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Abstract. We discuss interesting properties of a general technique for inferring
polynomial invariants for a subfamily of imperative loops, called the P-solvable
loops, with assignments only. The approach combines algorithmic combinatorics,
polynomial algebra and computational logic, and it is implemented in a new software package called Aligator. We present a collection of examples illustrating
the power of the framework.
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Introduction

Techniques for automatically checking and finding loop invariants and intermediate
assertions have been studied and developed since the early works of [5, 9, 3]. Following
the “trend” of developing powerful algorithms for automatically inferring polynomial
invariants, in our work we apply advanced methods from symbolic summation [25, 17,
11] together with polynomial algebra algorithms [2, 24].
Based on the shape of the loop body and on the structure of assignment statements, in [13] we defined a certain family of loops, called P-solvable, for which all
test conditions are ignored and the value of each program variable can be expressed as
a polynomial of the initial values of variables, the loop counter, and some new variables
where there are algebraic dependencies among the new variables. For such loops, we
derived a systematic method for generating polynomial invariants. Our approach is implemented in a new software package Aligator [13], on top of the computer algebra
system Mathematica. Aligator stands for automated loop invariant generation by
algebraic techniques over the rationals, and supports algebraic reasoning about loops.
We successfully tried it on many programs working on numbers. Moreover, our approach to polynomial invariant generation is shown to be complete for some special
cases. By completeness we mean that it generates a set of polynomials from which any
polynomial invariant can be derived. For a detailed presentation of the soundness and
completeness aspects of our approach we refer to [13, 14]. The automatically inferred
valid polynomial relations, together with user-asserted non-polynomial invariants, can
be used further in the verification of (partial) correctness of programs.
?

Research was done while the author was at the Research Institute for Symbolic Computation
(RISC), Linz, Austria, The work was supported by BMBWK (Austrian Ministry of Education,
Science, and Culture), BMWA (Austrian Ministry of Economy and Work) and MEC (Romanian Ministry of Education and Research) in the frame of the e-Austria Timişoara project, and
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In this paper, we focus our attention on P-solvable loops with only assignment statements. Several properties of such loops will be presented, followed by motivating examples. The case of affine loops is separately discussed. The examples from the paper
highlight the power and limitations of our method. More examples and experimental
results can be found in [13].
The current paper extends our conference paper [14] in two aspects.
– We give a detailed comparison with related work on generating polynomial invariants for loops with assignments only (see Sections 2 and 4).
– Most importantly, in Section 4 we present interesting properties of P-solvable loops
with assignments only.
All theoretical results as well as comparison with related work are illustrated by examples.
The purpose of this paper is to demonstrate the applicability and the usefulness of
several algebraic and combinatorial techniques for automatic generation of polynomial
invariants, and, in more general terms, the power of combining techniques from computational logic with techniques from computer algebra in an imperative programming
environment. We hope that the examples from the paper will justify this purpose.
The rest of the paper is structured as follows. Section 2 presents related work on
polynomial invariant generation for loops with assignments only. Section 3 contains
a short overview of our approach to invariant generation, and briefly introduces the
reader to the algebraic consideration used throughout the paper. In Section 4 we present
interesting properties of P-solvable loops, and demonstrate the results by a number of
examples. Section 5 concludes the work.
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Related Work

In [9], M. Karr proposed a general technique for finding affine relationships among
program variables. However, Karr’s work used quite complicated operations (transformations on invertible/non-invertible assignments, affine union of spaces) and had
a limitation on arithmetical operations among the program variables. For these reasons,
extension of his work has recently become a challenging research topic.
One line of work uses a generic polynomial relation of an a priori fixed degree
[15, 16, 22, 8, 20]. The coefficients of this polynomial are replaced by variables, and
constraints over the values of the coefficients are derived. The solution space of this
constraint system characterizes the coefficients of all polynomial invariants up to the
fixed degree. However, in case when the program has polynomial invariants of different
degrees, these approaches have to be applied separately for the different degrees. This is
not the case of our algorithm. Our restriction is not on the degree of sought polynomial
relations, but on the type of assignments (recurrence equations) present in the loop body.
The shape of assignments restricts our approach to the class of P-solvable loops, and
thus we cannot handle loops with arbitrary polynomial assignments, nor tests in loop
condition. However, for P-solvable loops with assignments only our method returns
the generator set of all polynomial relations (of different degrees) among the program
variables by the application of our method only once.
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A different line of research imposes structural constraints on the assignment statements of the loop. Based on the theory of Gröbner basis, in [21] a fixpoint procedure for
invariant generation is presented for so–called simple loops having solvable mappings
with positive rational eigenvalues. This fixpoint is the ideal of polynomial invariants.
The restriction of assignment mappings being solvable with positive rational eigenvalues ensures that the program variables can be polynomially expressed in terms of the
loop counter and some auxiliary rational variables. Hence, the concept of solvable mapping is similar to the definition of P-solvable loop. However, contrarily to [21], in our
approach we compute closed form solutions of program variables for a wider class of
recurrence equations (assignment statements). The restriction on the closed form solution for P-solvable loops brings our approach also to the case of having closed forms
as polynomials in the loop counters and additional new variables, but, unlike [21], the
new variables can be arbitrary algebraic numbers, and not just rationals.
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Overview

We begin with a brief overview of our approach to invariant generation for P-solvable
loops with assignments only. We present the algebraic notions used later in the paper,
and also fix some relevant notation. Further, a short description of our invariant generation algorithm will be given. More details can be found in [13, 14].
We assume that K is a field of characteristic zero (e.g. Q, R, etc.), and by K̄ we
denote its algebraic closure. Throughout this paper we denote by X = {x1 , . . . , xm }
(m > 1) the set of loop variables, and by n ∈ N the loop counter.
P-solvable Loops with Assignments Only. As already mentioned, in our approach
for generating polynomial invariants, test conditions in the loops are ignored. When
we ignore conditions of loops, we will essentially deal with non-deterministic programs. Using regular-expression like notation, in [13] we introduced the syntax and
semantics of the class of non-deterministic programs that we consider. We called this
class basic non-deterministic programs. Essentially, when we omit the condition b from
a conditional statement If[b Then S1 Else S2 ], where S1 and S2 are sequences
of assignments, we will write it as If[. . . Then S1 Else S2 ] and mean the basic non-deterministic program S1 |S2 . Similarly, we omit the condition b from a loop
While[b, S], where S is a sequence of assignments, and write it in the form While[. . . ,
S] to mean the basic non-deterministic program S ∗ . In our work, we developed a
systematic method for generating (all) polynomial invariants for loops of such a nondeterministic syntax and semantics. Namely, we identified a class of loops, called the
P-solvable loops, for which tests are ignored (as presented above), and the value of each
loop variable is expressed as a polynomial in the initial values of variables (those when
the loop is entered), the loop counter, and some new variables, where there are polynomial relations among the new variables. A precise definition of P-solvable loops can be
found in [13].
Polynomial Ideals and Invariants. As observed in [19], the set of polynomial invariants forms a polynomial ideal, called polynomial invariant ideal. By Hilbert’s basis theorem [1], any ideal, and in particular thus the ideal of polynomial invariants,
has a finite basis. Using the Buchberger Algorithm [2], a Gröbner basis {p1 , . . . , pr }
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(pi ∈ K[X]) of the polynomial invariant ideal can be effectively computed. Hence, the
conjunction of the polynomial equations corresponding to the polynomials from the
computed basis (i.e. pi (X) = 0) characterizes completely the invariants of the loop.
Namely, any other invariant can be derived from the computed basis {p1 , . . . , pr }. In
the process of deriving a basis for the polynomial invariant