to these questions came early in the development of
lambda calculus, 1n 1936 Alonzo Church and J. R. Rosser proved two
theorems of historic importance. The first, the Church-Rosser Theorem I
or CRT, states that if some cxpression A, through two different conver-
sion sequences, can reduce to (wo different exptessions B and C, then
there is always some other expression D such that both B and C can re-
duce to it (see Figure 4-11). The significance of this is that, given an ex-
pression, you can never gel two nonequivalent expressions by applying

different sequences of conversions to it,
The second theorem, named the Church-Rosser Theorem I, states
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For any expression A:

" "
H Then there Is n D such that: D

I A
I-——>C C

FIGURE 4-11
The Church-Rosser theorem.

that if the expression A reduces to BB by some sequence, and 8 is in nor-
mat order (no more beta or eta reductions are possible), then we can get
from A to B by doing the lefintost reduction at each step. Leftmost in this
case refer.s to the position of the start of the application in the text string
representing the expression. Also, reductions in this case include only

. beta and eta, since any number of alpha conversions could be applied

without changing the real structure of the expression,

This theorem is significant because it gives a concrete algorithm to
conver! an expression to normal form. We simply look for the expression
that is in a funclion position whose text string starls leftmost and that is
amenable to a bela or eta reduction, and reduce it,

An important follow-on lemma from the CRT is that within a
change of identifier names (i.e., within an alpha conversion) there is only
one normal-l’onp equivalent of any expression, if one exists. When com-
bined with the second theorem, this guarantees that not only is there at
most one normal form of an expression, but also we have a guaranteed
sequence of reductions that will find it, if it exists,

4.8 ORDER OF EVALUATION .

There are often several applications possible in an expression at any step
inits redqc!ion to normal order {cf. Figure 4-12). The two CRTs guaran-
tee that two different choices cannot give two different final normal-order
expressions, and that choosing the leftinost is a guaranteed good choice.
However, onc could also ask aboul other sequences, and what other
kinds of differences could result, '

Following exampies use *'{ }** to surround fefimost reducibie function:
(IMyIOKIIky))yn)] b)
— ({Axi(hyixy)}ba)
—+ ({Aylbyln)
~+ ba

FtGURE 4-12
Normal-order reduction.

b
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To answer this we f{irst define two approaches to choosing which
application in an expression (o reduce ai each step. A normal-order re-
duction follows the CRT results; namely, it always locates the leftmost
function that is involved In an application, and substitutes unchanged
copies of the argument expression into the function's body. No reduc-
tions nre performed on the argument until afer this substitution.

In contrast, an applicative-order reduction reduces the argument (and
potentially the body of the function) separately and completely before
doing the function application and its required substitution. When the
function body is reduced before the application, whether it or the argu-
ment is reduced first is immaterial,

Figure 4-13 gives a generic expression where either applicative- ot
normal-order evaluation is possible. Normal-order reduction substitutes
((A1BYC) for x into ((AziA)x). Applicative order reduces the argument to
[Cly)B first (and potentially reducing A} before replacing x in A,

Now consider the example in Figure 4-14, The normal-order se-
quence terminates with a normal-order expression, but it does so only
after evaluating the second argument ((Aziz)a) twice, There are many
similar cases where an argument is evaluated not twice but an arbitrary
number of times, each time yielding exactly the same result, This is an
inefficient way to do computation.

In contrast, ook at what happens when we choose an applicative-
order reduction, The first argument is reduced before performing the
function application. Thus, the work involved is done only once. How-
ever, unless we stop doing the leftmost application at some time, the re-
duction of this argument never ends, we never get a reduced result, and
we never even get to the second argument,

Figure 4-14(c) diagrams an optimal order of evaluation where the
first step is a normal order and the second an applicative order. The in-
finite loop is prevented, as is the duplicate evaluation of the second.

this example is indicative of the general results about these two
evaluation orders. Normal-order evaluation guarantees a reduced expres-
sion if one exists, bul at the expense of potential duplication of evalua-
tions. Applicative order will not give a different answer. If it terminates,
it will yield an expression equivalent to that from the normal-order se-
quence, and it will do so without duplicate computation. Further, reduc-
ing the function body and the argument can be done in paratlel, offering

(A { Gyl Q) .
' ‘ \ ] Normal reduction: Do 2 first, then 1
Applicative reduction: Do 1 first
A

FIGURE 4-13
Multiple applications.
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Bxpression: (AxtAWIAyIwyw)bl) ((AxIxxx)(AxExxx)) ((A2lz)a)
- ([N AxIzrx))RI (AW ylwyw)b])) ((hzlz)n)
~+ ({(AwI(Aylwyw)b]) ((Aziz)a}
= (Ayl{(A2lz)a)y (A dz)eb
— {{Azlz)0)b{(hziz)n)) first redundont evaluntion
-3 (ab{(Azlz)a)) second redundant evaluation
—» gha

() Normal order reduction.

—r (AIBAw){wywd) (Ixixx)x)(xxx)) ({(halz)n)

— (Axlyyb) (e} hxinxx)(hadaxx)) ((hzlz)a)

— (Axlyyb) ([(Axlexx}a)(xxx)(AxIxxx)) ((Azlz))

- (Axlyyb) (ORI (AxIxzx)) ((hzlz)a)
—+,, .. repent reductions forever. . . .

(b) Applicative-order reduction.

- ([((hxlxnx}()\xinxn))lx]({kwl(hylwyw)bl)) {(\7lz)a)  normal
— ((Awi{Aytwyw)b]) ((Aziz)a)

- ((Awihylwyw)b]) (la/z}z)  eppllcative

— ((AwlAylwywibP) o normal

—+ {Aylnya)b normal

- abn

() A mixed arder of evaluation.

FIGURE 4.14
Different reductlon orders.

the possibility of even more time-efficient evaluation. However, it is pos-
sible that the applicative-order reduction will never terminate, but loop
forever, .

As demonstrated in Figure 4-14(¢), if we can somehow know which
order to use at each step, it is possible o avoid both problems. Later
chapters will introduce such techniques as used in real languages.

4.9 MULTIPLE ARGUMENTS,
CURRYING, AND NAMING FUNCTIONS

In conventional programming languages we very [requently describe
functions or procedures with.multiple arguments. The normal semantics
for applying such functions involves a *'simultaneous” substitution of all
the actual arguments for that particular application into their formal ar-
guments. Although most languages do not support it, currying a funclion
corresponds to cnses where there are not enough actual arguments avail-
able to match all the formal ones. The result of such an application
should be a function which will accept the rest of the arguments when
they atc available.

17,
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Up to this point our formal definition of tambda calculus has not
supported multiple actual arguments in a single application, even though
we invented a simplified notation that shows a single A with multiple for-
mal arguments, as in (AxyzIE). In a sense this notation is ‘'syntatic
sugar,” since, given multiple real arguments, the formal way to interpret
something like (AxyzIE)ABC is one argument at a time, namely!

(\xyzIE)JADC

— (AAYIAZE)DADC
— (IA/XI(wIZIE)BC

— [(BAYIIA/X]IQE)C

~ [ClzI{{BIYNAXIEN)

with care taken in the case where the expression A had free occurrences
of y or z in it, or B had free occurrences of z In it. (In either case n '‘re-
naming”* of variables within E was necessary to prevent confusion.)
Although this handles currying sutomatically, it is a bit cumber-
some for normal usage when it is obvious that an application has all the
arguments it needs to satisfy its function object directly. The notationat
trick we will use to avoid this clumsiness of one argument at & time is a
multiple simultaneous substitution, denoted *'[Afx, Bly, C/z]E,"”" where all
free occurrences of all the symbols to the right of the *'/"* ave simulta-
neously replaced by the expressions to the teft of the 1. Thus, if we

have an expression of the form

(O 5,0E) Ay A

where n = m, we can feel free lo express the beta reduction of this either
as the classical steing of m single-symbol substitutions, or as one substi-
tution of the form

[A;IXI, i |AmlxmlE

in either case, if any of the symbols x4y through x, appear free in
A, through A, then a renaming of them is needed before the substitution
can go forward, However, if the multiple substitution truly is done gimul-
taneously, then there are no renaming problems within the first m X's.

The beauty of this notation is its agreement with conventional usage
in the non-lambda calculus world while at the same time permilting an
implementation view that is pure lambda calculus if necessary.

A very common example in lambda calculus where this multiple
substitution Is useful, even when there is only one argument, is in func-
tion definitions that employ within them severa applications involving
the same subfunction. (This will be pasticularly true for recursive definl-
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tions, where this subfunction is the function itsell.}) The brute-force so-
lution (as pictured in Figure 4-15) requires duplication of the expression
defining the subfunction whenever it is needed,

A cleaner approach (also as pictured in Figure 4-15) is to add a new
formal argument to the front of the list of formaliparameters in the orig-
Inal function and to use that argument wherever a copy of the desired
subfunction is needed. Further, a copy of the subfunction is placed only
once—immediately to the right of the origina! function, where it will be
absorbed by the new symbot at application time, The rormal argument to
the original function goes to the right of the subfunction. Application now
involves n simullaneous substitution of the arguments and the
subfunction, with results the same as the brute-force approach.

The net effect of this is that we have cssentially “named’ the
subfunction with a local name known onty lo the body of the function,
but usable multiple times by reference to the symbol only, and not by
copying the whole expression.

Assume funetlon f desired, whese:
f(x) = g(glg(B1XM {e.g.. taking 4 to the 161h power)
g(x} = (Ax10) {c.g., squaring x)

Brute-force approach;

nnon i

(nxt (AxIG) ((Ax1G) {(Ax1G) ((Ax1G) x))I DA
Ls |
s
3
1.2 i

Using funclon naming:

rrrrv |

(ng xlg(a(aig(xNNI{AxICIA

g functlon

original
argument

PIGURE 4.-15
Funetlon neming example,

227,
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4.10 BASIC ARITHMETIC IN LAMBDA

CALCULUS
{Seldin and Hindley, 1989; Stoy, 191

‘T'he prior sections have described the mechanics of lambda calculus, but
have given no reai clue how such a _simple model can handle nonirivial
computations. This section gives a feeling for how this might be done by
describing one approach o using fambda caleulus for normol integer
arithmetic. This will be expanded in the following sections where boolean
obiects, conditional expressions, and finally recursive functions are de-
scribed in lambda calculus terms,

As with prior material, this discussion demonstrate the concepls in-
volved without detailed mathematical proofs and backup. The Interested
reader should see the references, particularly Seldin and Hindley (1980},

for the formalities.
The first step to a description for nrithmetic is on nccurale repye-

sentation of intepers. Mathemntically, this can be done recursively by de-
fining what the integer 0 looks like, and a function s (the successor fune-
tion) which when given an integer k, produces an expression for the
integer k+ 1. From these two objects one can construct any integer one
wanls by simply applying the successor function to 0 enough times, that

is, 9%(0) = s(s(s. .. (8(0)...)=K,

1n pure fambda calculus the only kind of expression (object) that
one can write down that has no free identifiers is a function. Conse-
quently, it should not be surprising that each integer in lambda caleulus is

actually a function. In particular, the integer 0is

0 = (hszi?)

As to why this particular expression matches 0 so well, consider the
following definition of the successor function:

s(x)=(MI(Ayzly(xyz)))=(M'yzly(xyz))

Now if we let Z, represent k applications of the successor function
s to 0, we should not be surprised to find that the rest of the integers look

like 0, namely:

Zy=0= {hszl2) (0 applications of the successor function)
Z, = 1 = (Aszls2) (1 application of successor {0 )]
Zy=1= (hszls(sz)) (2 applioations of successor lo 0}
Zy=3= (Aszts(s(s2)))

k = (Aszis(s(...(52) ... ) {k appications of 5 10 0)

H]

Zy
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Remember that the 5 in these definitions is n bindin ik
the above successor function 8. It is not until one provi:e:ﬂzm?lﬁ'hlﬁ:
nrgum;nt does 5 get bound to anything. "
s an example, Figure 4-16 dingrams the detailed calc i

successor of Z;. As expected, the result is the object wek;::uliz;:::;)gs. of the

:l‘hese resulls are very consistent; the integer k, that is, Z,, is a
function of two arguments, with a body that consists of k-nested appli-
cal!ons of the first argument to the second, In fact, if we form an appli-
cation where the function is Z, and the two arguments are the succesgor
function and 0 itself, the result is still Z,.

(Zy (Axyziy(xy2))) 0) = Zy,

Further justification of the “‘rightness”’ of this notation can be de-

rived by observing the result of applying cither of th :
e follow .
tions to two integer arguments: lowing two func

(Awvzyxlwy(zyx}) .
(Awzylwizy))

The first function (addition) produces an object which is the integer
sum of the \wo inputs. The second (mudtiplication) produces an object
that is equivalent to the product of the two inputs. The reader is encour-
aged to test his or her understanding of tambda calculus by applying each
to two small lambda integers and observing the results,

Other standard integer operations can be defined simitarly.

successor{Z} = (AxV(hy L (h 28 y(xyz)))}(h sz 5(s2))
= (whAzly{ (Nsl{hz)s(sz by 2D

~» (hyl(hzly( [Nzlylyz)) 2)))

-> (AyI Azt y(y{yz))) = (wyzlyiy(yz))

~3» 3 (within an alpha renaming)

FIGURE 4.16
Sample appleation of successor function.

)
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4,11 BOOLEAN OPERATIONS
IN LAMBDA CALCULUS

Another key part of almost any compulalional model is the ability to de-
scribe conditional expressions thal take one object and see il it has one of
two values, true or false, On the basis of this value, one of two other
arbitrary expressions is returncd as the "“value' of the total expression.

Again without any decp mathematical derivations we present two
objects which we will call the values true and faise (note that the object

for false is the same as that for 0y

true = T = (hxyhx)
false = I = (xyly}

As before, these objects are lambda functions with two arguments
and no free varinbles., However, unlike the integers, where the internal
body of the function had regularities that matched our concepls of inte-
gers, these functions match the truth values because of the way they
function when presented with real arguments, Consider the expression
PQR, where Q and R are arbitrary expressions and P is either T or F:

ifP=Tthen PQR = TQR = {Q/x,Riylx = Q
IHP=Fthen PQR = FQR = (Q/x,Riyly = R

This is exactly what we would want for a conditional expression,
Either Q or R is returned without any modification. Consequently, we
now have a way of building arbitrary conditionat expressions of the [orm
it P then @ else R.” We start with a jambda expression for P and con-
struct it to return either T or F after reduction to normal form, We then
simply concatenate to the left the desired expressions for Q and R {with
()" as necessary to avold confusion).

The lambda expression for P is a predicate expression that performs
whalever tests are desired. The simplest such predicates are logical ex-
pressions built out of applying logical connectives, such as and, or, or not,
to other expressions which themselves reduce to T or F. These
connectives are themselves expressible as simple lambda functions as
piclured in Figure 4-17.

Next, one might wonder how to construct more complex predicates
that perform real ‘tests’ on objects. Figure 4-18 diagrams one such
lambda expression for testing an integer for a zero value, Trealing this
expression as a function with a single integer argument will retugn T if the
integer expression is the 0 defined above, and F if it is any other integer,
As with many reat functions, there is no guarantee that vatid boolean ob-
jects will be returned if the actual argument is other than an integer.

"
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not = (AwiwFT)
= (Awlw(Axyly)(xyin))
Bxample: not T — TFT" —» F
and = (AwziwzF)
= (hwalwz(dxyly))
fixample: and T F ~ TFF — F

or = (AwzlwTz))

= (Awzlwhxylz)

Bxample: ot FT -+ FTT —T
FIGURE 4.7
Standard logical connectives.

zero(x) = (Axlx F aot F)
= (hxlx (Axylyy (Awlwxylydiayiad) (hxyly))

Examples:

zero(0) = {Mxdx 1 ot F) (nzlz)
— (hnziz) F not B
~+ {|Ffn,notfzjz) P
— not B
- T

zero(l) = (Adx F not F} (hnzlnz)
— (Anzinz) Fnot P
— ({Finnot/zjuz) F
—+(Fnot) F= Frot F
— B

26r0(Z,) = (Aslx T not F) (hnzin(. (pz)..)), k>0
- (hnzin{,.(nz)..)) F not F
— ({Fianovzln{n..(u2). DD F
— g_r’ {F..(Fnot). ) F = F(F..(Fnon).} F
FIGURE 4.18
A lambda zero test predicate.

As n side nofe, it is interesting to observe that the eszentinlly
normal-order reductions used in the examples of Figure 4-18 actually
avoid potentially long and involved calculations in the first argument lo
the fitst F function (the *{F...(F not)...)}'" argument) by immediately
deleting it. An applicative-order reduction sequence would spend consid-
erable effort, particularly for large integers, in this evaluation.

Finally, to demonstrate the use of condilionals, booleans, and inte-
gers, Figure 4-19 diagrams a complete lambda function which, if given an
in}eger. wilt return 0 if the integer argument was 0, and the integer 1 other-
wise. The reader is again invited to work out an example with a real input.

aVys
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f(n) = if zera{a) then O clse a4\

= (halzero a O {successor a)}

= (AMf(AxIx (Anzlz) (Awlw(axyly)(Axyix)} (Anzlz))
a
{Anzlz)
(IAxyaly(xyn)) a))

FIGURE 4-19
A complex Jambdn function.

4,12 RECURSION IN LAMBDA CALCULUS

A recursive function is one that invokes itself as n subfunction inside its
own definition. Given that lambda calculus has essentially **anonymous™
functions, at first glance it would seem difficult for a lambda expression
to petform such a self-reference. This section addresses one such ap-

proach to overcome this.

Consider the application RA, where R is some recursively defined
function object and A is some argument expression. If A salisfies the ba-
sis fest for R, then RA reduces to the basis case, If it does not, then RA
reduces to some other expression of the form ** .. .(RB)...," where B is
some *'simpler’’ expression. Essentially, making R recursive has a lot to
do with making it “'repeat itsell."

To see how o do this self-repetition in general, we first observe the

reduction of a particutarly peculiar expression:

{(Axlxx){Axlxx))
— [(AxtxxMx)(xx)
— ((Axlxx)(Axlxx)}

This expression has the property that it does not change regardless of
how many beta conversions are performed. 1t always generates an exact

copy of itself,
Now, using this as a basis, for any lambda expression R:

((AXIRCGex)) (xR (xx)))

— [(AXIRCex)VxHR(xx))

— R {(xIRExx)XIR(xx)))

— R (R (RO (XIR(xx))))

— R(R (R COXIRGEOAIRGD )

This allows us to compose an arbitrary function R on itself an infinite
pumber of times. The only difficulty is that the function R must be em-
bedded in several parts of this other expression. This, however, can be
avoided by defining the lollowing function:
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¥ = Ay Oxly(xx)(xty(xx))))

MNow see what happens when we apply ¥ lo any other lambda expression R:

YR — [RAYNty(xx))(Axly(xx))
— ((AIR(ex))AxIR{xx)))

- R(YR)

—

— R(R(..R(YR)..).

This function Y will duplicate any other function, and compose itself on
itself any number of times. 1n Chapter 12 we will show how It is one of 4
special set of functions called combinators from which one can build all of
lambda calculus, and thus everything described in this chapter. In partic-
ular, Y is called the fixed-polnt combinator function.

Now consider {YR)A — R(YR)A. If the object R is a function of
two arguments, it could nbsorb as its first argument a self-replicating
copy of itself (YR), and as its second argument the expression A, With a
normal-order reduction sequence (to prevent YR from blowing up), such
a function could basis-test A and discard the YR term (unevaluated} if the
test passes. If the basis test fails, this term (YR} could be used to gener-
nle a recursive copy of R for the next call.

With the above ideas in mind, we can now construct a prototypical
form for a recursive fambda expression. The expression as a whole
would have the form YR, where the function-unique expression R is of
the form (\/XIE), Within E the identifier f provides the function part of an
application whenever a recursive call to R is needed. The identifier x is
used whenever the actual argument to the function Is needed,

Applying this expression to an argument A then takes the form

“YRA.

As a detailed example, consider the recursive definition of factoriol
that was used in Chapter 3,

fact(n) = if zero(n) then | élse nxfact(n— 1).

Assuming that integer arithmetic and conditional expressions are defined
as in the prior sections, and that we have available the full lambda equiv-
alents of the functions *‘zero,” '*." and "'=,"" the lambda-calculus
equivatent form of this function is

fact(m) = Y(\ht zero | (o (F (-0 10D
Using a more or less normal-order reduction sequence, Figure 4.20 ap-

plies this function to the integer 4, and reduces down until normat form is
reached; Le., we get the correct answer, M,

HTHZ”‘Z"
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Assume:

¥ = (Il ARy (kXD (ARIy (xRN}
R = (Arianfzero n | (X n(r{=ni))))

Thendi = YR 4

-+ R (YR} 4

— (hnlzero n | (3¢ n{ (YR) (=1} 4
~zerod | (% AQYRY(— 4 1))

—szere 4 1 (% 4 ((YR)3))

— F1(x4(YR)3I)

—+ (% 4 ({(YR) 3))

— (% 4 (R (YR) 3})

— (% 4 {(urihalzero n 1 (% a(e(—~n1)M (YR) )
— (% 4 ((Aidzeeo 1t (X n{ (YR) (=nl)) m
(% 4 (zero 3 1 (¢ ICYRY(-3 D)

— (% 4 (zero3 1 (X I ((YR) 2

- (x 41 (x ICYR) 2D

— (4 (2 IC(YR) )

- (% 4 (X
— (¥ 4{x
(4 {X
—+ (X 4(X
- (X 4 (X
—b (X 4 (X
~ X 4 (X

I((YRY 2

3 ((helanizero n 1 (3¢ n(r(—n)N) (YR) 2)))
3 ((hnfzero n 1 {x (YR —ni)} 20

3 (zer0 2 1 06 2 (YR ~2 1IN

3 (zero 2 1 (% 2 (YR

J(F O 2YRIMM

I 2(YRINM

~ (X 4% 3({(x 2@RERIM)

~r (X 4 (X
—+ (X 4(X
- (X 4{X
— (X 4(X
— (X 4 (X%
— (% 4{x
— (X 4{x
-, 24
FIGURE 4-20
Reduction of 4

3((% 2 ((zero 11 (¢ L (YR~ 1 10NN
(% 240 1O L CYROMNMM)

3((x 240 T LYRIONMMN

3 (0 2 (X T{RCYRODDM

3% 2((% 1 (zero 0 1 (% OYRY— 0 1IN
FA(x¢ 200 1T 108 OUYRY(= O 1NN
I 21 HM

4,13 PROBLEMS

5. Compute all the variations in applicntion sequences possible for Figure 4-2

and show that they yield the same answer.

2. In the folfowing lambda expressions, which {dentiliers are free, and which

are bound, and to which lambda,

a. ((Aplyxxdy %)

b. ((MI(MI(MIx)x)x)x)

¢ (I(xytAyttCo) (wxyz))Azhey2)))
d. (uxly(ylxQixdxzthyiyall)

10.

1

12,
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. Byalunte, showing each reduction: (M 3 4)Mhx! % xx).
. Show that the Inmbda expression not, and, or work {(show whal happens

when presented with all combinations of T and F).

. Define n Iambda expresslon for xor (exclusive or). Show both in terms on T

and F, and when the body of the function has been fully reduced to normal
order,

. Show that (Z, (\xyzly(xyz)) 0) = Z,. How does this reinforce the notion that

Z, is a reasonoble represeniation of the integer k?
Add 3 ond 2 using the lambdn definitions of add and integers. Show all steps.

. Multiply 3 and 2 using the lambdn definltions of multiply and integers,
. Assuming that Z, and Z; represent lambdn expressions for Integers as defined

In the text, evalunte ench for Z,=2 and Z,=3, Whal exactly is the sccond
function?

Omftminf)) Z, Z,

{amnlam) Z, Z)

‘Write a recursive lambda expression for Ackerman's function (Chapter 3).

You mny assume the “‘primitive’ functions +, —, zero, and the integers,
Show where and how Y iy used.

(Hnrd) Develop a fambdn definition for the function predecessor{x)=x—|. In-
dicate what happens in your definltion when x=0,

Write a recursive Inmbda expression for computing the n-th Fibonacchi num-
ber F,,, where F = F_+F, _,, with Fg=F;=1, Evaluate your function when
applied to 3.

92(



CHAPTER

A FORMAL
BASIS FOR
ABSTRACT
PROGRAMMING

Although lambda calculus is a complete system for describing arbitrary
computations, it is a difficult notation for humans to usc. The deep nest-
ing of parentheses and the relatively abstruse way in which certain cat-
culations must be represented (such as recursion) makes the reading and
wriling of lambda expressions very susceptible lo mistakes.

In response o this, the nolation called abstract programming (infor-
mally introduced earlier) has been developed, which is much simpler to
read and yet convertible to completely equivalent pure fambda calculus.
In fact, it would be a relntively easy project for a computer science stu-
dent to produce a compiler to convert a simple abstract program into a
pure lambda expression.

“This chapter gives a formal definition of abstract programming in
terms of both syntax and semantics. The basic approach is to use an
equational form for defining named functions, and lo use generous help-
ings of "'syntatic sugar'’ to express many of the tricks for writing lambda
expressions in terms that look Jike expressions from conventional pro-
gramming languages. Examples of the Intter include conditional If-ihen-
alse blocks and local nested definitlons of functions and other objects,
As before, significant informality will be acceptable when the meaning is

obvious.
The following seclions give 8 BMF description for the syntax of an
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abstract program and a formal set of translation rutes for conversion of
this syntax into pure fambda calcutus, Given that we understand the
meaning of & lnmbda expression, these latter rules thus form a semantic
model for abstract programs. References for other approaches include
McCarthy et al, (1965), Burge (1975), and Henderson (1980).

5.1 A BASIC SYNTAX

Figure 5-§ gives n basic BNF description of the syntax of an abstract pro-
gram. The description here should be treated as basic introduction. Fol-
lov.:lng.sections will consider each of the major syntatic units and de-
scribe in more detail how to convert them into pure lambda calculus,

The first three syntstic units: {(deniifier), {funclion-name), and
(constant), are self-explanatory. They are appropriate strings of charac-
ters. This is slightly different from our previous lambda calculus syntax
where identifiers were assumed to be only one character long. In abslrac;
programming, multipte-character strings will be one identifier unless sep-
arated by. spaces or other characters that cannot be part of a name. This
agrees with conventional programming notation.

<Identifler> := <alpha-char>{<nalphn-char>l<number>}*

<functlon-name> ;= <[dentifier>

<constant> : = <number> ! <bgolean> ¢ <char-string>

<expresslon™ ;= "eonstant>  <identifler>

I (A<Identifter>""1"" <expression>)

I (<expression>*)

|<function-name>{ <expression>(, <expression>}*)

I let <defmition> in <body>

| letrec <deflaltion> in <body>

| <body> where <delinilion>

| <budy> whererec <definition>

! if <expression> then <expression>
else <expresslon>

I .. standord prithmetic expressions’...

<body>: = <expression>

<definitlon>:= <header> = <expression>
| <definition> {and <definition>}*

<hender> 1= <identifler>
} <function-name> (<ldentifier>{, <identifler>}*)

<absteact-program>: = <expression>

FIGURE 5-1
BNF for nbstract programs,
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The major syntatic unit, an {abstract program), is equivalent to an
(expreasion), An expression, in turn, can take on quite a few forms, the
first four of which mirror Jambda calcutus atmost directly.

Perhaps the most obvious difference comes in the expression of ap-
plications. In addition to simply concatenating expressions and trealing
the lefimost as the function, abstract programming also permits a con-
ventional mathematical notation where we refer to the function by name
and Hst ils argument expressions within a single set of **( )" and sepa-
rated by commas. The only constraint is that this function must be de-
fined In a surrounding let or equivalent.

The Iet and letrec (and equivalent where and whererac) forms of ex-
pression permil statically scoped definitions of functions and identifiers
and may be cascaded in several ways 1o contro} the values given to sym-
bols in the bodies of the expressions. Although they look like assignment
statements, they are not, There is no sense of assigning a reference or
stornge to & symbol, nor is there ever a change to the value given a sym-
bol. Such expressions are much closer to macro definitions, whero the
use of a symbol within the scope of the macro is equivalent to replacing
the symbol by its equivalent textual definition.

Finally, to highlight cases where boolean objects will be used in

conditional expressions, an expression may also separate out into three.

subexpressions bounded by the keywords H, then, and else, with an ob-

vious interpretation, Note that the elge is not optional here, as condi-

tional expressions always have 2 value selected by the boolean test.
Figure 5-2 gives several equivalent abstract program expressions

for the evaluation of n factorial.
As before, shortcuts in notation are permissible whenever they

make sense, such as in the use of standard infix notation for arithmetic
calculations and the climination of obvious parentheses, Also, as with
lambda calculus, when discussing nbstract programs we witl use single
capital letters to represent places where arbitrary expressions could be
substituted without chaoging the meaning of the discussion, as in (f P then

A olse B.

5.2 CONSTANTS

Semantically, a constant is any object whose name denotes its value di-
rectly. In abstract programming we will assume that al a minimum we

feteec fact = (Anlif n=0 then 1 else n X fact (n= 1)) in fact(4)
faci(4) whererec fact(n) = If n=0 then } else n X fact{n- 1)

tetrec fact(n) = (if n="0 then 1 else 2)
wherere z=n X faci{in— £} } in {fact 4)

FIGURE 5.2
Sample equivalent definitions.
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have syntax for constants of types boolean, §

all of which can be describedy [t,:y their nt:)'r;::‘lag\gr’it?:: :::‘r;ﬂc:‘enr;:"ilng}
which tronstate directly into equivalent lambda cxpressi(lms. These
lnmbda expression eqirivalents represent their semantic meaning.

Occurrences of either T or F in an abstract program should thus be
tnkc‘n as the expressions (Axylx) and (Axyly), respectively. As described
earlier, the meaning of these objects is the way they selectively choose
one of the two following expressions,

Any nonnegative integer k translates directly to the form (Aszls*z)
s d?scribed eatlier. Negative integers have several possible forms, in-
cluding functions like (Anin—£k), where k is the positive equivalent. ’

There are several possible interpretations for charactér strings. The
one we will assume here is as potentinlly very large integers, where each
character is converted to an integer code (as in the ASCII encoding) and
the.n scaled by some number raised to a power equaling its position in the
string. Thus, **Hi"" might translate to 72X(256")+ 105X 256%=18537. This
corresponds closely to standard interpretations in conveational comput-
ers,

From these basic data types it is possible to construct notations for
arblilmry integers, floating-point numbers, etc. Although we will not de-
scribe these conversions here, we will feel free to assume their validity
and will use the more conventional notation whenever possible, '

More complex data types, such as lists, can also be expressed as
integers, although the conversion process becomes even more remole
and unrelated to conventional thought. This is particulatty true when dis-
cyssing, for example, lists where the elements themselves may be recur-
sively defined lists. Chapter 12 will describe one such implementation in
terms of functions, calted combinators, which can mirsor in all important
ways the operation of car, cdr, and cons.

Finally, since in lambda calculus there is no syntatic difference be-
iween functions and any of the “constants'’ described above, we will feel
l'ret.: 1o assume as another set of constants any of the standard arithmetic
lopical, character string, or list-processing operators found in conven:
tional mathematics.

5.3 FUNCTION APPLICATIONS

Besidas constants, the simplest form of an expression it abstract pro-
gramming is the application of a function to onie or more arguments, Any
pure lambda expression representing an application is acceptlable here.
This includes the use of normal infix arithmetic notation, since we know
precisely how to convert such expressions into the prefix form using pure
lambda equivalents of operators and numbers. Thus:

x43 &= (Avzyxlwy(zyx)) X (Anztnn(nz)))

SV
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In addition, however, abstract programming provides a more conven-
tional form of applicalion where we identify the function we want by
name, and group all its arguments together inside a set of *'( )"t and sep-
arated by **,""—e.8.:

{function-name} ( {expression) {. (expresslon))')

The only constraint is that this expression be embedded inside some
larger expression that gives a definition to the function via a Iet or equiv-
atent (discussed later).

As before, we give a meaning to such an application by giving its
jambda equivalent, namely, "“f{A ... JA,)"isequivalentto M (FB,.. B
where F is the lnmbda-expression form of { (i.e., something like
(M. %ol E)) and By is the lambda equivalent of Ay,

With this transiation, the meaning Is direct; the argument expres-
sions are substituted into the appropriate places in the function's body by
applying the normal rules of lambda substitution.

5.4 CONDITIONAL EXPRESSIONS

The next most useful notation in abstract programsming is the conditional
expression. 1n pure jambda calculus an expression of the form PQR oper-
ates as a conditional if the expression P evaluates to either a true value
(Axylx) or a false value (Axyly).

Abstracl programming notation makes this lype of expression eas-
jer to read by separating the three subexpressions by the keywords
then, and else in the form If P then Q else R, The meaning to a human
programmer appears obvious: If the expression I’ is T, then return the
value of @} otherwise return R. The lambda caicutus equivalent mirrors
this. We simply convert each subexpression to its pure lambda form,
concatenate, and surround by *'{)." (This guarantees that the P expres-
sion is treated as a function.)

‘There are two slight differences between the abstract conditionnl
and the conventional form. First, conventional languages do not define
what happens when P evnluates to anything other than T or F. The
jambda calculus form does—the two expressions are accepted as oper-
ands by whatever P is. Second, conventional ianguages often permit the
nglge R to be optional. This is because the bodies of the conditional are
statements that retuen no value and can either be executed or not exe-
cuted. 1n lambda calculus, however, dropping the else term means that
there is no second argument for the boolean to absorb, The result is some
sort of curried function thal causes havoe to fusther processing. Conse-
quently, to avoid confusion the abstract program form of the condition

insists on an 6ise expression. .
fi-lhen-else’s may be nested ns deeply as desired in either the then or
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:3:?9 exigrcssion. A parlicular.ly useful form chaias Ils to elses as in some-
hing akin to n case stafemtent in & conventional tanguage such as Pascal:

it P, then E, else If P, then E, else... Il P, then E, else E, ;|

The meaning of this is that we fi i

' nd the first P, that is true, and

its value E,. If none of the Ps are true, return E . . retorm as
The transiation of this to lambda form is direct:

@ B (P E (AP EE ). )

For simpli_city, the keyword elself will be used for such combinations

5.5 LET EXPRESSIONS-—LOCAL DEFINITIONS

lV_h!ny conventional programming languages offer a macreexpansion capa-
bitity whereby for a certain region of text in the program {called tt;c
scope) all occurrences of a cerlain identifier are to be replaced by som
predefined text string. In other languages, where the passing of ar ue
ments to a procedure is by call-by-name semantics, the occurrence o%‘s;
formal argument in the body of the procedure actually means replace-
ment of .(hat argument by the result oblained by evaluating the text
respogdu;]g o the actual argument. o
. olh of these mechanisms have two things i i

simplify the writing of expressions by letting sgmenisg:::m:: “E:;::d :‘i;:y
some other expression. Second, the use of this identifier is very con-
trolled: throughout the entire scope the identifier’s vaiue as an externall
deﬁnfbexpression (almost) never changes, ) i

. s_tract programming has a notalion very akin to -

cm.nbmahon of macros and call-by-name. The si]:nplest forzl ﬂ??ll:izd o
tatton (called n let expression) is "

lot (Identilier)={expression} In (body)

wher?r ﬁ?odyl)‘ i? itself an arbitrary expression,
is whole expression is equivalent in value
where every free occurrence of the identifier in tiutzed:l?::irt)i{n? rpTrT ibsoflel'I
placed by the expression in the definition. in terms of its lambda equiv-
E\IIeﬂl (from which we get its exact meaning), a lot expression of the ?‘orm
lot x=A In E"' is the same as “(AxIE)A,"" and means that we must per-
form. the: substitution [A/x]E. The let expression is totally equivalent lg an
application of an anonymous function to an argument, where the formal
Zitrs}mele'r fqr the function is the identifier in the definition, the body of
ofeg hl;n::);;)}?c:‘st [I:'::.body of the let, and the argument is the right-hand side
As discussed earlier, this conversion process brings with it a precise

(3‘- ZZ’
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definition of which occurrences of x in E arc targels of the substitution,
and what happens if a part of E that contains a free x also binds a symbol
that is free in A (we must ‘rename” the former binding variable). Figure
5.3 dingrams 2 sample et demonstrating all these possibilities,

5.5.1 Local Nonrecursive Funcilons

This definition of el places no constraints on the type of expression of
the right-hand side of the =" in the definition. In particular, it may be
an arbitrary lambda function, in which case the identifier in the definition

becomes a local function to the body of the let, as in
lot square = (Axl(xXx)} in square(square(2))

This is such a handy notation that our definition of abstract pro-
gramming includes a special form of the lot definition that eliminates the
A from the definition’s body, and transfers the formal argument from the
body's lambda to be inside some parentheses next to the function's

name. Thus we have as a form of fel:
1t (function-name)({id) {,4h)) = (expression} in {(body)

where this is totally equivalent to

let {lunctlon-name).= (A(Id){(ld)}' H{expresslon)) in {body}

or
{(\(function-name)!{body)) (A{Id){id) Hexpresslon))

Thus the above example is equivalent to the more rcadable
lot square(x} = XXx in square(square(2))

Either one Is equivaient to (Asis(s 29 (Ax bxxx).

Ter x=2 X y In {{hy! y(3) + XAzl T—x)}

name clash free  bound
is equivalent to
Ot Ay 1y(3) + X1 T=x)HZ X ¥)
> ((A212(3) + 2 XyYhET=1))
— A42 Ky
FIGURE §-3
A sample lat expression.
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Figu.re 5-4 diagrams ancther example in detail, In both cases, the
new notation is quite easy to read, and agrees closely with notation found
in many conventional languages. However, the reader should take care to
study these examples closely and verily exactly how each part of the new
fat form migrates into the multiple functions in the lambda equivalent.

5,5,2 Nested Definitions

Given that a lel expression is ilsell an expression, it is also possible to
nest one inside another, particularly inside the other's body. Again the
meaning of this is an exact extension of the basic let equivalence, Figure
5-5 diagrams a triply nested lel and its lambda equivalent.

As before, it is important to apply the rules for identifying free in-
stances and performing the resulting substitutions properly. The second
example in Figure 5-5 dingrams such a case where the middle lel has two

. different x's, the x in the definition expression that is receiving the value

7 I'_rom the outermost Jot, and the x that is equivalent to the value 8 and is
being substituted into the third let, ’

5.5.3 Block Deflnitions

f)ne important consequence of the nesting rules for let expression is that
identifiers that appear free in the expressions for definitions of inner lots
are perfectly valid candidates for replacement by definitions in more
outer lets. Thus, in *“lat x=A Inlet y=...x...in...,"" the free x in the y
definition is replaced by A.

There are many cases, however, where what is desired is a simul-
taneous replacement of several definitions into & lel body, with no cross-
substitutions among the definitions. tn our abstract programming lan-
guage the and form of definitions permits this simultaneity. An
expression of the form -

lot x=A and y=B and z=C In E

let £ = (xytx+3 X y+1) in [(241,7)
ar
Tet [(%,y) = x+3X y+1 In [(24x,7)
are both equivalent to:

[

M2 x) 7) xy a3 Xy+l)

FIGURE 5.4 institut flir Computersprachen

Tachnische Unlversitdt Wien
Argentinlersirale 8,  A-1040 Wien

Ways to define local functions.
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frz=Aln

lety=Bin
letz=CinE

=

Gl (9l (AziB) ©) By A

Su-bslllutlon equt: [AMIUB/YIC/ZIE))

Sample: let k=7 in
lel n=x+! In
let fy)=y42 Xnin x X iy

- Jot x=8 In Jet [(y)=y+2 X In x X£(3)
~ let f{y)=y+16in8 X1(3)
- BX{3+16) = 152

Equivalent: (Ax![Ax] I X TNy 1y+2 X x P x+1T
w [+ 1B y+2 XM A 30
N VRS AY [ )M yly+2 X x){3))
= (M1 /x]e X (342X K
+ {Hx{{x+1) (342 X (x+1)))
o ((T+1) X G2 XN
- 152
FIGURE 5.5
Mested lols.

means that x, y, and 2 should be simultancously Eep!accd inE by II‘\. Ilié
and C, respectively, and that any free x, ¥, and z'sin A, B,or C :3i O:ihe
remain free and shoutd not be replaced b'y A, B, or C as happens in
nested form, (Note that an x that is free in A stays free anyway.) it
1n terms of pure lambdn equivalents, such and forms correspond {0

creating & function application where the new anonymous function has
multiple arguments, namely!

QuyzlE} A B C

Evaluating such an expression results in either the triply nested substitu-
tion

(ClzIB/YIAXIED)

or the equivalent simultaneous substitution !Clz,llly.Alx]E. Note ithal
when the nested substitution i8 performed msld'c out and one (t;l at !l'l'le,
the renaming rule will guarantee that any free 2's in A or B and any iree
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variables in the arguments will stay free and unchanged. Figure 5-6 gives
an example of this.

5.5.4 Where Expressions

Finnlly, there are cases where understanding of an expression is en-
hanced by placing the definitions after the expression they affect. Our
version of abstract programming includes the where expression to permit
this syntatic reversal; i.e.,

{body) where {(definitlon)
is totally equivalent to
1at {definition) In (body)

Further, the where expression may be expanded in an and form, again
with exactly the same menning as the let version.

5.6 RECURSIVE DEFINITIONS

One limitation of the fot and where expressions is that they do not permit
recursion in a function definition. An expression of the form

lol flm)=Hl zero(n) then | else nxfln-1) In f14}

does not resull in the intended effect of having f call itself recursively
when n # 0. Instead, the £ in the definition's expression is replaced by
whatever definitions of £ exist in surrounding expressions.

"The brute-force solution to this is to use the fixed-point combinator

fet x=fy x 1)y and y={zyx 2) and z=(yxz 3} in xyz
m (Axyzixyz) {yx 1} (zyx2) (yxz 3}

~ {ltyx 1/x)(hyzixy2))(zyx2) (yxz 3}

— {(Aqzi(yx Dz} (zyx2-) tyxz 3)—*'y renamed to 9
= {{zyx2)q}(A2l(yx 1)q2)} (yxz 3)

~» {(hd{yx 1){zyx2)00} (yxz 3)—"‘z renamed to r*'

~ {yx 1) (2yx2) (yxz 3}

FIGURE 5.6 .
Sample and form of lot.
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v, defined earlier, at carefully selected spots in the lot expression. Un-

fortunately, the result is not terribly readable.
The alternative used in abstract programming is the lotrec expres-

slon, a recursive form of the standard fel. Here the major difference is
that any free occurrence of the definition's identifier in the definition's

expression is replaced by the expression itself. Thus, in

totrec fln)=H zevoln) then 1 else nxfln—1) in A4}

the free occurrence fin fin—1) is replaced (recursively) by the whole ex-

pression
If zero(nt) then 1 else ax fln—1)

All uses of fin the letrec's body now are replaced by this whole recur-
sively defined expression.

The conversion [rom this notation to a pure lambda equivalent is
direct. Given *‘letrec f=A In E,'"* we form an application where the func-
tion i5 an anonymous function whose formal parameter is f and whose
body is E. This is just as with lel. The actual argument to this function is,
however, differcnl. Instead of just using A, we create the object (\fIA)
and use that as an argument to the function Y. The resulting application
is the recursive function we want and is then used as the argument to the

outermost application. .
In total, the fambda equivalent for

totracf=AINE
is
(MIE) (¥ (MIA)) = (VIE) ({hyI(MIy(xx))(Mly(HX))} (NMAD

A lelrec expression is really useful only for defining local functions
(iry out your palience ot *“lotrec x=x+1Inx"). Consequently, one would
expect the A" in “atrec f=A N E' o bea {ambda function itself (of the
form (AxiB)). As with tt, this is permissible, but a more human-readable
form is possible if we permit fisting the argunents of fnext to f, with only

the function body on the right-hand side.
In summary, the conversion process for an expression of the form

“letrec fix}=B in E" involves making a lambda function (AxIB) and cre-
ating 2 nested set of applications from it as defined above. To verily this,

consider:
lotrec fln)=If zere(n) then | else nxfin—1}In )

ls pure lambda equivalent is only one reduction away froin that detailed
at the end of Chapter 4
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el Tl;j nesting of latrecs is also permissible, and mirrors nested lels di-

ec y.l ere lh.c definition of any recursive function can reference any
rfacurs. ve function defined in surrounding letracs, but cannot use defini-
tions in decper lotracs,

5.6.1 Mutually Recurslve Functions

In contras! to let, however, there are some subtle differences betwee
mullip'te definitions in the and form of a letrec versus a let. In the hlten
there. is absolutely no connection between the expressiou's used i:; lhcr
dFﬁnlttons, even though they may use some of the same identificrs bein
given dcﬁni'ti‘ons. In the letrec form, however, the expression in ez:ctg
anded definition has complete access to every other definilion. The resuli
Is a set ?f mutnally recursive functions that are defined !ogc!hér.
‘elwc"l::; :;liiu:al depcn:e!tl\cy makes conversion of a multiple-definition
at more challengin
sider, for example, the cxpresgsioitha" anything we have done yet. Con-

tetrac flx)=A and g{x,))=B in E

where the expressions A and B both involve applications using fand g
As before, this conversion consists of an application of the fOI'l;‘l
()\!"g!E)Ff}, where F and G are expressions for the functions f and g. As
with a single recursion, these F and G contain objects for f and g that
gccl:epllns arguments what wilt be copies of both fand g, along with their
t‘(-;1rugr'a arguments. They are of the form (A\fgxIA) for [ and (\fexylB)

Define combinators:
Y, = (ApIRS)
Y, = (MgISRS)
where:
R = (Arsii{rrs){ses))
§ = {Arslg{rvs)(ses))
Propertles:
Y,FQ = F(Y,FCO) (Y, FG)
Y,FQ = G(Y,FOM{Y,FQ)

FIGURE 5.7
Pairwlse mutually recurslve
combinators,

o
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letrec f{x)= A and g{x.¥)= BinB
fs equiveient to
(MRIE) {Y,(Mgnlh)(hfgxym)l {Y,(ngtA)(ngle)}

FICURE 5.8
Conversion of & Jual-definition fotrao.

The hard part with this is completing the expansion of Fand G. We
have to use something like the Y expression used above, bul Y by itself
will not work. 1t involves recursion over only one function, and has no
way of introducing dependencies on another. The ¥ equivalents that do
work are shown in Figure 5.7, Bach one accepts two arguments (the
nonrecursive forms of the two functions) and creates an expression con-
sisting of one of the nonrecursive forms applied lo two arguments which
represent the recursive forms of both £ and g. When this application is
evaluated, it gives us a curried function whose remaining nrguments are
the natural arguments for the function. ‘This is exactly whal we want to
substitute into E.

Figure 5-8 gives a complete conversion, 1t is left as an exercise to
the reader to expand the approach to handle the case where there are
three or more mutually recursive functions defined as anded terms in

single letrac,
As with lel, the wharerec expression is identical to the letrec, but

with the definitions given after the body rather than before.

57 GLOBAL DEFINITIONS

One final syntatic simplification deals with (he common habit of describ-
ing different but related functions in different places in a document.
Strictly speaking all such definitions should be collected in a single ex-
pression, with the end problem to be solved wrilten as an expression in-
volving these definitions as the body of the outermost let or letrec. This
shoutd include atl the “built-in'* functions which we all know can be writ-
ten but do not want lo spend the time or paper describing (e.g., square

root or car, cdr, Cons,. .. )
‘The solution to be assumed in this text Is that all expressions that

are not obviously self-contained are assumed to be tumped ns and defi-
nitions in a single large letrec, with other and definitions assumed to
cover whatever functions are missing. Figure 5-9 gives an example of

this.

5.8 HIGHER-ORDER FUNCTIONS

As has been said before, in pure Jambda caleutus everything is a function.
In abstract programming we have simplified much of the notation to hide
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As;(u:;:c the foltowing are deflned at different places in o document:
X = .. .
glxy) = ...
h(z) = ...
a=0
msg = "‘Hi There"'
basevalue = f(s)

with g{msg,basevaluc) ns the desiced program output,

This Is equivalent to the abstract program:
fetees f(x) = ...
and g(n,y) = ...
and h(z) = ...
ands = 3
and msg = *‘Hi There"
and basevalue = (s}
and...
In g(msg,basevalue)
FIGURE 5.9
Handling of global definltlons.

many common function equivalents (such as inte
. of valer gers or booleans}, but
Fot dFIetcd the capability. 1t is still perfectly acceptable to either p)ass a
l:mc:lum as an argument or get one as a result. To distinguish such func-
ons l'rpm the miore mundane ones, we call them higher-order functions.
i Figure 5-10 gives some particularty uselul higher-order functions,
with an example for caf:h. They are so useful in practice that many real
functiona'l languages build them in. The first (and most famous) one, map
l.akes as its arguments some arbitrary function and some other arbilrars;
list of objects. 'I‘!ze result is a new list of exactly the same length as the
list afgumcm, with the k-th element equaling the result of applying the
S::l:ttlznti.r:put to the k-th element of the input list. Map2 is identical, ex-
at it expects two equal length lists, and spplies maltchi .
of both to the function argument, ’P hing clements
A slightly different ‘higher-order function is reduce. Here there nre
three nrguments: a function, an arbitrary object, and a list. If the list is
not empty, the value returned is the result of applying the function argu-
meus to the ﬁrs:l element of the list and (o the object resulting from re-
c_urswely applying reduce to the rest of the list. When the list finally emp-
El?i.'he tw}i]ah;‘e returned is the second argument, As an example, using
as the function input results in adding up all elem i
plus the original inpat for 1, o ents of the fst,
A function very similar to map is vect i
. or, lustead of applying n single
[c‘l;n;:lloln argt:mtt:‘nt lm n!lfe;cmcnts of n list of objects, this func!iogn appligcs
ch element of a list of functions to a single obj
eoch element - el ject and collects the re-
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maptf.x) = “apply function [ to each element of Hst »**
= |f null{x) then nll
else consil{ear(x)), map(F,cdr(x))}
e.g., map{(hdx 125,35M = 15 21)

map2{f.1,y) = “f applied to matching elements of Nsis X and ¥

= §f nuli( x) then nil -
else cons( flear( x),car i}, map2( freds( w),ede( V3D
S.8n map2({hxyl x+ V21,43 6 =79

reduce(f 4.5} = “recursively apply f o each x and prior result™

e §f null{x) then t
else I'(cnr(x}.reduce(f.l.edr ($3))]
e.g., reduce(+ 0123 = 14(24(3 +0) = 6

vector(f,x) = “'apply list of functions f te x"
e= If puli(f) then nil
else cons{{car(f}) X, vector(cdr{l), x)}
.8 vector({(AKIZ2 X x) (Azlz—6) (Axix))A) = 6-39

while(pf,x) = “while loop™
= |If p(r) then while(p,[.f(x)) else X

e.g. cdr(while([hxlcm(xp(}}.
(Aslcons(ear() —1, car(x) X cdt(x)},
@.ny =4

compose(f,g} = composition of functions { and g = (hxlf(gx))
LK compase((hxi3 X 1), (A4 + 1)) — (AXI3 R (A +K)

FIGURE 5-10
Some higher-order functions.

An entirely different kind of higher-order function is white. This
function takes two function arguments and o third object ag an accumu-
Inting parameter, 1L operates much like a while loop in 2 conventional pro-
gramming language. As long as the application of the first function argu-
ment (the loop’s jteration test) to the accumulating parameter retums T,

_while recursively calls itself with the accumulating parameter modified by
applying it to the second function argument (the joop body). When the
result is F, the accumulating parameter is returned as the value. The ex-
ample in the figure computes the factoriat of a number.

The final higher-order function is compose. This function takes as its
argumenis two other functions, and produces as a result a new function

which is the composition of the two.

59 AN EXAMPLE—SYMBOLIC
DIFFERENTIATION

any of the above capabitities, we consider here the

As an example of m
bolic derivative of an

problem of writing a function that can take the sym

A FORMAL BASIS FOR ARSTRACT FROGORAMMING 109

dafdx = |

dytdx = 0 (y ¥ x)

dA+B+C+ Jdx = dAMx + dDB/dx -+ dCidx + ..,
dA-B)dx = dAMdx -~ dB/dx

dAXB)dx = (dAMx)XB + AXdD/dx

dAMMR = ...
FIGURE 5-11
Rules for differentiation.

::bitrary mathematical expression. In addition to demonstrating tech-
i‘ques of-exp{esslon writing.. this example also serves as a good example
of an cxpr?sslon where the input and output both could conceivably b
trented as ‘‘code’’ of some sort, e
Figure 5-11 gives some of th
e basic rules for differentialin
H (1] H an .
t;‘m:.-asiunfmmh reference to some mathematical'' variable. The gnly ji,;‘-
eren(;le rom standnrd definilions is in the case of **+,"" which has been
text:;n ed naturafly to cover multiple operands, This is done deliberately
0 e::?r;‘slratie the use of a higher-order function
though it Is possible to describe a functi .
. c ction that takes arbi in-
l'l::; snolnh?n expressions and produces infix outputs, things gli,rla?u;rt‘e
me )sy! :?;I;:dfa‘s': (we wol;_ld need Lo consider parentheses, precedence
) , we use prefix notation and s-expressio '
- ! ns to produce a no-
tation that Is still readable but much easier to process. Figure 5-12 giv:s
some ;}yintax I‘fl'lles for this format; the meaning should be obvious
s prefix s-expression format wi in i .
ming lnsunss LIS, ! ill show up again in the program-
- An abstract program for such differentiation is given in Figure 5-13
ere are fwo recursive f.unctlons. map2s and dif, The latter accepts IW(;
arguments: the s-expression e to be differentiated, and the symbot x for

<syr|n?otic-cxpresaion> 1= <number> | <varinble>
<binary> <symbolic-expression> <s
mbolic-expression>
1({ + <symbolic-expression>* ) ! prosston>)
I ( <unary> <symbollc-expression> )

<blnary> := —~{Xhl,,
<unary> 1= —|"sqeil...
Bxample: (~x + sqr(2Xy) 4+ xXy)22 becones

{(+ (- 0 Eari(x 29) (X x¥)) 22)
FIGURE 5-12
DNF for s-expresslon form of Integer expressions.

Ls—
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letrec map2s(f.x.y) = tist of elements f(z,y) for each etement 2 of list x"'

= if null(x} then nil
else cons(f{ear(x),¥), map2s(f, cdr(x), ¥))

and dif(e.x) =
if ator{e)
then if e=x then t else O

clse let op = cax(e) in
fopm"'t+"
then cons{** +'*, map2s(dif, cdr{e). X))
else Jot Jeft = cadr(e) and right=caddr{e) in
fop=""~"
then lrlptc(op.di{(lell.x).dlf(rlghl.x))
clse if op="**"
then triple(’* + ' triple('* % '+ dif(left, ) right),
triple(** % " left dI(right 0
else .., expresalons for other operators
where triple(z,y,2} = cons(x.cuns(y.cons(z.nil)))

In dif¢...)

Bixample:
Input: (infix notation} 3xx + KXy + (d-x)xz
Inpuk: (s-expression notatlon) (4 (% 3} (X x PN(x (-4 F4)]
Qutput: {s-expression aotstlan) (+ (+ (¥ 0x) (%3 mME(x 1y
(xxON(F (x{-0D 7) ((—~ 4 ) 0}
Cutput: (infix notation) (0 xx + Ix1) + (I1%y + ax0) +
(@ - Vxz + @=-1)Xx0)

FIGURE 5-13

Abstrect program for symbollc differentintion.

the variable to drive the differentintion. The main function is recursive
and has one local function {triple) of its own.

The main body of dIf is a set of nested Il-then-elses that determine
what kind of expression the argument Is. As usual, the first leg of the
tests is the basis case (is e an atom?) whose T resull is a nested test of
whether or not that atom is the same 03 x, The else leg of this test covers
all the recursive cases where ¢ is not an atom, i.e., an expreagion with
subexpressions that wilt have to be differentiated in turn. It staris with a
161 expression that picks off the first element of e, which in prefix nota-
tion must be the operator name. A series-of tests then cover the different
operators individuafy.

The first of these cases is for *+." Here the rul¢ says L0 add up the
derivatives of oll the terms of the original sum. The approach chosen uses
the recursive higher-order function map2s, which operates like map2 ex-
cept that the second argument for the nested calls is a scalar object that
does not change from call to call. The actual arguments given to map2s
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n:f'.\lfude dlL illse';!'l, the list of sum terms to be differentiated, and the deriv-

ative symbol. The result is a fist to which we add a **+"
) to

whole resull, recrente the

After **+," “'Ie operators involve exactly two operand expressions

A dual let expressions picks these out of e before proceeding. Then ir;

f:“:h casei, Il;e n;:lual expression for the derivalive uses the sim'plc
onrecursive local function triple to crente the a i
ropE

derivatives of the subexpressions. ppropriate results from

5,10 PROBLEMS

1. Write as an abstract program the i
predicate free(x,¢), which retu
Identifier x occurs free in the lambda expression e. cturms e i the

2. Write an abstract definltion for a function subs(y,x,m), where y and m are any
v;lld s-exprs:ssions and x Is an atom representing a variable name, The result
of the function should be an s-expression equivalent to [y/x)m. Assume thal
iglt..-, h“uve n:r;:if:itt)‘le A fun;lion newvar(), which at each cal! returns a new vari-

amte that fas not been used before. Your definilio
perform renaming properly, fon should detect and

3. ‘Translate any of the abs-lracl programs {or reverse into pure fambda notation
Assume only the primitive fupctions null, cons, car, and cdr. .

4, (Project) Write an abstract program that converts an abstract program back
to pure lnmbda ealculus. Use abstract syntax functions ns required.

5. (Hard Profect) Go the other way—from pure lambda ¢
able form of abstract programming. P ® caloulus (o some read-

6. What are the values bound to x, y, and z at ¢ach level of the followlng:
Bl x=d In
lel y=x+2
and z=x-3In
lot x=y+x
and y=z+3
and z=y+6 In x+y+z
7. Show where to pul th i
e j'l)lsl :h: r;le:ggers;sst;: :f one wanted to define a single recursive
8. Show that Figure 5-7 is correct.

9. In analogy to Figure 5-7 and Figure 5-8, show how to translale to pure
in(mbda) nC!t:tre;‘c c:[t);;resslon of the form "‘letrac f{x)=A and g{x,y}=B and
i(x,y,2)=C In E.”* Discuss how this generalizes to an arbitrary nu 'b
tuslly recursive functions. y number of me-

10. {C‘?nveﬂ l{}ne abstract program fn Figure 5-13 to pure Jambda cafculus form
oun need sof tr = fons
i l' lt:n.s‘lsmz )cnr, cdr, cons, atom, =, or character representations
. e
$1. Write an abstract program to optimize arit] i
t 4 imelic expressions constructed ac-
cording to Figure 5-12. Use optimizntion rules of the form: o

e
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12.

£3.

id.

W OA) s O
X AN IS A
“(+ A0)isO

nvolving only numbers can be reduced to a number,

An expression i
true If x s & numbey

You may assumme that the predicate number(x) returns
and lalse otherwise.

Rewrite reduce lo use an accumulating parameter. You may redefine reduce
to “*porenthesize”’ tie other way if you wish,

Define and write in abstract syntax an untll function modeled after the while
function described in the text.

Complete Figure 5-13 to inciude division and the unary operators v~ and

Hgqet,”

CHAPTER

SELF-INTERPRETATION

Lambda calculus is powerful enough to express any computable func-
tion, and is thus as powerful as any other computing language. Given
this, it is interesting to ask if the execution mode! of lambda calculus is
itself expressibie as a computable function. If it is, then we have the pos-
sibility of writing in lambda calculus an interpreter for itself. Such an in-
terpreter would- express the semantics of fambda calcutus in itsell (and
thus for any language that lambda calculus supports—such as abstract
pregramming).

As hinted at several times, and perhaps partially demonstrated by
the differentiator evaluator of the last chapter, the answer lo this is a re-
sounding yes. We can write a lambda calculus function, usually called
eval, which when given any arbitrary lambda expression E, reduces it as
far as possible, and returns the result. In particular, since eval(E) (before
reduction) is itself a valid Jambda expression, we are perfectly free to try
eval(eval(E)), that is, have eval determine what happens when eval itself
is turned loose on an expression, The answer returned from eval(eval(E))
is the same ns that from eval(E), and both are equivalent to the reduced
form of E. Eval thus forms a completely vatid interpreter for lambda cal-
culus, expressible in lambda catculus.

The first few sections in this chapter describe eval using abstract
syntax functions for the syntax parsing of generic lambda expressions.
Two versions are given, one which performs normal-order evatuations,
and one which performs applicative-order evaluations,

After this we will introduce a particular concrete syntax for tambda
calculus using s-expressions and prefix notation similar to that for the in-

113
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put to the differentiator example of the last chapter. The abstract syntax
functions in eval will be rewritten in terms of the appropriate s-
expression operalors, and eval will be modified as necessary.

There are good reasons for this approach. First, it approaches the
syntax of the most popular function-based language, LISP. More impor-
tant, however, the notation is close enough to something that is
implementable on conventional compulers to consider using it as a boot-
sirap process Lo bring up = real funclion-based programming system.
Having once written a machine-language version of this evat function, we
can then write a modified eval on top of it which has all sorts of extra
features (abstract psogramming syntax, built-in functions, input/output,
error handling, etc.), which in-turn could support evals for Janguages with
even more powetful programming features.

Such languages are often called metalanguages, and the evals which
support them, mefainterprefers, When given a program in the highest such
language, the operation of such a system corresponds to the fowest-level
interpreter simulating the execution of the first metainterpreter as it sim-
ulates the next metaintorpreter simulating the one above it, etc., untit the
final methinterpreter simulating the given program is reached. Although
obviously this is polentially a very slow process, this approach is used
frequentiy in the computer science community to quickly investigate the
polentials of new programming langunges.

We should note that this cascading of interpreters can be sped up
quite easily by picking some particular level of metalanguage and writing
a compifer for it in itself, As pictured in Figure 6-1, this compiler can then
be fed to the metainterpreter for that tanguage, with a copy of itself used
as input lo the compiler, The result is a compiled version of the compiler,
which now can be used to compile the next-higher metainterpreter (or
even a compiler for that metalanguage).

Another reason for investing time in an s-expression form of eval is
that it gives us an excelient vehicle for describing orders of evaluation
which are combinations and cxlensions of both pure applicative- and
pure normal-order reduction. Such approaches offer some extremely in-
{esesting capabilities, and will be investigated in a later chapter,

A related topic in this chapter discusses n varintion to the design of
such interpreters that packages the information needed for substitutions
into assoclation lists, and defers actual substitution until the last possible
moment, Because of obvious efficiency gains and the match of such
structures to objects that can be built into conventional computers, this
style of interpreter is used in many real systems for real functional lan-
guages, and wilt be the basis for discussions in later chapters.

Finalty, this chapter also discusses how to “'package the process

of evaluating an expression in midstream, freeze it, pass it around as an,

ordinary cbject, and then restart it at some later time. The package is
called a closure and forms the basis of quite a bit of the advanced lan-
guage tcchniques discussed fater in this book. Landin (1963} is one of the
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£~
Compler eval (cr 1) Metalanguage k+1
for lang k =:‘Iw ovalk <— Metnlanguage k
In lang k T <+ Metalanguage k ~1
. "
< Meial
I eval2 anguage 2
6—
- evall Metalanguage 1
astceval | s-cxpression < Lambdn caleulus
for Inmbda W[ eval0 - in s-expressions
calculus Machine language

I Fast eval(ks 1) ]'2-— Metatanguoge k+1

<~ Machine {anguage
Let "P," be & program wrilten In metalanguage n:
evalg(eval ({evaly (.., eval,(B,).) > result

Assume comp"el’k = cUmp“C prog tm {or imetaiangu W
= T ram { tal i
ng nge k ritten [n

evatg(eval i {...evaly(compliery (compllery)..) = *compiter

Now *compilery (evalyy) —> *evalyy

~«e« A machine-la -
o A mach nguage-speed [nterpreter for metalangunge k+1

Motalnterpreters, languages, and compilers.

earliest references to this subject arca. He
- . Henderson i
reference, particularly Chapter 4. (19801 s another good

6.1 ADBSTRACT INTERPRETERS

'lrhhe ﬁr.ss version of evnl inlerprets pure lambda expressions as defined by
“P: orl‘gmal 'syul":\x of Chapter 5. This is the syntax without any of the
Is.rmphﬁg?ttons of n_mlllpie arguments, reduced *'( ),"' etc. To make
16 I:I!S c;val simple, we \r\fl” use the abstract syntax functions listed in Figure
d;n:er: “slhouid be ot')wolus that such functions could be written in many
programming languages withou i
ameraTeE out much difficulty but are largely
) For.hlslorical reasons, our first version of this interpreter will aclu-
:[a'; y consist of three m_ulualiy recursive functions: eval, apply, and subs
vz;_l(E) does as advertised: It reduces the arbitrary fambda ex'pression E
;Jrse“::; t}.-_; possﬂ}le. Apply(f.a) takes two lambda expressions, fand a, and
as a function to which a should be pi it '
ch ¢ given as ils argument.
Subs(a,x.e} pesforms the substitution of a for all free inscances of !rl]ate

Identifier x in the expression e, {i.e., [alx]e).

Figure 6-3 lists these functions. They nre afl mutually recursive, As

2

q
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Syninx summary:
<enpression> 1= <tdentifer> | <functlon> 1 <ppplication>

<function> = (A<identifier>"1" <expression>>)
<application> = {<enpression> <expresslon>)

Abstract predicates: Assume E an arbitcary lambda expresslon
+ js-id(B): true if E op {dentifier :

+ js-function{E): true If E a lambda function

+ is-application(E}: truc if B an application

Absteact selectors: Assume [ a lambdn expression

« get-function(B): gel function from application B

+ get-argument(E): get argument from npplication B
¢ get-id(B): get identifler from function B

» get-body(E): gel body oxpression from functlon B

Abstract creators: Creste &n expression
+ create-function(x,B): create (\xig)

. creale-applicalion(A.B): create (A B)
o pew-ld( ) retum 2 guaranteed unique {dentifier symbol

Bramples: :

v is-HAxYNAY - F

o ls-function(((A(xyNA) ~ F

. ls-applicalion(((hxl(xy))A}) =T

. gcl—atgumenl(gel-body(gcl-fl.lncllun({(l\xf(xy))a))))
— gel-mgumenl(gcl-body((hx!(xy]))}

— gcl-mgumcm((xy))
—

+ tot z=rnew-id( ) in
creale-appllcalion(cmalc-funclion(x,{(xy)y)). z)
—r crcale-app!icalion({hxl((ny)y)). z)

b ((MI((xy)YDZ

FIGURE 6-2
Abstract syntax functions for eval.

discussed previously, there is an implied letrec at the beginning, and ands
coupling them.

Eval has three cases corresponding to the three forms of n lambda
expression. The first handles identifiers by simply leaving them alone.
The second handles expressions that are pure functions by recreating the
function, but with its body fully reduced. The final case handles applica-
tions by selecting out the function and argument subexpressions and
pasging them lo the function apply.

Apply handles the reduction of applications. As with eval, this [unc-
tion divides into three subcases corresponding (o the internal structure of
the expression passed as the function, If it i3 a simple identifier, the only
reductions possibie are to the argument, and what is retusned is the orlg-
inal application put back logether again (by the create-applicatton func-
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eval(e} = '‘cvalunte expression ¢ as far as we can'’ =
If is-id(e)
then e
else **cither a functlon or application™’
{f is-function(e)
then create-function(get-ld(e}, eval(gel-body(e)))
else npply(get-function(e), get-asgument(e))

apply(f,8) = "‘normal-order application™ =
if Is-id(D
then create-npplication(f,eval(a)}
else **f an application ftsell or a function
If 1s-application()
then apply(eval(f),a)
A else eval(subs(a, get-ld(ND.get-body(})

apply(f,n) = *'npplicative-order application’’ =
if ls-1d(f}
then create-application(f.eval(a))
else let b=eval(a) in *‘evaluate argument first"
if Is-appHcatlon(f)
then spply(eval(N,b)
else eval{subs(b, get-1d(h), get-body(MN

subs(a,x,e) = ‘'substitute n for x in &'’ =
If is-id{e); see if Rule 1
then i e=x then a clse ¢
tlse if i-s-nppllcalion(c): see if Rule 2
theit create-application(subs(a,x, get-function(e)).
subs(a,x,get-nrgument(e)))
else Tet y = get-id(e) and ¢ = get-hody(e) In
if y=x then ¢; Rule 3a
clse; always Rule 3c—rename binding variable
let z=new-1d{) in
create-function{z, subs{a,x,
subs{z,y.c)))
FIGURE 6.3
Abstract interpreter,

tion), but with the argument evaluated. 1f i
| . If the funclion part fis it
application, it is evaluated first before performing the a?)p!iggltio:asfcirtlaag
apgﬂj‘;:;mdaijﬂnn[ljlyl: lit‘ tji' is alpure lambda function, then the application is
ed by substituting the argy indi i
P O o B gement a for the binding variable for f
There are two versions given for n

pply, one for norntal-order reduc-

tion and one for applicative-order reduction. The former subslilu,.l;s :;fe

-2,

5
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unevaluated argument into the function body; the iatler evqlua!cs l.he ar-
gument first. Note also that in the latler case we could, if we wished,

reduce the function body before the substitution. ) )
Figure 6-4 gives an example of a normal-order evaluation by this in-

terpreter of the expression (T a) b). )
P There is one subtle problem in the above version of apply. Iffis an

application of the form (xy), where x s a simple'idcmiﬁer. then qpply will
call itself with f replaced by eval{xy), which will end up returning (a[t‘er
another call to apply) (xy) unmoditied. Apply will be ca‘ughl in an infinile
loop. 1t is left up to the reader to describe the relatively simple fixes

needed to avoid this, .
Finally, the function subs performs the substitution process spelled

out ins the previous chapter, with one exception. When the Pod? e is itself
a function and the binding identifier y of this 1.1estcd function is dll‘fcren';
from x, the substilution rule calls for a f:hec'k _|r y oceurs free in a, m_ad H

so, the renaming rule is invoked. For slmphcuy,_the subs function g:’ven
here always renames y; the function new-ld provides a unique new iden-

eval((((\KIOAYIX)) 2) b))

—~» apply(gcl-l'um:lion{(((:\nf{)\ylx}) a) b)),
gcl-mgumcrﬂ(((()\xl(ky!x)) a) b))

—» apply((CAXIAYIX)) B), b)

—+ apply(evnl(((?\xl(hylx)) a)), b)

— apply(apply((Axl(ayIx). ) )

—» apply(eval{subs(a, get-ld(().xl(hytx)}). gct-body({kxl()\ylu)))}), )]
-+ apply(cvn!(s\sbs(a. %, (Ayl. B)

— apply(eval((hala)}, b}

- ﬂpply(crcnle‘funclion(get-id((hﬂa)). eval{get-body((hzle))). b)
— npply(c:entc-fuuction(z. eval{a)), b}

- apply(crente—funciion(z. a), b)

—+ apply((hzin}, b)

—» eval(subs(b, get-id((han)), get-body (A}

—» evai(subs(b, z, 8))

— gval(a)

el al

FIGURE 6-4
gaample of normoi-order eval.
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tifier each time it fs calted. 1t is left as another exercise to the reader to
correct it to rename only when necessary.

6.2 LAMBDA EXPRESSIONS AS S-EXPRESSIONS

The introduction to s-expressions in Chapler 2 emphasized their use for
data structures. The symbolic differentiation example earlier in this chap-
ter introduced the iden of using s-expressions in a prefix notation, This
section takes the idea one further, and gives lambda calculus a concrete
syntax by showing a conversion between its original syntax and s-
expressions. The result is n notation for which we can describe precisely
the nbstract syntax functions of Figure 6-2 and which begins to approach
the actual syntax and interpretative modet of LISP,

6.2.1 Pure Lambda Calculus and s-Expression Form

Figure 6-5 gives the conversion between the BNF forms of lambda cx-
pressions and equivalent s-expressions. It also inciudes a diagram of the
celt representation for a simple example, The result is a notalion where a
single atom by itsell is an identifier, and an expression in parentheses is
either a function or an application. In the former case the car of the ex-
pression is the keyword tambda; in the lalter case it is the expression o
be treated as a function, with the eadr of the total expression its argu-

Lambda expression <1-expr> == 3-expression <s-expr>:
<identifler> == <identifier>

(M<Identifier> [ <l-expr>} == (fambda (<identifier>) <s-expr>)
(<l-expro<i-cxpre) ==b (<s-expr> <s-expr>)

Example: {{{\x! (Ay1x)) 8} b)
—3 {((fembda (x) (fambda (y) x)) a) b}

Ej,]j—)
[fumbda] Hl_l_u_)q:@ﬂ

[x [nit] [fambda] 4> { % [nit]
[ Ii]

4
n

FIGUHE 6.5
Lambda expression transiation into s-expressions.

%L
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ment expression. In either case, looking at the car of the expression telis
us immediately what kind of expression it is. This tooks like a prefix no-
tatlon, considerably simplifying a real interpreter specification, In fact,
replacing the abstract syntax functions of Figure 6-3 by those listed in
Figure 6-6{a) gives & complete set of functions for a lambda language in
s-expressions, Figure 6-6{b) gives the converted form of the subs function.

6.2.2 Multiple Arguments, Constants, and Bullt-lns

The particular conversion process shown above was chosen because it
supports cleanly several of the notational simpifications discussed ear-
lier for the original fambda caleutus format, First, multiple arguments can
be handled both in function definitions and in apptications. In the former,
the list object following lambda can include as many varinble names a3
there are arguments, as-in (Axyty(xx)} = (lambda (x y) (¥ {x ). Note
that each such variable is a separate element in the embedded list (x y).

In conjunction with this, an s-expression application can be exX-

Abstract function — g-expression equivalent
ls-id(e) — atom{z}
js-function{e} — eqlcnr(e},Jambda)
is-application(e} —* not{atom{e)) and not{is-function(e))
get-function(e} — car{e)
gcl—argumcnl(e) —+ codrie)
get-id(e) — caadr{e)
get-body(e) — caddr{e)
create-function(id body) —* Yist{lambda, list(id), body)
creale-applicntimt(l'.a) — fist{f, 8)

(a) s-Expression function equivalents.

subs(a,n.e) = *tsubstitute a for x In e—nll s-expressions’’
if atom(c); see il Rule |
then I eq(e,x) then a else ¢
else if not(etom(e)) and nol{is-function(e)); see if Rule 2
then list (subs(a.x, cer(e)),
subs{a,x,cadr(e)))
¢lse et y = candi(e) and ¢ = caddr(e) in
if y=x then e Rule 3a
clse; always Rule Jc—rename binding variahle
Jet z=new-ld{) i
list(lambda, Jist(z), subs(a,x. subs(z,y.©))

(b) Substitution of s-expressions.

FIGURE 66
Abstract syntax functions for s-expression notatlon.
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:iend:d (q have more than two lst elements, with the first representing

e function as bcfo‘re and the rest of the list representing the available

:stl::r‘r:e:!umtuzs. '!?tledorder of the argument cxpressions in the list
es the order of identifiers in the formai argument |

e oxamplo: H 2 ist of the func-

(xyly(xx)) w z => ((ambda (x y) (7 (x ) w 2)

Note that a cell representation of this is different from that of Figure 6-5
Next, numbers, booleans, character strings, etc., can all be used a;
constanis lo.convey their standard meaning. In this form, they need o I'
be written in their normat textual form without expans’ion to the ore
comp'lle‘,x pure lambda expression form. more
o go with this, we can expand the allowable type i
that can be used in the first element of an applicationylz i::iru?lipcrg:::t?“s
functions such as “*+," “x," “and,"” “or," *'cor,"” "'cdr,"" 'cons,’” etocn
Then, either eval or apply can be expanded to include S[;eciﬁc te:;ts fo;
these built-in functions, and perform the appropriate operations on ;he ar-
gumeni values, :Thus (cons (+ 3 4) nil) should evaluate to the list (7)
Note that in such cases we probably want some serl of applical.ivc-
order. evaluation to reduce the arguments before applying the function
Consider the complexities resulting if we did not, and were asked lo evai:
uate (% (+ 3 4) (= 8 6)) The code for “»*' would have to hanéle
uncvaluated applications as argements—a large impact on performance.

6.2,.3 Other Specinl Forms

Just as Jambda in the car of a list serves as a keyword indicating a lambda
function, we can extend our s-expression form of the language to cover
many of the other convenient notations from abstract programmning, such
as let-and-in, i-lhen-else, etc. When cxpressed as an s-expression \‘vith a
special keyword in the car position of the list, such notation are called
spech.:l forms. Figure 6-7 summarizes this s-expression syntax, and Figure
6-8 gives a sample expression that includes many of the fcalilres.

let. AND letrec FORMS The et and letrec notations of abstract program-
ming translate to s-expressions by & list of the form:

(el ((ldenllller)') ((s-expresslon)') {s-expresslon})
Thus let x=A and y=D and z=C in (x, y, 2) is equivalent to

ot (xy ) (ABC)(fx yz))

'I‘h:: second list efement (accessed by cadr on the whole list) follows
the multiple-argument notation introduced earlier. The names of all iden-

b
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<id-list> 1= (<idemificr>*)

<expr-list> 1= (<expr> *)

<builtin® 1= +1-1X Illcmtcdrlconslacomfnuil

> 1= <pumber> | <nil> | <ldentifier>
| <expr-list>
t (lambde <id-list> <expr>)
1 <special-form>

< exPr

<specluf-form> = (<bulltin> <expr>*}
1 (let <id-list> <expr-Hst> <expr>)
I (letrec <id-lst> <expr-list> <expr>)}
b <expr> <expr> <expr}
| (cond (<expr> <enpr=>)*)
I (quote <cxpr>)

FIGURE 6.7
s-[xpression form of abstract program syntax.

letrec fact{n) =

ifn=0

then t

else fet m=n-—11In n X fac{m)
and sum(n,a) =

fn=0

then &

else sum(n— L.n-+a)
in sum{fact(3),0}

(a) Abstract formi.

{letrec (fact sum)
( {lambda

n

cond ((= n 0) 1)

( :SF (tet (m} ((— n £} (¢ 0 (fsct m)n
(lambda

(n )

{f (zero n )

a
um(~ n i) (+ 8 a))
{sum (fact 3 1))
(#) s-Bxpression form.

FIGURE 6.8
Sample conversion to s-cxpression form.
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lifiers being bound to values are included here as clements of a list. Thus,
the first element in this sublist is the variable name after the lot; the fol-
lowing identifiers follow any coupled ands.

The third lst element here {(accessed by a caddr) is the list of ex-
pressions to be substituted for the list of identifiers (cadr). The length of
the list of expressions and identifiers should match. The expressions
themselves are the transformed right-hand sides of the let definitions.

The final element of the originnl list {(nccessed by cadddr) is the ex-
pression into which all these variables are substituted. This corresponds
lo the body expression following the In in the abstract program form.

To handle this special form, either eval or apply (usually eval in this
case) can be modified. 1t will test the car of a list for lel and perform the
appropriate substitutions. Either applicative- or normal-order evaluations
of the arguments are possible.

ihen-olse AND cond FORMS Abstract program forms of the #-then-eise
sort can be inchided as s-expressions by special forms of the form

(If (s-expresslon) {s-expresslon) {s-expression))

where If is a keyword detected by eval, and the first expression is evalu-
ated for a true or false value, In the former case, the second expression
{caddr) is then passed o eval. In the latter, the third (cadddr) is so han-
dled.

Although either applicative- or normal-order evaluation is possible
here, normal order makes more sense. We cvaluate the then or else ex-
pressions only after evatuating and testing the expression following the Il

A genceralization of this form neatly handles nested If expressions of
the form If...then...elsell...then,..slseil...then...else.... Here the car
is cond (for conditional), and the rest of the list is two-element lists:

(cond {{s-expresslon) {s-expression))’)

The interpretation of this is that when eval finds an expression with
cond as ils car, the evaluation process involves taking the first element of
the remaining list and evaluating the car of this list. 1f the result is true,
then the cadr of this element is evaluated and returned. If the result is
false, the next element of the original expression is evaluated,

If none of the pairs has a car that evalvates to T, we will assume
that nil is returned. To avoid this default, the last pair of expressions
should have its first expression equaling T to force evaluation of the sec-
ond. This corresponds to the last else case in the chain,

An alternative form of the cond that is sometimes used deletes the T
in the last expression, leaving something of the form ({expression)). If
none of the pairs in front of it is true, the embedded expression in such a
last term is always cvaluated and its value returned.

"2
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STOPPING INTERPRETATION—QUOTE There are times when a program-
mer wants to prevent an expression [rom being evaluated. The expres-
sion is lo be (reated as data, and not as a piece of program text to be
reduced. This is parlicarly common in languages where the syntax for
programs looks like s-expressions, with little or no distinction between
program and data, .

A typical example of this is in the writing of one of the interpreters
described in this chapter in real code. In such programs there are mafy
tests for equalily between some evalusted expression and the symbolic
form of program keywords, such as in Il e=lambda, or.in expressions lo
test if a function is a “'buill in,' as in member(e, (cons ear cdr... ). Eval-
uating the fatter with a direct extension of the interpreters to date might
reduce (cons car cdr...) to (car cdr) or worse. This is not at all whal is
intended.

The popular solution to such problems is to introduce a special
function gquefe, which when evaluated returns its single argument totally
unevaluated (i.e., neither normal nor applicative evaluation). Thus (f (cq
e (quote lambda})...) or (member x (quole {cons car cdr...) would work

as desired.

6.3 AN EXPANDED INTERPRETER

Figures 6-9 and 6-10 give o version of eval thal assumes the syntax of
Figure 6-7 and thus has all of the following features:

e Interpreted language is in s-expression format.

¢ Functions may have multiple arguments.

 Support for spuilt-in** functions such as **+,"" car, etc.

o A mix of normal- and applicative-order reduction.

s Support for special forms such as lat, telrec, iI, cond, etc.

The result is that this new eval supports a function-based language with
semantics that is very close to pure fambda calculus, but with the
syntatic sugar of abstract programming, a representation that permits
easy implementation on conventional computers, and efficiency hooks
that speed up certain standard calculations.

Both normal- and applicative-order reduction are used in this inter-
preter. The typical processing of lambda expressions is via normal order.
This greatly simplifies the handling of recursiort. Applicative order, how-
ever, is used in several plices, particutarly when dealing with “‘built-in’
functions such as “'+," “car,”..,. The arguments to such funclions are
veduced fully before reaching the function. While this increases perfor-
mance, it does mean that we cannol curry built-in functions—ail argu-
ments to them must reduce to the appropriate type of object,

The s-expression actation used here is the same as that described in
the last section, with one limitation. For simplicity, expressions with pre-
fix of lelrec are permitted to make exactly one local definition. ‘Fhizis to

SELFINTERPRETATION

eval{e) = *'reduce s-expression ¢''
If atom{e)
then e *'Nontists nre fully reduced”’
else let fon = car(e) and args = cdr(e) in
if atom(fcn)
then *‘function term Is built-in or speclal form™*
if fen = quote then car{args)
elseil member{fen, builting)
then apply-builtin(fen, args)
elseil fen=Tambda *laok for specinl forms*’
then list{lambda, car{args), eval(cadr{args)))
elsclf fen = If then 'sec which expr to eval™
if eval{car{args)=T
then eval{cadr{args)}
¢lse eval(caddr{args)}
elseif fon= cond then eval-cond(args)
elseif (fen=let) or (fon = letrec)
then let ids = car(azgs) *list of idemiNers"’
and vals = cadr(args) *‘matching value Hst*'
and body = caddr{args) in
If fonees*'let™
then subs2(vals, Ids, body)
else *‘a letrec expression”
apply(list(fnmbda,ids,body),
fls(Y, list{lambda, ids, vals))
where Y = (fambda (y) ((lombda (x) (y(x0))
(tambda (x) (y(xx)}))
else ‘'must be an identifier*!
apply{fen, arps)
clse apply(fen ,negs) "*function Is a fist"’

apply{f,a) = ''a normnl-order application™
If atom(f)
then cons(f,map(eval.a))
elself car{fy= Inmbdn
then *'f is a lambda expr—see if cumry"
let formal = length{cadr{f))
and sctuat = lengih(n) in
if formal = netual
then eval(subs2(n, cndr{f),caddr{f)))
else list{lambds,
drop(actual, cadr(D),
eval(subs2{n, cadr{f),caddr{)))
whererec drop{count, &) =
il count=0 then x else drop{count - | ,cdi(x))
else apply(f, a)
FIGURE 6-9

- An expanded Interpreter.

125
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apply-buittin(f,a) = *‘on applicative-order cvatuntion® .
let args = map(eval, a) In “grgs = list of evaluated argumeonis
if £=""car'’ thenr canr{args)
elselfl = "cdr'* then cdar(args)
elseif =" +** then car(args} +cadr(args)
elseif ... .

eval-cond(n) = *'special evaluation for cond”
i null(a) then nil
else "'iterate thru the list of pairs"’
let z=¢ar(a) in
if eval{car{z)) =T
then eval{cadr(z))
clse eval-cond(ede(a))

subs2(v,n,c) = ‘‘substitute v'sforn'sine"
if atom(e) **if ¢ variable, replace’*
then lookup(e.n,v)

clseif car(e) = fambda .
then **substitute into & lambda cxpression—rename

let old = cadr(e} In **cadr=Id Hist"
fet new = map(new-id,ofd) in
list(lambda,new, subs2(v, n, subs2new,old,caddr(e))))

else e Is an application—substitute ln all parts*
map((Azlsubs2(v,n.z}), €)

fookup(z,n.v) = “find zinn and replace by value in v

i null(n) or null(v)

then 7
clseif car{n) ==z then car(v)
clse lonkup(z,cdr(n).cdr(v))

FIGURE 6-10 ) .
Support functlons for expanded interpretations.

avoid for now the complications described eartier for mutually recursive

functions. . .
The major differences between Figure 6-9 and Figure 6-3 are In the

handting of multiple arguments and in applic.alions invol}’ing speclal formts
(where ‘‘keywords'’ are prefixes). Syntatically, multiple nclus.at argu-
ments for a standard lambda application are represented as muillp[c ele-
ments in an s-expression list foltowing the prefix element la' function of
the form *'(lambda (..) ()" T hey are handled by expanding the subs
function into subs2, which “simultancously™ replaces all the occurrences
of identifiers from the lambda function by mnlchlng value exprcssio;:s
from the application list. Internally, subs2 recursl:.rely pracesses the
lambda function's body expression one element :_\t a time, using the func-
tion lookup each lime an element which is a variable is found:
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Currying is detected when the number of actual arguments is less
that the number of formal identifiers in the lambda expression. In this
case, only those identifiers with matchlog varinbles are replaced, and the
rest nre left ns identifiers for a new lambda expression,

Special forms are handled by special If-then-elseif tests in eval,
“Puilt-in'' functions are handled as described above. All the arguments
are evalunted, and then code corresponding lo the function is executed.

For the keyword prefix lambda, the evaluation process simply eval-
uates the body of the function. Note that we are evaluating this body
only if a request was made to evaluate the function to begin with. This is
in tune with the rules of normat-order reduction.

For I, the evaluation procedure takes the first argument, the test
expression, and cvaluates it. On the basis of the resulting value, either
the second or third argument is evaluated. This is a mix of applicative-
and normal-order evaluation.

Evaluation of cond is handled similarly, The arguments in this case
are pairs of expressions, the car of which are evaluated sequentially until
one is found whose value is true, Then its matching edr is evatuated. As
with built-ing and If, these car tests must be fully evaluatable,

Expressions containing let are translated exactly as the abstract-
Innguage version was tronslated earlier in this chapter, A new function
expression is created, with arguments represented by the list in the car of
the lat expression. This function is passed to apply along with the second
element of the argument list, which [tself is a list of argument values for
the specified identifiers,

Evaluation of letrac {s similar but more complex, For simplicity, the
version shown in Figure 6-9 handles properly lelrecs with at most one
identifier given a recussive definition. It also assumes that this definition
is itself a lambda expression (as converted into s-expression potation).
As with let, the processing generates a new function expression (again in
s-expression notation) and passes it to apply. In this case, however, the
argumenl expression for apply is taken apart and put back together with
an extra identifier. This is the name for the recursive function. 1t is then
made into an application with a prefixed Y expression. Again, this is ex-
actly as described for abstract programs.

Note that if we had wanted to, we could have added Y as a special
form to eval which performed the same operations without the substitutions.

Figure 6-11 gives a parlial trace of the evalualion of the faclorial
function. Most of the major parts of eval and apply are executed here.

6.4 ASSOCIATION LISTS

All the tambda interpreters discussed up {o now have employed brute-
force substitution to handle applications. The argument expression (ei-
ther evaluated or unevaluated) is substituted in total for every free oc-
currence of the binding variable in the function's body. This requires
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eval(({lambda (x y) (+ % (% 4 0N (+ 156
—E((apply((lambda xy)(+ x (¢ y ) K+ 31 5)6)
— eval{subs2(((+ 3 5) 6}, (x y), (:+ x (X ¥ E3))]
— eval{map((Azlsubs2(((+ 3 5) 6), (x ), 2), (+ x (X )
—eval((+ (+ 3N 6+ 3 5
-5 apply-builtin(+, ((+ 3 5) {X 6 ¢+ 33
s let args = mapleval ((+ 3 5} (% 6(+ 35N in...
—» fet args = Hat(eval{(+ 3 5)) l'a:\m!((x 6(+ 35MIn...
— let args=(B 48) in ...
—» car({B 48)) + cadr((8 48))
— @ + 48 — 56

{a) A simple example.

eval( {tetree (1) {lambda (1} (lambda () {cond (zerow} (T (X n{f(~ n MM €3
~ apply( (tambda {1} (F 3)), {¥ (lambda (f n) (cond ...))))
— eval(subs2((F 3}, (O, (Y .0
— eval(((Y ...} 3N

- c.val(( Yanbda (f n) (cond .0} {¥...} 30

- apply({eval({lambda (f n) (cond .. (Y.} 3D
- apply({lambda (€ n} (cond SO dY 3N

- eval(subs2((cond...). {f n}, (y...} m

— gval{{cond ((zero 3) 1) (T ...))

— eval-cond({((zero 3) 1) (T ..0D

~ if apply-builtin(zero 3) then 1 else ...

~ L

() A version of factorial,

FIGURE 611
Sample partial interpretations.

twice, once to find ail the frec oc-

i i function's body ree ¢
e nd do tho. d once to find the next application

currences and do the substitutions, an

to attempt. i
Whl?Ie conceptually simple, such an approach suffers from obvious

inefficiencies when the funclion’s body contains (as most ;lt?)! 0!::: (:'r
more nested #-then-else structures, or when there are :l:)u ! r?deparlg ”
. to two per argument}, .
ents. More passes may be ne?dcfi (up -
:10! most, of the resuiting substitutions may be wasted effort (due to then
ses that arc not used). o o
olee c(t;ne alternative to such substiutions s slmply'to remembet :ll i:hz
time of an application which identifiers are lo gc;)l v\:hlcl; vnllt:ees.ﬁ?:c“o :. "
ituti { i i ifier basis when th
bstitution on an identifies by identi . ctior
ggé;(‘;: :canned for the next application. For example, in the application

(MxyZlEy WX Y Z

SELE-INTERPRETATION 129

we wish to remember the four-way simultaneous substitution |Whe, X/
x,¥/y,Z{z]. This pairing is often ealted the conrext, binding, or envirenmient
under which the expression E is to be evaluated or reduced.

The easiest data structure in which to record such a substitution is
an assaciation llst, or alist, which is created at the time an appHcation is
encountered and which, in some way, pairs vp identifier names and the
values assigned to them via applications. Such a data structure is passed
as required between apply and eval when vardous parts of the function's
body are actually evalualed. Finding an identifier in such an expression
should cause eval to fook up the identifier in the alist and replace it by the
identifier’s matching value. Thus both eval and apply must have their def-
initions extended to include extra arguments that pass these alists.

There are two major forms that an alist for a single application typ-
ically takes. First, it can be a single s-expression list whose efements are
consed pairs of names and malching values. Note that the order of each
pair is backward from that of the “'[/]'" notation; the reason is efficiency
in many real implementations,

For the previous example, the s-expression form of the alist would
be of the form ((sw. W) (x.X) (».Y) (z.Z)).

Second, the alist can be two lists of the same tength, one for the
identifier names and one for the matching argument vatues, such as (w x

. yz)and (W X Y Z), respectively, This resembles usage of the n and v

arguments in easlier applys. The former list is often called the name list
and the latter, the value list, Figure 6-12 diagrams examples of both no-
tations.

Although conceplually simple, the use of either form does require
solutions to several problems, including:

bl

. Multiple formal arguments in a lambda function

. Nesting ol applications

3. Recursion

4. Free varigbles in cither the function body or the arguments
5. Handling of name clashes and renaming

6. Normal-order reduction versus applicative-order reduction

E ]

Asstme: (let (xy 2) (1 2(/ 33N (X {4+ x y) z})
When evaluating (X (+ x y) 22

v alist = ((x.1) (v.2) (2.3))

* name lst = (x y 2)

s yalue Hst = (123)

FIGURE ¢-12
Sample notations for association lists.

‘ﬁ%; 7.
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Solving the first problem was discussed above. Multiple name-value
pairs in the alist match precisely the multiple simultanecus substitutioris
that correspond to a function applicd to multiple arguments.

The second problem, nesting of multiple applications, can also be
handied fairly easily by augmenting the alist. Again two approaches are
possible. The first simply appends the new pairs onto the front of the
prior alist. Searching for a substitution involves scanning down this list
unlil a pair is found where the name matches the identifier in the expres-
sion. While the approach is simple, it does lose insight into which appli-
cation generated which substitution.

The second approach makes the alist a tist of lists, each of which in
tirn corresponds to the substitutions called out by a single application.
Each nested application then stacks a new list onto the front of the old
one. Localing a value thus involves looking backward through this kst of
lists, one sublist at a time. The first occurrence of the desired identifier
gives the appropriate value.

6.4.1 A Simple Assoclative List-Based Interpreter

The other problems are somewhal more difficult to understand and are
best demonstrated by poking holes in a simpte interpreter thal uses alists
as described above. Figure 6-13 diagrams such an eval and apply. They
assume onty the pure tambda calculus (in s-expression format) as inputs;
only one argument (no mulliple arguments), no buill-in functions, con-
stants, or speaial forms are assumed. Both functions resemble those from
Figure 6-3 but do not use the subs function or ils equivalent, Instead they
both have an extra argument representing pairs of names and values for
all the applications still in force at the current point in the evaluation pro-
cess. Thus when eval encounters an identifier, it calls a function assoc,
which will fook through the alist for the identifier. I the identifier is not
the car of any pair, this function returns nil. If it is there, it returns the
pair of name and value. (This permits us to distinguish between an iden-
tifier that is not in an alist and one that is, but bound to nil}.

When eval receives a match from assoc, it takes the value (the cdr
part of the pair) and reevaluates it. This is to take care of circumstances
where there is a chain of substitutions. (Consider, for example, the alist
(z.1) (¢.2) .+ 2 q)) (% y 7)) when the value of x is desired).

Apply evaluates applications by building a new (name. vaiue) pair,
appending it to the front of the current alist, and then passing the body of
the funclion back to eval with the augmented list as the new context.

There are some severe problems with this simple-looking set of
functions, many of which revolve around situations where the body of a
function itselfl contains a function.

The first exampie of this is the simple expression

{{lambda (y) (ambda (x) (+ x y)} 4)
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<iambda-expr> : = <ideatifler>
{ (lambda (<!dentifier>} <lambda-expr>)
1 (<iambda-expr> <lambda-expr>)

eval(e,allst) = '‘evaluate ¢ with context allst”*
if atomf(e)
then let z = assoc(e,sllat) In
If null(z)
then &
¢lse eval(cdr(z), alist)
elseifl crr{e) = lambda
thene
clse apply(car(c).cval{cads(c),alist),alist)

apply(f.e,alls) = “apply { to argument a with context alfst'
If atom(fy "'replace a *'variable™ function by its value'’
then let z = assoc(a,alist) In
if nuil(z)
then eons(f, a)
etse apply{cdi(z),a,nlist)
elself car(N = lambda
then eval(eaddr(f), {(caadr(f).a}.nlist)
else apply(eval({,alist),s,alist }

assoc(n,nlist) = *‘find {a," value'') in alist"

if nuli¢atist) then nil

elself canr(alist) = n then car(alist)
clse assoc{a.cdr{alist))

FIGURE 6.1
A eimple Interpreter using assoclation lists.

4
The result should be (lambda {x} (+ x 4)). Ev i
_ . Eval, however, will -
trol to apply, which in turn will call ' pass con

eval({lambda (x) (- x ¥)), ((v.4)))

This ook pgood, I?ut eval, as stated nbove, will return as its result its first
argument unmodified (the argument is a lambda expresston). The context

((».4)) is lost.
One solution would be to replace the elself tine of eval by

alsell car(e)=lambda then llsi{lambda, cadr(e), (eval{caddr(e),alis/))

This evaluates the body of the function, and would reptace the y above

by the appropriate 4, but would have its own problems. The expression

evnl{((lamb-da (v) {tambda (¥} (¥ ¥))) 4), nil) would result in (lambda (y) (4

:L). Thils tllme we should have avoided the substitution because of the
me clash. '

7z
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Again there is a direct solution to this, namely, rename the innet
function’s binding variable. ‘This renaming can be done by x.\ugmentmg
the alist used to evaluate the body of a lambda by a new pair llfal sub-
stitutes a unicque identifier for the binding variable. r-_ngufc 6-14 dingrams
such an approach, again for a case whc.re the renaming is alwgys dznc.

The problem with this approach is that we !uwe esscnu’all.y ?n(‘:
much of the work we were trying lo avoid by crc.almg an assoctation '|sl,
we end up going through an expression an'd doing brule-_force bsubslml&
tion. A Iater section will introduce a solution to both this pro Iemrarlt
several others. The reader should, however, reme{nbcr the source 0 the
problem, because it will show up in somewhal different circumslances

later as the funarg problent.

6.4.2 Multiple Arguments

Multiple arguments are a feature that we definitely \_vanl to hand.le.in r;:'a:
systems. A solution mentioned above mvol_vcs making an asso?lal!on IES
inlo a list of lists, where each list element is :}ctunlly' lht_a subsu_luuon 15(;
for each function application. Thus it is the fist of hmdln'g varlable's alll
their matching actual arguments. The changf:s to make this happlen in the
above interpreter are small. First, the last line of eval becomes:

else apply{enr(c), map((h.rleval(x,ah‘st)).cdr(e))

Thi i i nt expressions in the orig-
This applies the function eval (o all the argume

inal s-expression other than the first, with l?w same context represented
by alist, and gathered into a new list. This tist is then passed on to apply

as the arguments to the function, ' .
The second change is to the second-to-last line of apply:

{hen eval(caddr(f), cous(man{cons,cadr(]).a}.ah’.u))

Here the list of formal arpument names (cadr(f)) is paired, via a map?

eval(e,nlist) =
if atomie)
then tet 2= nssocte,alis) in _
if nublfz) then ¢ else eval(cdr(z}, alist}
clseif car(e}=lambda
then tet z=newld( ) in
fst(lambda, list(z), ‘
cvnl(caddr(e),((cundr(e).z) .nbist))
else npply(car(e),cvnl(cadr(c).nlist).nlisl)
FIGURE 614
A revised eval.
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function, with the actusl srgument values and appended to the front of
the alist. The result is then fed back to eval as the new alist.

6.4.3 Recursion

Mow consider what happens when this interpreter is vsed on an applica-
tion with recursive properties, If the function is some sort of ""built-in"'
function where the implementation handles the recursion directly, then
the process described above works well and in fact mirrors the frame-
building process used in many conventional languages for recursive proce-
dures. The problem, however, comes up when the recursion is explicit, as
in YR, where Y is the fixed-point combinator discussed earlier and R is some
recursive function. The applicative-order evaluation shown here blows
up, and wanders off to infinity computing R(YR) > R(R...(YR)} 5> ....

Matters get even worse when a sel of mutually recursive functions
nre desired, as in

totfec f=F and g=G and h=H In E
Here the context (association list) for E is of the form

{((/F1) {g.G1) (h.EED)}...)

However, FI (the value for f} (and likewise for G1 and HI) requires
knowing the values for f; g, and / before they are computed. But this is
the context for E. We need to know the association list for E before we
can compute the agsociation list for E,

The solution for this problem involves new mechanisms to be dis-
cussed in the next section,

6.5 CLOSURES

Most of the problems of the last section come from trying to improve the
“efficicncy"’ of a basic interpreter through a combination of applicative-
order reduction and the use of simple association lists in place of imme-
diate substitutions. These proved not to provide the full efficiency gain
hoped for (examples where name clashes might occur), and were rela-
tively inadequate for gencral recursion,

A belter solution to both problems involves “packaging” an ex-
pression with its environment into a single unit which can be passed
around at will, but still-be unpackaged and evaluated when needed. Such

" a package is called n closure and is something that not only makes it pos-

sible to. consider using alists in interpreter descriptions, but also intro-
duces some very novel ideas that permit opportunities for parallelism and
for the easy expression of essentially infinite objects. Later sections ad-
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134  THE ARCHITECTURE OF SYMBOLIC COMPUTERS

dress the latter opportunities; the rest of this section and the next address
the former.

Consider an application (AxIE)A (or the equivatent, let x=A In E).
Its evaluation involves the stbstitution [A/x]E. Assuming for the time be-
ing that A has no free identifiers, let us suspend this evaluation just be-
fore the substitution takes place. What we have is the expression E and
the environment x=A lor association list ((x.A))). This combination Is
called a closure and for this text will be wrillen as :

{closure) = [(expresslon).(envlronment)]

where the {environment) is expressed as an s-expression association list,
and the expression is in whatever formal seems convenient at the time.
The term context is often used as an alternative for environment.

For example, expressing *'let x=3 and y=5 In 2Xx+y"" as a closure
results in [(2Xx+y), (x.3)@.5H).

Evaluating a closure consists of restasting the substitution, that is,
using the cnvironment part as a souree for values for the free variables in

the expression part,
Nesting of closures is not only possible, but necessary. Consider,

for example, the expression
lot x=A Inlot x=x+1In &

This is equivalent to the nested closure [(B,((x.x+1))], ((x.A)]. In such
cases the evaluation of a closure must itsell be recursive, To cvaluate the
outer closure we must first evaluate the inner closure, This evaluation
involves replacing all the free occurrences of x in E by x+1§, where the
new x is the one in the outer closure's environment. In general, if an ex-
pression inside a closure is itself a closure, the outer one must be sus-
pended while the inner one is worked.

The modifications to eval to handle closures are direct. Eval has two
arguments as before, the expression to be evatuated and the alist. If the
expression is an identifier, we look it up in the alist. If it is a closure, we
may call eval recursively, as in eval(eval(get-expression{e), get-
envivonment(e)),alis?). I it is an application, several alternatives are pos-
sible depending on the type of reduction sequence desired. In many cases
(to be discussed later) we may simply want to form snd return a new clo-

sure, In other cases we may evaluate it
Figure 6-15 diagrams a simple case where we wilt always build a

closure upon finding An application, and expand the closure only when its
value is needed, In this case a single evaluation of an application returns
a closure, and a second evaluation is needed to unpack the closuse. To
make this fully evaluate an expression we need an outer function which
will apply eval repeatedly until an expression has no closures in it of
value to a user. ’
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eval{e,alist) =

if is-a-{dentifter(e)

then let z =nssocie,allst) in !
if nuli(z) then e clse cdr{z)

elself I5-a-closure(e) ‘evalunte closure here *+**

then lel el = get-expression(e)
and alist] = get-environmeni(e) in
eval(eval(e! alistl),alist) (nest evaluations)

else ... as before,,. -

npply(f,) = .., os before...
elseif Is-a-function(f)
then create-closure(get-body(l),

create-alist{get-identifl
else ... as before.. ’ nifiehe)

Bxamiple: et x =3 and y=2 inlet x=x+y in x %

= eval{f{x % y.((0.x + y)LAOGINY. 20, nl{) ’
~+ eval{eval({x X y,((x.x F y))1,((x.3}(y. 2))},nil)

— eval{eval{eval{x X y,((x. x + y})), ((x.3){y.2))).nil)
~+ eval(eval({x + ¥) X y, ((x.3)(y.2)).nih

= evall{(3+ 2% 2, nil) = 10

FIGURE 6-13

Dasic closure evalunlion.

_The lfey point about this process is that, if formed correctly, a ¢l

sure is entirely equivalent to the original expression, and it can b.e ev:fl'-.
uated (unsuspended) at any time and still get the equivalent normal-form
answer. In a sense it Is a closed universe, complete in itself, whose wlti-
mate va[ue never changes. In prior terminology, it is referentially trans
parent, since its value is the same whenever it is evaluated. This v'rill cr-
mit systems described in later chapters to do the minimal procesgin-
necessary to return something to a user but stili be capable of recreating
th.e full answer at any time, This will be particularly useful when deali .
Wll!l very large, even infinite, lists, where the embedded expression dng
scribes how (o compule the next element. pression &

6.6 RECURSIVE CLOSURES

The above impiementation of closures handies nested applicati
:lfariables. and rormal- and applicative-order reductions re;;’::f;'ﬁg:ir;mﬁ
oes not, however, handle recursion. Consider, for example, the diff :
ences between fal f=A In E" and "lefrec f=A In E." In the t:ormer a?tr‘
free instances of f'in A refer to 's bound in expressions surroundin ' lh‘y
one. In !he latter, any free instances offin A should refer to the whole E'lluls
of A ns is. Even worse, those references o fin the A being substituteé fo:
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136 Tie ARCIHTECTURE OF SYMDOLIC COMPUTERS

fin A must also be replaced, as must the references to f in that replace-
ment. There is nothing to stop this substitution from going on forever.
In terms of the substitution nolation we have used to date, what we

want js something like:
lNﬂE=I(lAU1A)U]E={(l([ . -)U]A)U]A)U]E

The beauly of using u closure 10 handle this s that it can delay any re-
quired substitution, particularly these recursive ones, until they are ab-
solutely nceded, and then perform only a minimal amount of substitution
necessary to satisfy the immediate evaluation, Keeping all or part of the
closure around will permit later recursions as necessary.

The problem with expressing this as a closure is getling an alist en-
try which has some soft of internal references (0 itself. As a first cut,
what we want is a closure of the form [E((/."'value for £*'), where the
syalue for £ is itself a closure of the form [A((/."value for £ This
‘yalue for /' is & nontrivial object since it requires some sort of refer-
ence to itself in itself. That is, il we let « stand for the **value for £ then

o = A (. value for [ Ni=(A((f.e)]

The context for the closure o includes the complete closure « itselft Fig-

ure 6-16 diagrams this self-refercnce.
The expansion {0 and forms of lelrec is also worth discussing. Con-

sider the expression:
latrec fi=A, and...and f,=A, In E
When converted to purc tambda expressions, the equivalent of this stale-

ment gets quite complex, However, if expressed in lerms of closures and
a self-interpreter, the process is much more understandable. The closure

for the whole cxpression is of the form:
(E, ({f;."‘closure for £i"). .y closure for £,"M
where the *'closure for f"isa closure,

{Aj, ({f."closure for f;"...(/,. 'closure for £, M)

Expression: letrec f=AInE

Closure for f = o= Elf\. (f.oN

t
Entire closure = [E, ((f.a})}

FIGURE 6-16
Value in n recursive closure.
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The conlexts for all these internal cl i
. osures is the same. 1f we denote
this context by B, we get that the closure for the whole expression is

[E,B] where B=(...(f. " context for '}, ..)=(...(f1.B)...)

Figure 6-17 diagrams this arrangement,
. If we implement §u}:h data structures as s-expressions, we find that
he edrs of cells containing such contexts point back to the cars of that

celt or some earlier cell linked to it, This wi ]
for the SECD Machine. it. This will be discussed in more detail

6.7 CLOSING THE LOOP—READ-EVAL-PRINT

If we were being totally ri i ipti
gorous in our description of i
they would take the form: P these interpreters,

telrec eval=...and apply=...and...In eval(E)

wlfmr!:. E is some expression that we want interpreted. While fine for one-
:‘-;:a ;:lc:’ :;esi_ ttli‘liis is har(lllly of general-purpose ulitity. We must rewrite
0 s overall expression each time w i
hew expression, e want to mlerprct a
A more uselul approach is to
. _ change the final "'In eval(E)" i
something which repentedty: el(EY™ into

ot

. Reads in an cxpress‘}on lob

e evaluated [rom some in i
Readstn o input device, such
2. Evaluates the expression
3. Writes the expression out, foy example, back to the terminal's screen
4, Repeats the process for n new input expression

lesee f1=Al end ... and faeAnin B

Closure = {E, B)

vy B 8 conlext™
{dEiALBD (AN BIN

FIGURE 6:17
A fully recursive context.
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Most real functional-language interpreters work this way. The code thal
controls this loop is often termed a read-eval-print loop, a lstener, OF B
waiter, and looks something like:

in listener(c) wherere Ils!ener(e)=Ilstenér(wrllq{eval(tead())))

where read is a function (of no arguments) which returns an s-expression
to be evaluated from the input device, and wrlte prints out ils argument
{again an s-expression) on some output device, For convenience, we can
assume that write(e) returns e as its Munctional output.

If our interpreter will not handle functions of no arguments, we can
add a dummy argument lo read as shown above and then simply ignore
it, '

Note also that listener is tail-recursive. This means that an efficient
implementation of il could avoid slacking arguments or return informa-
tion from any kind of stack. This is important if we try to implement jton
& machine with finite memory. |

Note that the above definition of listener never completes—nas SOON
as wrlte(eval(read())) completes, listener slarls up ancther go-around. The
argument for listener is simply there lo provide n place lo put
write(eval(read{))); the value it retains is never used,

6.8 PROBLEMS

{. Trace out the evaluation of the following expressions using the interpreter of
Figure 6-3. Use both normal- and spplicative-order npply. Show the orgu-
ments to all calls {except that you may skip internaly recursive calls 1o subs
ot calls to functions whose values are obvious, like ge!-ldenuller(?ul...)).

A, (OtAyira))alb)
b. (AxIYIAZI ()N (Anzlz)
e, (P (sl (xi{xa))) w

2. Convert each of the above Lo an s-expression form,

3. Repair Figure 6-4 so that it does not get caught in an infinite recursion when
called from something like eval((xy)).

4. Modify subs in Figurc 6-4 lo rename lambda variables only when necessary.

5. Draw out the cell representation for the s-expression (lambda {x ¥ ¥ (x X))
w 1) from Section 6.2.2.

6. Convert the pure fambda expressions for addition and multiptication to the

s-expression form of Figure 6-5.

Convert the following version of member 1o the s-expression form of Figure

6-5. Assume built-in functions null, edq, car, cdr. ‘

member(x,s)=H nulis) then F olse Il eqlx,car(s)) then T olse member(x,cdr{s))

g. Assume Lhe following syntax for a cerlain class of s-expressions:

=

9

10.

i1

12

13

14

15.
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{logle-expr) i= {d}1 T F

F {AND (loglc-expr) (foglc-expr))

1 (ORI {logic-axpr} {loglc-expr))

§ (NOT {loglc-axpr))

| (LET {Id) (loglc-expr) {toglc-expr)}
Define in abstract syntax a function that will evaluate such expressions, as-
suming that il is given as input an assoctution list of all identifiers and their
current values. Show thal it works for the expression:

(LET x F (LET y T (AND {NOT x) {OR x y)}))

Wrile an abstract program that represents the cusried form of each of the fol-
lowing functions, Then show what is returned when this form is applicd to
the specified avgument, Remember that the curried form of a function f{x, y)
is & function £'(z) such that for any A and B, {f'(AN(B)=[A, B). {Hint: Look
at what Figure 6-9 would do.)

a. Ackerman’s function, argument=1.

b. Append, argument=(}).

Modify Figure 6-15 to handic an eAtension to cond such that if the last cle-
ment of cond's list has only one expression in it, and no prior test passes, the
value of this expression Is returned as the value of the cond, For example,
(cond{(=12)F) ({435 F) ((+ 1 2)) would return 3.

Rewrite Figure 6-9 to employ a special form for the Y combinator to handle
recursion. This special form would have syntax (Y (lambda-function)}.
Write  function evaluate tliat calls eval of Figure 6-15 as often as reguired to
fully reduce an expression so that there are no embedded clostires. Show that
{his.Interpreter works on (member 1 (quole (2 1))

Write s-expression forms of functions read() and wrlte(e} that read and write
arbitrary s-expressions. Assume that the only inputfoutput (1/0) built-ins you
have are read-ntom(), which returns the next atom from the inpwt, and write.
ator(e), which writes one to the output. Thus a loop on vead-ntom where the
input device has *‘(cons 1 2)" would return successively “'(,"* cons, 1"
2. and *)."" Sending these hack to write-atom would print the same ex-
pression back.

Rewsite the npplicative order form of Figure 6-3 as a stngle s-cxpression in
the format of Figure 6-5, including a read-eval-print loop as the expression to
be evaluated. Assume that you are provided with functions read and wrlte to
handle complele s-expressions 1/0.

Write the expanded interpreter of Figure 6-9 and Figure 6-15 in the syntax of
Flgure 6-5, ngain with a read-eval-print loop. Is this inlerpreter capable of
interpreting itself? If not, what is missing?

2



CHAPTER

THE SECD
ABSTRACT
MACHINE

So far we have described two sim_pie functional languages .basedu.ovri
fambda calculus: abstract pProgramming and a prefix s»e:_tt[:rgs_sso: :I:slor
alent. The operation of these Iang}mges' has been descrlhg in r:s s of
interprelers for such lang#;nges (wnttt;.n in Ill:a-:;selves). This corresp
| concept of denofational semantics. .

N chg: ';(;::mativc l:mpro:\ch to describing the semantics of :suctll Ialg-
s is through interpretative semantics, whe[c we define a simple ab-
ne this with a description of how a compiler
ge of interest and generate

guage _
stract machine and combi i
would take programs written in lh!e' langua
hing code for the abstract maciine. o -
mate 'I‘h[i;s chapter takes such an approach.. We wili define th.c S:f:l)t_:ig-
chine as an nbstract machine with pro?erues that are well smtc rzﬁx ¢
tional languages, and will give a simple compiler for fed’:) o e
expression form discussed in the last chapter, The purpose for g

it should reinforce the reader's understanding of how

is twofold, First, ) !
functional languages work. Second, it serves as n very clean departure

point for discussing those hardware architectural concepts that show up

i i ional languages.
real machines for real functiona s .
" In terms of organization, the first section dlsc;s::‘:s tI)I:IEHY n v;;y
used by the SEC achine, namely,
e : great detail, but

SECD architec-

simple form of the | D |
a Jist-oriented one. The next chapter will expand on it in

much of that is not necded to understand the rest of the
ture.
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This is followed by descriptions of how the SECD Machine uses
such memory to implement several important data struciures, namely,
stacks, association lists, and closures.

Next is a description of the important registers and basic instruc-
tions needed by the SECD Machine. The descriptions of individual in-
structions are vin essentially axfomatic semantics, namely, how the ma-
chine state is changed by any of these instruclions being executed.
Extensions to this instruetion set architecture (ISA) to cover specin! fea-
tures are discussed in Inter chapters.

Following this is development of an abstract program that generates
SECD code for simple s-expression programs. Given the equivalence of
this s-expression format to abstract programs, the existence of such a
compiler means that we coild compile into SECD code any of the inter-
preters discussed earlier, or even the compiler itself.

Finally, the chapter discusses one of the thorniest problems to han-
dle with functional langunges, namely, how to handle arguments to func-
tions which are themselves functions, particularly ones that have been
only partially evaluated or curried. The is the famous funarg problem, and
aur discussion will address not only what it is but how it affects the de-
sign of real machines and compifers, and why our simple SECD model
avoided it,

The SECD Machine itself was invented by Peter Landin (1963) as a
sample target for the first function-based Ianguage, LISP. As piclured if
Figure 7-1, it has been used since as a basis for semantic descriptions, as
an intermediate language for compilers and interpreters for LISP and
other functional languages, and as the starting point for many of the cur-
rent generation of LISP and Artificial Intelligence workstations. The ver-

SECD
I1SA
Interpreter
Program

Compiler Progeams Translrtor
to in SECD from SECD
SECD.like Abstract to Target
Code Muchine Muchine
15A .

Programs In
Funcilonal ~——>
Languages

-

Machine
with

SECD 1SA
In ftardware

FIGURE 7-1
Uses of the SECD instruction sei architecture.
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142 TiE ARCMITECTURE OF SYMBOLIC COMPUTERS

sion of the SECD Machine described here is most closely related to that
of Henderson (1981), but it has been modificd in several aspects Lo im-
prove its educational value. Actuat Pascal code that describes an inter-
preter for nn SECD Machine can be found in both Henderson (198.!) .and
Henderson et al, (1983). Burge (1975) containg another good description,

7.1 LIST MEMORY

As described earlier, functional languages and s-expressions scem (0 g0
well together. Further, the implementation of s-expressions from conven-
tional random-access memory seems (o be Fnirly efficient. Consequently,
it should come as no surprise if we assume that our abstract SECD Ma-
chine incorporates 2 memory model that supports s-expressions directly.
This section gives an overview of a very simple form of suct3 a maodel;
Chapter § is devoted to a detaited discussion of more efficient implemen-
Lation on real memory structures,

"The basic SECD memory model assumes a large collection of iden-
tically formatted cellsina single memory pool (Figure 7-2). Each cell con-
sists of some fixed number of memory bits and hos a unique address
through which the contents of the cell may be read or modiﬁefl. Fu.rl!:er.
the contents of a cell may have several formats, each of which divides

the cell's bits into several fields,
A common fag field in each cell describes how the rest of the cell

Cell
Address
N-1}Tag| Cell Coments Avallable
n-2f Fres
Cells
«— FreePolnter
Cells
g it
(F Register) Cureenity
) in Use
*0
*Cell 0 i3 not accesyible.
{a) SECD memory.
Terminal Cell Nonterminal Cell
Tag = "Integer” Tog = "Cons cefi”

[Tog|Integer Data Value) [Fag] Cor Cell Adr | Cdr Celt Ade |

An address of 0 correaponds (o
the nll pointer.

(b) Cell formats.

FIGURE 7-2
The SECD memory model.
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should be interpreted. For this chapter we assume onty two basic types:
integers and cons cells. Later chapters will expand the sel of interesting
possibilitiecs. The former correspond to ferminal cells; the latter to
nonterminal cells,

In integer-type cells the rest of the cell other than the tag field in-
dicates the binary representation of some integer. For cons cells, the rest
of the cell is divided into two hatves: the car field and the cdr field. Both
of these fields contrin pointers (addresses) to other cells in the memory.

Arbilrary s-expressions are constructed as described in Chapter 3.
When some kind of list or dotted pair is needed, it is built out of one or
more cons cells interconnected by eacoding the addresses of other cells
in the car or cdr fields.

A pointer value of *'0" indicates a nil pointer. Thus cell 0 is not us-
able by the system.

For now, when an SECD instruction wishes to build a new s-
expression, it allocates new cells from memory, in a bottom-up fashion.
A register in the machine, the freelist pointer (or F register), points lo the
cusrent boundary, All cells at it or below it in memory are in use by the
program; all cells above it are free to be allocated as needed, Allocating
a new cell causes the F register to be incremented, The cell addressed by
this incremented F register Is then available for use as the new cell, The
appropriate car and cdr values can then be written into it.

At program start, F is initialized to 0.

At this point we will ignore what happens when F runs over the top
of available memory. This, and refated questions on how to “‘reclaim”
cells below F that are no longer in use, is a subject of the next chapter.

Finally, to simplify drawings, we will not show tag fietds of individ-
ual cells unless necessary. If a cell is depicted as a single rectangle with
a number in i, it has an integer tag. If it is divided into two subrect-
angles, it s a cons cell. A nil in either box represents a pointer to cell 9,
the nil pointer. Also, as described in Chapter 3, we wilt very often record
the value of a terminal cell in the field of the nonterminal that points to it.
The meaning of this should be that the actual value is in fact in a separate
cell with a pointer to that celf in the nonterminal.

7.2 BASIC DATA STRUCTURES

There are five key kinds of data structures that the SECD Machine will
build, manipulate, and keep in memory:

¢ Arbitrary s-expressions for compuled data

o Lists representing programs to be executed

+ Stacks used by the program’s instructions

¢ Value lists containing the arguments for uncompleted function applica-
tions

s Closures to represent unprocessed function applications

e
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ai ‘Top of Stack

2210
17 Dotiom of Stack

{a) A simple 3-element slack.

Top of Stack
f} (2233)

1¥)]
f
EF[B——*CFE‘D
1 [E 1

(b) The list equivalent,

ET

FIGURE 7-4
Stacks us lists.

For example, if Figure 7-d(a} is implemented conveationally in se-
quential memory locations, popping 31 off and then pushing, say, 101,
back on will cause the memory location holding the 3 to now contain
{0¢. ‘Fhe 31 is lost.

In comparison, doing the same thing to Figure 7-4(b) erases neither
the cell containing the 31 nor the cell containing the pointer to it. The cdr
of that cell still points to the second list cell, as does the cdr of the new
ist cell whose car points lo 101, See Figure 7-5.

There are cases where keeping this old stack available without mod-
ification is a valuable feature. There are many other cases, liowever,
where this represents the generation of garbage, that is, memory cells
that are no longer used but are not available for reuse, Recovering these
old cells if in fact no one else needs them is a function of a garbage col-
{ection system, which the SECD Machine defined to this point does not
have, but which most real machines with such memories do have. Again,

the next chapter will address such systems.

7.2.3 Value Lists

The previous chapter demonstrated the utility of association lists in im-
plementing jambda calculus-based languages. They permit simple combi-
nations of normal- and associative-order evaluations. Equaily important
for future topics, they provide, through closures, & patural mechanism

for deferring an application.

-t
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Top of Origlnal Stack

1+ 101 | K2 ! X f

Opesation performed: Push 101 onto stack resulting from popping
top off of stack (31 (22 33) I7).

* o gew cells allocated during operatlon,
FIGURE 7-5
Popping and pushing a list-mannged stack.

Given that the SECD Machine supports arbitrary s-expressions, it
naturaliy'sup'porls associalion lists. In particular, the instruction sel'ol‘
the next section supports directly a form of association list that includes
only the value half of each pair, The SECD form is then a list of sublists
where each sublist contains the argument values (and not the names) f '
a particular function call that has been made but as yel is not complet(;r

* Figures 7-6 and 7-7 diagram some examples of this.

A sm.lp!e compiler can eliminate the need for the identifier name
part by building an analog at compile time, mensuring exactly where in

let x=1 and y=2 and 2z=3 {n (x+y)}+z
Bquivatent to: (hxyz! (x+y}ez) | 2 3

Assoclatlon list for code = { {{x.}) (y.2
Nome et = (x 5 11 {(x8) (v.2) (231 )
Volue Hst = ({1 2 3))

ol

Ll_J_"i—’Ll_L:l—’Li_l_Jﬂ"
x=(L1) y=(1.2) za(l.3)
1 21 [

FIGURE 7.6
A simple value list.

2.\0¢
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let him) = (34m) X9 int
let g(x.q) = hicar{q) X x) in
ket 1(x,y,7) = g(x+3, lisi{y,z)) in 1(§,2,3)

Note: f(1,23) — p(4,(23) = h(2X4) = (348)x9 — 99

{a} A snmple program.

When Exccuting! Alist: Value List:
code for (1) (y.2) (2.30) ((123)
code for g {({x.4) (o (23 (423

. D (y.2) (2.3 (123))
code for b {((m.B) ((8)

{(x.4) (q.(2 ) “#{23)

((x.1) (y.2) 2.3 (123))

() Matching association lists.

jed 1=2 i=]

Arguments Arguments Arguments
forh forg for f

o] Cz3

i1 [

(c) The value list for b,

FIGURE 7-7
More complex value lists.

the association list the value will be at run time, and encoding th'::l index
into the appropriate SECD Machine instructions. This index will be of
the form (ij), where both { and j are integers. The i value _delermines
which sublist of the alist is desired, and then j determines which element
of that sublist is the actual argument. Thus { corresponds to how far back
in the stack of pending function calls the identifier is ‘l'ound as an argu-
ment, and j delermines which of that call's arguments is the desired one,

For reference, Figure 7-8 defines a function focare that, when given
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locate(l}, vHisty = lac(edr{x), toc(ear(x), vlisi)}
whereree loc(y, z) = If y=1 then car(z) else loc(y — 1, cdr(z}}

= j"thy element of i'th sublist of vlist where ij=(i.j)

FIGURE 7.8
The locate function.

Closure for I just before application to argument fist (8)

Program Code H—) Value List at Time Closure Built

forh (AEM23))

FIGURE 7-9
Closures as lists.

a paired index and n value dist, returns the appropriate element, Note the
1 ] . .
interesting doubfe use of the recursive subfunction loc,

7.2.4 Closures

To the SECD Machine a closure is the combination of the code for some
funclion and a value Jist. This combination is such that the actual func-
tion can be unpacked and executed at any time after the closure is built,
and will return an answer that is absolutely identicat to what would have
been returned if the function had been execuled at the the time the clo-
sure was built, As pictured in Figure 7-9, such a closure consisls of
consing (wo pointers inte a single memory cell—a pointer to the func-
tlon's cade and a pointer to the appropriate value list,

7.2.5 Recursive Closures

The last chapter closed with a discussion of association lists that support
recursively defined functions. The fina! solution was to package the ex-
pression being evaluated in a closure where the association list included
as valves scparate closures for each of the recursive functions, The as-
sociation lists for each of these embedded closures was simply a pointer
back to the association list for the expression belng evaluated. Thus
when a function required a call to itself, its association list would lead
back to the closure defining it.

Given the SECD memory model, this translates directly into a data
structure. Figure 7-10 diagrams such a configuration just before the over-
all expression is evaluated, The value list for E's closure is a list of cells
where the first argument is the list of values for @1 through fn. Each of
these values is a closure where the value Hst is a pointer back to the
whole value list for E. The only difference between this and any of the

WA
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tewree f{=A ] and ..fn=An n B
Closure for Expression B
Caode Vaolue List for B (end for {1 ... [n}

for B h
'EE“_’ .. Restof Value List This peinis

Llst
List of "Values” for f1 ... . :_::::I':’:“u::s
Bach "Velue™ Iz aclosure,

{1 through fn
[ ~ — (]
Value EF:—,I Value [i-_]:j
for f1 for fn

Code Code
for f1 for fo +Bullt by DUM Instructlon,
FIGURE 7-10

Value lists and clasures for recursive sapressions,

s-expressions we have encountered so far is that there is a circular loop
in the pointer trail. Construction of such a loop cannot be done with the
cons operator; a special SECD instruction to be described later is needed.

7.3 THE SECD MACHINE REGISTERS

The basic instruction set architecture of the SECD Machine consists of
instructions that manipulate four main data structures found in memory.
The structures consist of an evaluation stack (called simply the stack) for
bagic computations, a value list or environment for sloring argument val-
ues, a condrel list for the current program, and a dump where copies of the
other three structures can be stored when one function application is sus-
pended and another exccuted, Four machine registers,' the S, E.. C,and D
registers, control each of these structures. As described earlier, a fifth
register, the F register, indicates the next available memory cell for any
of these structures.

The instruction set is divided into roughly three parls, One set of
instructions manages the evaluation of “‘built-in”’ functions that the ma-
chine is capable of executing directly. Another set of instrucliong de.als
with special forms such as iI-then-else, A final sel deals wifh application
of program-defined functions to program-specified expressions fqr argu-
ments. There is considerable distinction made between nonrecursive and
recursive functions.

For the most part, the stack, environment, and dump act like con-
ventional stacks; items are **pushed'’ on the top and *‘popped"’ off in 2
last-in, first-out fashion, Further, except for the fact that everything is
built out of linked celis rather than sequential memory locations, all these
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structures, registers, and associated instructions are close analogs to
other abstract machine 1SAs that support conventional programming lan-
guages [such as the p-code architecture for Pascal and the Forth threaded
code architecture (Kogge, 1983).]

The following subsections describe these registers in more detail,
Later sections describe the instructions and give example programs.

7.3.4 The S Register

The § register points to a lst in memory that is treated as a conventional
evaluation slack for built-in functions, such as the standard arithmelic
(+, —, ¥, N and list operations (car, cdr, cons). Objects to be processed
by these funclions are "'pushed” on by doing a cons of a new cell onto
the top of the current stack. The car of this cell points to a copy of the
object's vaiue. The S register after such a push points to the new cell,
New cells are obtained by incrementing the F register and using the ceil
location specified by the result.

When an instruction specifying a built-in function application is ex-
ecuted, the appropriate objects for its arguments are obtained from the
cars of the cells at the Front of the list. The result will be placed in a new
cell, and S set to point to yel another new celt whose car points to the
new value and whose c¢dr points lo the stack list remaining after the ar-
guments. For example, an add (Figure 7-11) will take the values pointed
to by the cars of the top two cells in the S list, add them, and 3et S to
point to a cell whose car contains a pointer to the sum and whose cdr
points to the stack after the original top of stack cells.

A key point is thal, unlike a conventional stack built out of sequen-
tial memory locations, this new resull does not overwrite the memory lo-
cations containing the original inputs. New cells are allocated both for
the value and for the pointer cell in the list. The reason for this is that in
various circumstances these original inputs (in facl, the entire stack be-
fore the function) are needcd at other points in the overall computation.
The drawback, of course, is that more storage is taken up, particularly if
no one else needs the inputs, As defined so far, this storage for the orig-
inal inputs is simply lost to future use. The next chapter will describe a
common technigue used by most real systems to identify when such
“garbage’’ is generated, and to “‘collect’ it for reuse.

7.3.2 The E Reglster

The environment register (or E register) points to the current value list of
futction arguments (see Figures 7-6 and 7-7). This list is referenced by
the machine when a value for an argument is necded, augmented (via a
cons) when n new environment for a function application is constructed,
and modified when a previously crented clasure is unpacked. The pointer
from the closure's cdr replaces the contents of the E register.

~
L7
~~
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S Register L]
4
o R
(a} Stack before an add.
S Register

I :
g

o=
(o] L2} -~

*New cells allocated by add instruction,
+Not changed but no longer referesiced aflcr edd compleie.

{b) Stack aftes an add.

FIGURE T-1t
The S register and the stack.

As with the stack above, the prior value list designated by the E
vegister is not overwritien by any change to E, and is still intact in mem-
ory. Other mechanisms, including the dump, often retrieve the old list
when the current function completes,

7.3.3 The C Register

‘The control pointer or C register functions just like the program counter or
instruction counter in a conventional computer. It points to the memory
cell that designates through its car the current instruction to execute. In
the SECD Machine these instructions are simple integers which specify
the desired operation. Unlike many conventional computers, there are no
specialized subfields for regislers, addressing designations, etc, When
additional information is needed for an instruction, such as which argu-
ment to access from lhe E register's list, the information comes from the
cells chained to the instruction cell's cdr,

Conventional computers normally increment their program counter
after completing most instructions. The analog in the SECD Machine is
the replacement of the C register by the contents of the cdr field of the
last memory cell used by the current instruction (Cecdr(C)). Again as
with conventional machines, there are exceptions to this, patticularly for

P .
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the equivalent of conditional branches, new function calls, and returns
from completed application. Here the C register is replaced by a pointer
provided by some other part of the machine.

7.3.4 The D Register

The dump register or D register is the last of the SECD Machine's regis-
ters. As with the S register, the D register points to a list in memory, this
time called the dump. The purpose of this data structure is to remember
the state of a function application when a new application in that func-
tion's body is to be started. This is done by appending onto the demp
three new cells which record in their cars the values of the S, E, and C

_registers before the application. When the application completes, pop-

ping the top of the dump restores those registers lo their original values
so that the original application can continue. This is very simitar to the
call-return sequence found in conventional machines for proceddre or
subprogram activation and return.

- 7.4 THE BASIC INSTRUCTION SET

Figure 7-12 diagrams the basic instruction set for the SECD Machine.
For each instruction there is a brief description of how the machine's
four registers change after its execution, The notation used consists of
four s-expressions before and after o *'—." The four s-expressions before
the **—+"* represent the assumed lists in memory pointed to by the §, E,

C, and D registers just as the machine starts te execute the instruction.
The s-expressions after the “_»*" represent the same four registers after
the instruction has been executed.

As described earlier, the notation '‘(x y.z)" stands for an s-
expression whose first two elements are x and y, respectively, with the
vest of the expression 2.

With this convention, all the otiginal s-expressions for the C regis-
ter consist of a list with the first element designated by the name of the
instruction being executed. In real life each such instruction would be a
cell containing a specific integer. Thus any cell conlaining a “'2" in a pro-
gram Yist might representan LDC, while o '*15'" might represent an ADD.
For readability here we will use a mnemonic form,

These instructions break down into six separate groups, namely,

those (hat:

1. Push object values onto the S stack

2. Perform built-in function applications on the 8 stack and return the
results to that stack )

3. Handle the li-then-else special form

4. Build, apply, and retusn from closures representing nonrecussive

function applications

&)
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Several varialions of these data structures wilt be described in latet chap-
ters, particulatly when we discuss lazy evaluation.

It is clear how the [irst of the above five categories, namely, s-
gxpressions, can be built in the memory from the last section. Given that
the SECD Machine contains instructions that perform the equivalent of
cons, building a new s-expression involves allocating a new cell from
memory (bumping the F register by 1}, setling ils tag to cons, and storing
the appropriate pointers into its cor and cdr fields. .

‘The other data structures are addressed individually in the follow-

ing sections.

7.2.1 Programs s Lists

Programs for the SECD Machine look like garden-variety fists, Each el-
ement of the list corresponds 1o an individual instruction, and execution
proceeds {for the most parl) one element at a time from the front of the
list to the rear. A call to a function involves saving where one is in the
current list and starting execution at the beginning of the list associated
with the called function.

While it may scem wastelul to link together strings of often sequen-
tial instructions as a list (rather than as sequential words in an “'array’'),
there are several significant advantages. First, we do not need to invent a
new data structure just for program StOvage. Second, and most impor-
tant, programs now look just like data, mauking it extraordinarily easy to
write program that read, process, or even generate other programs. This
makes wriling compilers and iterpreters for the SECD Machine in
SECD code a relative snap.

The individual elements of a program Jist come in two types: simple
integers or arbitrary lists. The former, simple integers, are equivalent to
an opcode specifying some basic instruction in the SECD Machine's ar-
chitecture. The latter, embedded sublists, usually represent alternalive
branches of program flow that will be decided dynamicafly when the pro-
gram is run. Instructions which choose petween these alternalive flows
of control correspond somewhat to the branch and call instructions found
in conventional architectures. For example, to do an I-then-else, one el-
cment of a program'’s list wilt be a basic instruction (called out by an in-
teger), which when executed witl decide which of the two following ele-
ments of the program list should be executed. T hese following elements
will be lists themselves. Each represents a then or alse snippet of code.
lastructions at the ends of the snippet returns control to the main thread.

Figure 7-3 gives a simple example.

71.2.2 Stacks ns Llsts

The SECD Machine uscs several stacks during exacution. One serves as
an evaluation stack in a way reminiscent -of reverse Polish execution.

TN
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Program Start

}

flest of
Flest Llst
of Instrucilons
Instruction AlLlst for BLSE Case

Representing
Code for THEN
A Conditionnt Case

Test Instructlon L
Cpb -
[z ]

E}—_D——*
T

-

Retuin 1o Main List

FIGURE 7-3
Programs as [isis.

Other stacks contain points ir i
Other stacks cont cm[:‘ e :i \ the program to pick up from when the cur-
In all cases the stack operates just as a conventional stack would
g::::tpl:g; t\:::fles onto the sFack and pop them off again, all in a last-in,
The major difference from a conv i i ion i
that, like programs, stacks in the SECJ%?SEL??:?S ';‘rgﬂierggl:r:a{lils?: :Js[
memory cells. Again, this may seem wasleful of storage bits, but it dloes
have the advantage of using the machine’s natural data structure Also, it
pcr!nils us to grow different stacks lo arbitrary sizes in arbitrar).r orde.rs
until memory is exhausted. This is unlike convenlional nachines whicl;
grow stacks in consecutive locations of memory until some prealiocated
!)ouudnry is renched. In such cases the maximum size of the stack is fim-
ited to the amount of storage allocated to it by the system. Overgrowing

(&:;:as;:::: area is not permitted, even if storage exists in other stack or
By ‘annfogy. the top of the stack is equivalent to the leftmost ele-
ment of its list equivalent, Thus, pushing an object to a stack is imple-
mented by consing it onto the matching list. Popping an element requires
a caor to get the element’s value, and a edr to return a pointer to the rest
of the list. An empty stack is the nil list,
Figurc 7-4 dingrams a simple example,

. A subtie but imporlant difference between these slacks and conven-
tional stacks built out of sequential memory is that with lists a “'pop"’
followed by a *'push’* does not overwrite the storage aliocated to the el-
cment '.‘poppcd" off. The new element is created in a separate memory
cell, with '!hc cell's cdr pointing to the cell holding the next element
'wherever it is. The cell holding the original value “*popped’* off still ex:
ists, with its cdr pointing to the same next cell. ’

p AN
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Instruction Operation
— Access Objects nnd Push Value to Stack—

NIL se (NIL.cyd —+ (nil.s)cecd

L.bC se(LDC x.c)d — (x.s)ecd

LD s e (LD (i.j).c) d — (ocate((i.jl.e).s) ¢ ¢ d

—Support For Builtin Functions—
ATOM, CAR. CDR.,, (a.8) ¢ (OP.¢)d — ({OF B).5) c ¢ d
CONS, ADD, SUB,... (a b.s) ¢ (OP.c) d —> ((a OP bysyecd

~1{-Then-Else Special Farm—

SEL (x.5) ¢ (SEL ¢t cf.&) d —+ 3¢ cT (c.d)
where ¢? = et If x#40(T), and cf if x=0(F)
JOIN s ¢ (JOIN.¢) (er.d) —+secrd
—Nonrecursive Functions—
LDF se (LDl f.cyd -+ ((fe)s)ecd
AP {(f.e'y v.5) e {(AP.c)d — NIL (veT{secd)
RTN (x.z) ¢’ (RTN.q) (s e c.d) — {xs)ecd
—Recursive Functions—
DUM - se(DUM.c)d —s(nile)ed
RAP ((€.(nil.&)) v.3) (iill.¢) (RAP.c) d

— nil (rplaca((nil.e).v).c) f (3 e c.d)

— Auxiliary Instrections—

STOP g e (STOP.c) d — 3 ¢ (STOP.c) d -stop the machine
READC 3¢ (RBADC.c)d —* (x.s) ecd

where x Is character read in from input device
WRITEC (x.5) ¢ (WRITEC.c)d —+5¢C d

where # is printed on the output device

where rplaca(x,y) ''replace car of x by y, and return pointer to x™
and locate{x,€) = loc(cdr(x), loc(car(x}.))
whererec loc(k,e) = if k=1 then car(e} else loc(k — 1, cdr(e))

FIGURE 7-12
Basie Instruction set for SECD Machine.

5. Extend the above lo handle recursive functions
6. Handle input/output (30} and machine controt

The following sections describe each of these groups.

7.4.1 Accessing Object Values

The first group pushes values of objects onto the S stack (see Figure 7-13
for an example). The first of these, NIL, pushes a nil pointer. Again this
means that the S register after the instruction has been executed points to
a newly aliocated cell whose car contains a nil pointer (an address of lo-
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Codo: (... NILLDC 133 LD (1.2} ..}
C Reglsier

w | fuoc ) 133 [ |

E Reglster

L) Restof
Envlronment

=

4

[ ] [z
S Register
S Reglster After After 8l
after LD* LDC* NIL* Start

La-bora-bm —FLI:;I—_:}—’

*New cells allocated by Instructions.

1
FIGURE 7-13
A sequence of data access Instsuctions,

cation 0) and whose cdr points to the list designated by the S register be-
fore the instruction was executed.

The second of these, LDC, loads a *‘constant’ onto the stack. The
constant value to be pushed is found as the next element on the C list
after that for the instruction (the cadr of the C list at the time the instruc-
tion is started). Again a new cell is allocated, and chained onto the top of
the S list. The car of this new cell is loaded with a pointer to this con-
stant. Note that the value is not duplicated—only a pointer to it is. This
means that this *“‘constant’ could in facl be an arbitrary s-expression,
and the elfect would be the same. The top of the stack would be that ex-
pression,

For this SECD Machine, the representation for the boolean con-
stant F (false) is 0, and T {truc) is taken as any integer other than @, usu-
ally 1. .
The third instruction of this group, LD, "‘loads’ an element of the
current environment. The cadr of the C list is a celt of the form (i.j),
where the car i is the sublist element of the E list desired, and the cdr j is
the element of that sublist. The function lueate (see also Figure 7-8) de-
scribes how this access works. Again a pointer to that object is stored in
" the car of a new cell whose cdr points to the old S list.

T

e
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7.4.2 DBuill-in Function Applications

The next group of instructions handle buiit-in functions such as CAR,
CDR, CONS, ATOM, ADD, SUBtract, ... Here the proper number of ob-
jects are accessed from the top of the S stack and the result placed in n
new cell which is pointed to by the car of a second new cell. The cdr of
this latter cell points to the rest of S's original list after the initial argu-
ments. S is reset to point to this latter cell. Figure 7-11 dingrams a typical
case for an ADD. A somewhat more complex example is the CONS in-
struction. This instruction allocales not one but two cons cells, one to
hold the cons of the operands, and one to cons this result onto the S list.
Figure 7-14 diagrams this, with Figure 7-15 diagramming the same situa-
tion in terms of possible memory location values.

.7.4.3  Instructions for if-then-alee

The group of instructions used to implement [-than-else special forms
. are used in a specific order. The SEL instruction {**select’’) assumes that
the top of the S list is an integer either zero or nonzero (encoded as de-
scrived above to represent a boolean), Following the SEL in the control
list are two elements (the cadr and caddr of the C list), both of which are
themselves lists of instructions. The last instsuction in each list is a JOIN,
When executed, the SEL will push onto the dump a pointer to the C list
just beyond the second sublist {i.¢., a pointer to the edddr of the originat
C list). The machine will then pop the top element off the S stack, test it,
and replace C with its cadr if the value was nonzero, and with ils caddr if
the value was zero. Thus, these sublists correspond to the code for then
and alse expressions, respectively, The last instruction of each of these

S Reglsier
before CONS = (20 133 ...}

L*Ltl_—l—ﬂ_lj_—k—i?Lj—’

[0 ] [}

Value of
CONS Operation

§ Register N
afier CONS —>
= ((20.133) ..}

*New celly ellocated duting CONS execution.

FIGURE 7-14
Execulion of the cons instructien.
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N~1] N-1
201 201 200 101 j¢-S.F
200 200 [0 100 ] Result of CONS
199 «F 199 (20.133)
104 163 102 J<-8S 104 103 102
103 20 N 0 20 cetl 200
02} tee 1ol Change 1021 100 101} ytolds Result
10t - alier 101 of CONS
100 133 CONS 100 133
N _ J' - N
0 4]
{a} Before CONS. (&) After CONS,

$New cells altlocated by CONS.

FIGURE 7-15
Memory before and sfter a cons instruction.

subtists, the JOIN, then resumes the original program by popping the top off
the dumyp and resetting C to point to it, Figure 7-16 diagrams an example.

Although the norma! use of a SEL is after some test instruction
which leaves a boolean on 8, its definilion also permits ils use as a zero
test after any arbitrary instruction sequence, such as a SUB. Thus we do
not really need a ZERO, NULL, or even an EQUAL instruction in the

SECD ISA.

7.4.4 Nonrecursive Program-Defined Functions

The nonrecursive function application instructions atso work together in
a very specific way. The LDF (*'load function™) instruction is followed in
the C tist by an element pointing lo a sublist containing Lhe code repre-
senting some program-defined funclion, The last instruction in this sub-
program fist is a RTN, which wilt function similarly to a JOIN,

When LDF is exccuted, it builds in a new cell a closure consisting of
a pointer to the new function's code and a copy of the current E register.
The Iatter represents the value list for all the identifiers (other than the
function's immediate arguments) that have been bound to specific values
by previous code. The closure is pushed onto the top of the S list.

Note that the function is not executed at the current time, merely
packaged in a closure on the stack. At some arbitrarily later point in
time, an AP (“apply"") instruction will find on the top of the S stack a
copy of this closure, and underneath it n Jist representing the argument

$IL
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Code fragment: I null (x) then 10 clse ~10
Progeam list {... NULL SEL (LDC 10 JOINY{LDC -10JOIN}...)

SEL. pushes this
address 1o Dump

Rest of
I__ _l_—_'““’ L.J—_-i—_) Program
Selection Code for Code for
T THEN Case | ELSE Case

O3 [
il

“w ] [aom ]

Il Test
NULL

Jes
e

JOIN reirleves
cell addeesa
from Dump
and reloads C

P S
=
[

LDC

FIGURE 7-16
Structure of H-then-elso code.

Mo ]
s 1=
i

values to be applied to the function, Note that this argument list is a sin-
gle clement on the S list (namely, its cadr), and that the rest of the S list
is arbitrary.

Executing the AP causes the eddr of S, the E, and the c¢dr of C to be
pushed onto the dump. This represents the state the machine is to return
to when the function application is complete. After this, the S register is
resel to nil, making it an empty slack, the C register is set to the begin-
ning of the code specified by the closure (the car of the closure cell), and
the E register is set to the cens of the second element on the original S list
and the cdr of the closure cell. This latter operation establishes a value
list for the function application which consists of the function's argy-
ments in the first sublist and the environment needed by the function's
internal definition as the rest. Appropriate (i.j) indexing constants inside
the function’s code will give it access to these values.

The last instruction of a function’s code list should be a ATN. This
instruction takes the top element off the S stack as the value to return
from the application. This value is consed to the old S vatue previously
pushed on top of the dump, with S reset to point to this tist, The E and C
registers are restored directly from the dump, and the calling function is
restarled. The only difference from the point at which it called the func-
tion is that the top of the 8 stack now conlaing the desired result.

Figure 7-17 diagrams simple sequence of code that uses this set of
instructions. Note that the actual program list shown was chosen for ils
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Assume: lel fx.yyux+y in F(3.4)
Possible SECD code: (LLDC 3 LDF (LD (1. LD (L.1) ADD RTN) AP )

(S Llad— L]l g—«
LI_I_‘,_—_’ Argument L\I,J——'_’ Code l

:“;':I: LDF for f
udb L2¢
Ly I L L=
(L1 $ (1Y) , ¥
(1 [] [w] [fz]

¥
Ll_L:_f—*Ill»l-*lil—%—»I i)
o] 010 el (o)

{n ) Program,

[ ]
§ ——> I%[_Z_]__; 81 = stack before LDC
[ D —> D1 » dump before AP
) 1 Lt
[L2] —

B! = environment at time of LDF

Closure for f

*New cells alfocated by LDF,

{b) After the LDF,
v

§—> NIL C—> L2

—' G e
S1,E1, Cl, D} from (a)
+ +
p———- [si [ '[B! ] J"[ci Dt

+New Cells Allocated by AP

{c } After the AP,

FIGURE 7-17
Pasic nonrecursive application Instructions,

drz
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simplicity in explaining LDF and AP and thus is somewhat different from
that which would be produced by the basic compiler described later in
this chapter.

In Figure 7-17 the argument list for the function application is a list
of constant values, This is not always the case, Neormally the arguments
for the call must be computed by some sel of function applications them-
selves. Given the way the AP instruclion works, though this means that
however the arguments are computed, they must be gathered into a list
before we can invoke the AP, In the SECD architecture the easiest way
1o do this is lo evaluate the arguments before invoking the function, but
cons them together first, This involves using an initial NIL instruction be-
fore any argumert is evaluated, and then evaluating the arguments one at
a tlime, from right to lefl, with a CONS instruction after each evaluation
sequence to put the argument value onto the growing argument list. The
leftmost argument is thus evaluated last and ptaced on the front of the
list. Figure 7-18 diagrams an example of this. The compiler discussed
later implements the process of gencrating the proper SECD code.

7.4.5 Recursive Progrnm-Defined Functions

The group of instructions handling recursive function calls are extetisions
of the previous set, and are perhaps the most difficult of the SECD in-
structions to understand. The reader should simply try to get the general
idea here, and then observe laler examples lo see how everylhing fits to-
gether.

The DUAM instruction conses onto the front of the environment list a
new cell whose car is nil. This corresponds to a new argument list that is
initially emply (a “dummy’ lis). This list will eventually be a pointer to
the self-looping value list as shown in Figure 7-10.

A DUM instruction is used in a program just before the LDF(s) to
build the closures for the recursively defined functions, This wili make
the environments stored in those closures point to a value list whese the
first element is this current *dummy"* sublist,

‘The RAP instruction (“recursive apply'’) assumes that the top of
the S stack looks like that for an AP, namely, a closure representing a
function to be exccuted, and an argument fist (i.c., the arguments for the
expression at the end of the telrec...and..In}. In this case the function in
the closure is the expression that calls the recursively defined funclions
(see Figure 7-19}. The closure’s environment is a pointer to the same list
indicated by the cursent E register. T his, in turn, should be a list where
the first element was that built by the DUM. Furthermore, the list of ar-
gument values should be a list of closures, one per recursively defined
function, where the environments of these closures arc also pointers o

the same dummy cell.
Exccution of the RAP is identical to the AP except that the car of

o e et
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Pragram: let f(x,y)=x+y in 2% 3.6 —4)

Code: (NIL LDC 6 LD 4 SUB CONS
LDCILDC 2 MPY CONS
LDP{LD (1.2) LD (1.1) ADD RTN)
AP .Y

§—>sl s —>[nil [ =} s

(n) Defore code slarts. {1r) After MiL.

e

S
PED

s-*lil—i—ﬂ [ s
e} 0yfm]

[2 ]

(d) ARer LDC 3 LDC 2 MPY.

s—>[%‘_|3——>su

T

{e) ARer (nal CONS,

s

(c) After lirst CONS.

FIGURE 7-18
Consiructlon of argument Jists,

the cell pointed to by E (i.c., the dummy cell) is resct to point to the sec-
?nd argument of the 8 stack (the list of closures}. Given thal the closures
in that argument also point to the dummy cell, the result is exactly the
loop of pointers desired,

Within the code called by the RAP, anry required cails to the i-th
recursively defined function M are initiated by a LD(},}) followed by an
AP. The LD fetches the closure for the function from the environment,
and AP unpacks it as before. The environment established by the closure
is the same environment it came from, with the exception that the AP
adds a list 1o the front representing the arguments to the function. Thus,
a LD(2.§) from inside the code for the function Ml will retrieve an identical
copy of its closure, and another AP will thus start a recursive call to fi
properly.

Again, a RTN at the end of the expression unstacks the original §,
E, and C values stacked by the RAP function(s).
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Assume: letree Tl s Al and ... and fn = Anin 4
e (A} ...IBYAL ... An

Code = {DUM NIL L.DE (..code Tor An.., IUFN) CONS
LDF (..code for ALLRTN) CONS
LDF {.code for E.RTN} RAP )

s T3 CI— (-

Closure Argument List
b for B for B

M
Closure Closure
b for I} for fn
Codefor® LI_E]- Et—_E‘f

Code for f1 Cade for fn
Bulti by DUM

g h > Older

Bovirenimen

{a } Refore RAP.

&
Closure Closure
for fi for I

Code for [.I' Cade for fn ]

Environment

S - Nit

(b} Alter RAP.

FIGURE 1-19
Gixecuting 8 AAP instruction.

7.4.6 Machine Control Instructlons

al set of SECD instructions control other aspects of a reai ma-

3?&3: operation. The first of these, STOP, stops lh.c mnchlni ;n its

racks. No more instructions are executed, a'nd the registers are iefl un-
changed. This should be the Inst instruction in any program. /

The READC and WRITEC instructions perform simple input output

C takes a characler [rom somne input device, construclts

erations. READ ) .
the fent in a new cell, and pushes a pointer to it onto the S

the integer equiva
stack.
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WRITEC takes the integer on the top of the § stack and prints a
character equivalent of it out to the standard output device.

These instructions are included here simply for minimal complete-
ness. In real life much more complex 1/0 would be found, and would be

handled much as in conventional machine architectures,

1.5 COMPILING SIMPLE S-EXPRESSIONS

Writing an elementary compiler to gencrate SECD code from an s-
expression program is a relatively straightforward process. We recur-
sively take the s-expression, look at ils car element, and generale a stan-
dardized sct of code based on its value and structure. Subexpressions
embedded in the s-expression are converled into SECD code lists and
then appended into the overall code. Figure 7-20 lists these SECD code
sequences for each major special form.

For simplicity of notation here we assume that *{expr) stands for
the SECD code compiled from the s-expression (expr). Also, AB stands
for the resull of appending list A to list B, as in (1 2)(3 4)={1 2 3 4),

Figure 7-21 outlines an abstract program which implements these
transforms; Figurc 7-22 lists some (unctions used in this program to han-
dle speciat forms. The main function compHe has three arguments, the
expression ¢ being compiled, & namelist #, and an accumulating param-
eter ¢, The namelist represents the variables that would be available in
the environment when the s-expression e is execuled. The accumulating
parameler represents already-generated code to which the new SECD
code for e should be appended on the front, Thus the initial call to com-
pile an expression e would fook like ‘

complle(e, nil, (STOP))

With the exception of the {{-lhen-slse form, most of the s-expression
forms are compiled into SECD code which emulates an applicative-order
evaluation—the arguments to o function are evaluated first,

There is-no error-checking built into this compiler, either syntat-
icalty or semanticatly,

7.5.1 Data Accessing. Farms

The data accessing forms transtate directly into sequences of SECD in-
structions that push the appropriate value onto the top of the 8 stack. In
the case of an identifier, this involves identifying what entry in the value
list will have the approprinte value at run lime. The compiler of Figure
7-21 computes this by looking through argument n for the first entry that
has the same symbolic name and keeping track of where the match oc-
curred (the function ndex in Figure 7-22),

ax



Syntox: <number>
Code; (LDC <number>)

Syntax: nil
Code: (NIL)

Syntax: <identifier>
Code: (LD {L.j)y where (i.]) is index into E

Syntax: {(<builtin> <expr=y ... <cxpr>',l).
Code: *<expr>th...1 fe<expr>, 1 (<builtin>)
Example: (MPY (ADD x 1) 256}

—+ (LDC 256 LDC 1 LD (1.1) ADD MPY)

H(IF < S expr>y <EXpr>y) .
f.‘{)l;l::x‘(<cxp:n>p:| I‘(SEI_.;’I | (1‘ <cxp:>: L1 (OIND 1 (*<expr=, Pt QJOIN))Y <enpr>?
Example: (IF (pull x} | (cor h ‘

" p-—a (LD (i.1) NULL SEL (LDC | JOIN) (LD (1.1) CAR JOIN)}

Symax: (LAMBDA (<id>; ... <id=>.) <expr>)
Code: (LDF) I(*<expr> 11 (RTN)
Example: (LAMBDA {x ¥) (ADD % ¥)

— {LDE (LD (L2} LD (1.1 ADD RTN)

Syntax: (LET (<id>, .o <ih>,) (<expr=) ... <enpri>,) <eApr=)
Code: (MIL) I*<enpr>, H (CONS) 1 ... #<expr>, it
(CONS LDF) i (*<expr> [ HRTH)) 11 (AP)
Example: (LET (x N+ b2},
—» {NIL, LDC 2 CONS L.DC CONS
LDFR LD (1.2 LD (L1} ADD RTN) AP)

Syntax: (LETREC (<id>, ... <id>g) {<expr>) - <enpr>,) <expi>}
Code: (DUM NIL) 1} #<expr=>, H{CONS) 1} ... *<expr>, H
(CONS LDF) 11 { (*<expr> II(R‘I‘)N}) RAP)
. (LETREC () (LAMBDA (x m
Bramele (:IF (null x) nf (F (CDR x) (+ m D)) ( (5 23) 0))
—» {DUM NIL LDF (LD(L.1) NULL SEL

(LD (1.2) JOIN}
(NI LDC | LD (1.2) ADD CONS
LD (1.1) COR CON3 LD (2.1) AP JOIN)

RTN)
CONS
LLDF (NIL LDL 0 CONS LDC (1 2 3) CONS {1.1) AP RTN)
RAP)

Syplan: (<Sexpr> <EXPr™y ... <EAPI>,)
C{::l::nu\(llld}l r"<expr>ni l(lCONS} ... [E #<expr> §(CONS)I* <expr>1 I(AP)

Je: ((LAMBDA (x y) (MPY X yi 1 (PLUS 2 3))
B —» (NIL LDC 3 LDC 2 ADD CONS LDC | CONS

LDP (LD (L2} LD (1.1) MPY RTN) AP)

Mote: Al'B = append(A B). Thus (MIL) ((CONS) = (NIL CONS).
Also *<expr> is compiled form of <expr>.

FIGURLE T-20 .
Code scquences for s-cxpressions.
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compile(e,n,c) = ‘‘compiler for expression e
If atoin{e)
then **a nil, number, or identifier*
if null(e)
then cons(NIL,c)
else let If = index{e,n) in
if nulI{i))
then cons{LDC, cons{e, ¢})
¢lse cons{LD, cons(ii, ¢))
else et fen = enr(e} and args = cdr(e) In
H atom(lcn)
then **a builiin, ambdn, or speclal form'’
if member(fen, builtins)
then complle-builtin{asgs, n, cons(fen, c))
elseif fcn = LAMBDA
then eompiie-lnmbda(cade{args), cons{car(args}, n), <)
elseif fen = IF
then compile-if(car{nrgs), cade{args),
caddr{args), n, c)
elseif fen = LET or fen = LETREC
then let newn = cons(car(args), n}
and values = cadr{args}
and body = caddr{nrgs) in
if fen = LET
then cons(NIL, compile-app(values, s,
compile-lambda(body, newn, cons(AP.C))))
¢lse '* a letrec™
append((DUM NIL),
compile-opp{values, newn,
compile-lambda{body, newn, cons{RAP, c)))
else ''fen st be o varinble"
cons(NIL, compile-app(args, n, cons(LD, cons(index{fen, n), cons(AP, cii})
olse **an application with nested function®’
cons(MIL, compile-app(orgs, n, compile(fen, n, cons(AP, ¢)))
FIGURE ?7-21 .
A compiler from s-expressions to SECD code,

7.5.2 Built-In Function Applications

The code generated for the application of bufls-in functions consists of the
sequences of SECD code needed for each argument appended o the
SECD instruction that performs the functien. By convention, the
rightmost argument in the s-expression form is computed first, and then
cxectlion proceeds from right to lefl. The net effect of this is that at ex-
ecution time the topmost value on the stack is the leftmost argument,
with tater values further down the stack.

7.5.3 Conditional Forms -

The compilation of a conditional form is an SECD code list consisting of
the sequence of instruclions that evaluates the test expression, followed

w

165

290



166 "THE ARCIMTECTURE OF SYMBOLIC COMPUTERS

compile-builiinfargs, n, ¢} =
if nuli(args)

then ¢
clse compite-builtin(cdr(args), n, compilecar(args), n. )

compile-if{test, then, else, n, ¢) =

compile(test, n,
cons{SEL, cous(compile(then, #, cons(JOIN, nil)),

cons(compile(else, n, cons(JOIN.ni)), cN))

compile-lambda(body, n, ¢} =
cons{L.DF, cons{compile(body, n, cons(RTN, nih)), ¢))

compile-app(args, n, ¢) =
if nullCargs)
then ¢

else compile-npp(edr(nzgs), n,
compile(car(args), n, cons(CONS, c))

indexte,n) = indxle, n, 1)

indx(e, n, 1) =
if nul{n} then nil
else letrec indn2(e, n, J) =
if null(n) then nil
elseif car(n) =¢ then }
else indx2(e, cdr(n), j+ 1) in
let j = indx2(e, car(n), 1) in
if auli( j}.
then Index(e, cdr(n), i+ 1)
else eons(i, j)

FIGURE 7-22 . )
Aunxiliory functions to compilfe special forms.

EL instruction, followed by two lists which corr'espond to the then
:zdae?se expressions. respectively. Each of lht_:se sublists is c'O{n_p:t.le(:’ liy
recursively calling compile with the accumulating paran}ctef ‘mma |z§=i_ 0
(JOIN). This places the JOIN at the end of c.ach sublist, The auniliary
function complle-If in Figure 7-22 performs this process.

7.5.4 Lambda Function Definitlons

wnetions are any funclions that are defined either explicitly
g:(:fr:;;rc':‘lig fby a lambda expression, This includ.cs lambda cxpre.:_slon‘s_,otf
expressions, and letrec expressions, The f.ormer samplgf deﬁn'cs a function;
the last two include both function definition and 'thelr app_llcatmn.

‘The code compiled for a lambda expression congsists of a tdwo;
element list, the first of which is a LDF instruction and the secon ?
which is a list consisting of the compiled form qf.thc lambda ex;?re;s.;?qn_s
body terminated by a RTN. As with the conditional forms, this is
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inserted by recursively calling complle with its third argument set (o
{RTN) (see complle-lambdn in Figure 7-22),
Executing such a code sequence will push onto the S stack a clo-

" - sure whose code pointer is pointing to the sublist following the LDF and

whose embedded environment is the cell pointed to by E when the LDF is
executed. i

When complte is called recursively for the tambda's body, the
namelist argument has the list of argument identifiers for thal lambda ap-
pended to the riamelist passed inlo compile when the lambda was discov-
ered. This reflects the fact that once inside the body of a lambda, the top
of the value list on E must correspond to a list of the tambda’s argu-
ments, with the rest of the environment list consisting of the environment
that was present before the function was npplied. Further, the order of
the identifier names in this sublist should be the same as the order in

: which the values will be when the code is executed. This permits a search

of the natmelist to return the proper (i /} value lo encode into LD code.

- 1.5.,5 Comblned Function Definitlons and Applications

Let and letrec expressions correspond to evaluating a series of expres-
sions, associating them with identificrs, and then evaluating a new ex-

. pression that references these identifiers. The code compiled for these

forms must compute each of these expressions and then cons the results
together into n list that can be passed as an argument to the lambda func-
tion implied by the in expression,

Compile does this by pushing an initiaf nil onto the stack, and then
generating code for the rightmost let expression that will leave the result

- of that expression above the nil, A CONS jnstruction combines these two

into n single element list.

The process of compiling code for each of the remaining le! expres-
sions is similar. The process goes from right to left, compiling in a se-
quence of code to evaluate each subexpression, and foflowing it by a
CONS to append it to the previous expression list.

When such code is execuled, it leaves on the top of the stack a sin-
gle element which is itself a list. The order of the elements on this list
corcesponds directly to the order of et expressions, from left to right.

After this, the compifed code sequence consists of a LOF followed
by a code list representing the In expression and terminated by a RTN.
When executed, this pushes a closure representing the in expression on

. lop of the value list,

For a let expression the final instruction compiled into the sequence

: is an AP. When cxecuted, this instruction unpacks the closure for the in

expression, and starts the body, with the computed values established on

- the top of E.

The only difference for a lefrec expression is that a RAP is used in
place of an AP, and there is an exira instruction to begin the sequence,

29,
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pamely, a DUM. As discussed earlier, this helps build a2 dummy environ-

ment that RAP modifies to form the environment loop.

7.5.6 Nested Function Expressions

The final special form handted by the compiler is when the expression in
the function position of an s-expression is something other than a key-
word. The compiler function complie-npp handles this case. As with let,
the arguments are evaluated onc at a time from right to left and consed
into a list so that the leltmost one i first. Then the code for the function
subexpression is compiled and appended to the right of the argument
evaluation code, ngain just as for let. This subexpression could be any-
thing, as long as when the code is exccuted it places a closure on the top
of the stack. In most cases this subexpression will be a (lambda...) ex-
pression or an identificr which has been bound earfier to a (lambda...).
Again there is no error checking to sece if this is in fact the case.

The final instruction compiled for this type of an expression is an
AP. When executed, it will take the list of argument values and the clo-
sure and evaluaté the combination,

7.6 SAMPLE COMPILATION

This section diagrams the code that would be compiled for yet another
variation of our familiar factoriai function, This definition includes an ex-
tra lot at the beginning with an assignment of ''1"* to the identifier one
just to show the differences between that and letrec. Not all cails to com-
piler functions are shown; the calls chosen are those with significance,
such as major changes in the namelists used to determine where variables

are in the environment,
The original abstract program to compile is:

let x=3 and one=1 In
letrec fnct(n, m)=
i (cq n 0) then onie
also Fact(n— one, nX m)
In fact(x,one)

The s-expression equivalent of this is:

(lot (x one) (3 1)
(letrec (fact)
{((tambda (r1,m) (it (= n 0) one {fact (- n one) (¥ n mMMN

(fact x one))}
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The compilation proceeds as follows:

compile((let...),nil (STOP)
2 (NIL.complle-app({3 1), nil,
compile-lambda{(letrec. ..}, {(x one)), (AP STOP))))
= (NIL.complie-app((3 1), nit,
(LDFE (complle({letrec...), ({x one)), (RTN)AP STOP
= (NiL.complle-app((3 1), nil, ) w
(LOF (DUM NIL.compIIe-app(({lambda. ) ((fact)(x one)),
complle-lambda{{(fact x one), ({(fact)(x one)),
(RAP RTNN(AP STOP)
= (NIL.complle-app((3 1), nil,
(LD(I:.[()?:UM NIL.compHe-app({(lambda. . .)), ((fact)(x one)),
(NIL LD (2.2) CONS LD (2.1) CONS LD (1.1} AP RTN)
RAP RTN)
AP STOPM

= (NIL.complle-npp{(3 1), nif,
(LDF (DUM NIL.complle-app{(), {{fact)(x one)),
complie((fambda...), ((fact)(x one)),
(CONS LDF
(NIL L[_) (2.2) CONS LD (2.1) CONS LD (L.1) AP RTN)
RAP RTN)
AP STOPHI)

= (NIL,complie-app((3 1), nil,
(LDF (DUM NiL.compHe-app((), {(facr)(x one)),
compile-lambda((ll...), {(n m) (facr) (x one)),
" (CONS LDF
(NILLD (2.2) CONS LD (2.1) CONS LD (5.1) AP RTHN)
RAP ATN)
AP STOPI))

= (NiL.compile-app((3 1), nil,

(LDF (DUM NIL.complle-app((), ((fac(x om.;)).
(LDF.(compile((lf...), {(n m) (fact) (x one)), (ATN}))
(CONS LDF

(NIL LD (2.2) CONS LD (2.1) CONS LD (1.1} AP RTN)
RAP RTN)
AP STOPY)M

N92
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2 (NiL.complie-app((3 1), nil,
{LDOF (DUM NIL.complle-app((), ({facr)(x one)),
(LDF
(LDC 0 LD (1.1) EQ SEL

(LDC ! JOIN}

(NIL LD (1.2) LD (1.1) i4PY CONS
LD (3.2) LD (1,1) SUB CONS
LD (2.1) AP JOIN)

ATN) Y,
CONS tDF )
(NIL LD (2.2) CONS LD (2.1) CONS LD (t.1) AP RTN)
RAP RTN) ’
AP STOP)

= (NIL.complie-app((3 1), nil,
(LDF (DUM NIL LDF
(LDC 0 LD (1.1) EQ SEL

(LDGC | JOIN)

(NIL LD (1.2) LD (1.1) MPY CONS
LD (3.2) LD (1.1) SUB CONS
LD (2.1) AP JOIN)

ATN)

CONS LDF
(NIL LD (2.2) CONS LD (2.1) CONS LD (1.1) AP RTN)

RAP RTN)
AP STOP))

= (NIL LDC 1 CONS LDG 3 CONS LDF
(DUM NiL LDF
(LDC 0 LD (1.1) EQ SEL
(LDC 1 JOIN)
(NIL LD (1.2) LD (1.1) MPY CONS
LD (3.2) LD (1.1) SUB CONS LD (2.1) AP JOIN)
ATN)
CONS LDF
(NIL LD {2.2) CONS LD (2.1) CONS LD (1.1) AP RTN)
AAP RTN)
AP STOP)

s o linked list of cells in Figure 7-23. For com-
car field that contains a pointer (0 a ler-

ites the value of that terminal where the
inat cell is stifl there.

This final code is showo a
pactness, this figure takes any

minal cell (tag=integer) and wi
pointer would go. 1n reality, the other term
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FIGURE 7-23
Sharthand cell equivalent of sample code.

7.7 THE FUNARG PROBLEM
(Dobrow and Wegbreil, 1973; Georgell, 1982)

The SECD Machine uses stacks for almost everything. This leads to
easy-to-understand compilers and relatively simple hardware implemen-
tations. It is also very similar to the abstract machines used for many
conventional languages such as Pascal.

For someone schooled in conventional archilectures, however, a di-
rect implementation of the SECD Machine seems to have some signifi-
cant inefficiencies. Each time an object is pushed onto the S stack, for
example, the F register is incremented and two writes to the cell are per-
formed {one for the data in the car and one for the cdr pointer). This
work s doubled if the object being pushed is a new one, for example, the
result of an ADD instruction,

In contrast, a conventional implementation of a stack involves sim-
ply incrementing o stack pointer and writing the data to memory. This is
far cheaper in terms of machine cycles than the above procedure.

BEven worse is the list of lists found on the environment. Accessing

" an argument via a LD instruction requires a doubly nested count down

through these lists. A more normaf implementation, such as for Pascal,
would use a stack of contiguous locations for arguments and often a dis-
play of pointers into this stack to locate the beginning of an argument list

9z
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for each function call (see Figure 7.24). With such an implementation,
accessing an argument takes only two indexed memory accesses (even
fewer if the display is implemented as an array of registers inside the CPl'J).

Given this, why would anyone use the SECD methed of building
stacks from linked lists? A good part of the answer stems from consider-
ation of what happens when closures are generated by one f.unction.aqd
passed as arguments {0 others, and particularly when idenh[.'lers wul.un
the closure function code have been bound valucs by funclions which
called the original closurc-generating function. The handling of the s!ack
and the environment becomes crucial, and if care is not taken, afl kinds
of strange results can gceur. This has been studied extensively, and goes

by the name of the funarg problem.
Consider, for example, the abstract progrant:

lot f=(let y=4 In (\z1yX2)) in (3)

The innermost let builds a valuelist {(4)). The result it passes to the outer
let is a closure with a function code equivalent to {(Az! yXz) and an envi-
ronment ((¥.4)). )

Consider what would happen if we built stacks, particularly the en-
vironment stack, as is done in conventionat machines. Pusl.ting an ilem
simply causes an increment of the stack pointer and a store into the des-
ignated memory cell. Whatever is there from before is overwrilten. Pop-
ect simply decrements the pointer, permitting the next push lo

ping an obj . " A
he prior value. In such an implementation, at the exit from the

overwrite ti
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L ] I
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"r‘“——]_______) call
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Note: Doth stachs Implemented in sequentlal memory cells.

FIGURE 7-24
An nlternative to a list environment.
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code for the inncrmost let, the equivalent of the E register would be
decremented. Now the code for the outermost let builds a new environ-
ment (& closure for f) in exactly the same memory cells as ((4)) took. The
value 4" is lost, and the references to y inside the code for the inner Il
will pick up the closure and not the proper vajue for y. The value 4 is
“lost.”

This is the funarg problem, and it can occur whenever a function
which produces a function result of some sort contains free variables
which aré given values by calling functions.

Note what happens in this example with our linked-list implemen-
tation for stacks. The valuelist ((4)) is not overwritten by the outer code,
Instend the machiné allocates new storage for the new valuelist for S All
pointers in this closure 10 the old environment thus remain valid, mean-
ing that executing the code in the closure will retricve the proper value of
4 for the variable y.

Keeping linked lists that are not overwritlen is not the only solution
to the funarg problem. Other solutions include separale heaps for storing
environments when potential problems might occur, implementing dupli-
cate environment stacks (see Harrison, 1982), spagheiti stacks or cactus
stacks instead of conventional stacks {sce Bobrow and Wegbreit, 1973),
or even doing explicil code copying and substituling argument values as
was done in our very early lambda calculus interpreters, A later chapter
ont real machines for functional languages will amplify on some of these.

7.8 OPTIMIZATIONS

‘There are quite a few optimizations that can be made to this basic SECD
architecture and compiler that would permit faster execution of programs
on it. Some of these, such as recovering memory cells that have been
allocated but are no longer needed, will be discussed in the next chapter,
Others, however, deserve at least a brief mention here. The interested
reader is encouraged to consider how lhese oplimizations might be re-
flected in either the SECD architecture, the compiler, or:both.

7.8.1 EImproved Constant Handling

As currently defined, lists that are made up of constants are painstak-
ingly built up one at a lime through a series of LDG and CONSs every
time they arc nceded in the program. This could be considerably simpti-
fied by having the compiler check each s-expression before it compiles
code for it. If the s-expression is made up of nothing but constants, the
compiter could generate a single LDG followed by the unevaluated list
(with numbers converted into internal representation, of course). Execut-
ing this would result in a pointer to the appropriate list being pushed to
the stack without excessive make-work.

97/



174 THE ARCHIVECTURE OF SYMOOLIC COMPUTRRS

This would also be the technique used to implement the quote func-
tion found in many functional languages.

7.8.2 Simpifying Conditionals

When compiled by the previous compiler, most functions (particularly
recursive ones) have an outermost structure of the form:

{(basls test) SEL ((basis case) JOIN) ((recursion) JOIN) RTN)

‘The SEL pushes the celi address of the ATN onto the dump, Whichever
case is selected will then execute, with a final JOIN to pop the appropri-
ate return address from the stack, In the case of code sequences like the
one above, this return takes the program lo a ATN which then pops the
dump again,

1n many circumstances this double pop can be avoided by replacing
the JOINs by RTNs, and replacing SEL by an insteuction which does n

similar selection function but does not push anything to the dump. Such

an instruction might be called a TEST and operate something tike:

TEST: (x.s) e {TEST cl.c} d—s e ¢? d where c?=ct if x # 0 and
c?=c if x=0 .

Note that the false code need not be a separale sublist, but simply the

continuation of the code after the TEST.
With this instruction the above typical code structure can be ex-

pressed as:
({basis test) TEST ((basls case) ATN) (recurslon) RTN)

7.8.3 Simplifying Apply Sequences

Tail recursion occurs when the last thing a function does is call some
other function with a new set of arguments. A very common piece of
code generated by the above compiler for such circumstances looks like
(...AP RTN), When executed, the AP pushes values for S, E, and C onfo
the dump. Fhe retura from the function called by the closure invoked by
AP will pop these values off the dump and recstablishk them in the proper
registers, only (o have the same values overwrilten by the RTN foltowing
the AP, Three extra pushes and pops to the dumyp have been performed,
with no useful effect. _

An interesting extension lo the SECD architecture that avoids this
double dump pop might take the form of a DAP (for Direct APply) instruc-
tion. This instruction would have a register transition that performs only
the environment modifications from the AP and leaves the dump alone:

DAP:{(f.e") v.8) € (DAP ) d—-NiL (v.e’) {d
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Thus the code sequence (...AP RTN) would be replaced b

more efficient (...DAP). No extra items are pushed Fo t::c dufn:)' ‘iﬁu\it
rely on the RTN instruction at the end of the function called by' DAP to
return c?nlrol to the function which called the code containing the DAP
with no intermediate stops. In  sense we have short-circuited the imer:
mediate callfreturn,

7.8.4 Avolding Extra Closure Construction

While DAP a'.:oi(!‘s the double dump push/pop, that is not the end of the
line for optimizations. Consider the very common sequence:

(...LDF (...Fanctlon code...RTN) AP RTN)
DAP optimizes this to

(. .._LDF {...function code...RTN} DAP)

I The LDF builds a closure that is immediately taken apart by DAP. The

:nvironmem modified by the DAP is the same one that is aiready in ef-
ect.
Consider instead what would happen if we invent a new | i
; nstruction
AA {Add Arguments) with the. following register transitions:

AA: (v.5) e (AAc) d—s (ve)cd
Now the above code sequence could be replaced by:
(...AA. . function code.. . ATN)

We have avoided the extraneous closure-building of the prior sequence.
Further, on machines where branches are expensive (as is the case for
most high-performance machines), we have also climinated the change in
the C register still present in the DAP.form. .

7.8.5 Full Tall-Recursion Optimization

An astute reader might detect that there is one further optimization that
could be performed for tail recursion. In all the nbove cases we are still
can.sing a new argument lst onto the current environment, the top of
which is a sublist of arguments for the cuerent function call. In most
cases these lalter arguments wil! never be referenced again, 5o the stor-
age assoclated with them becomes wasted space. I we could avoid feav-
ing these unused arguments on the environment, we could open up the
possibility of recovering the storage,

An expansion to AP (or AA) that avoids this growth would *‘re-

L7,



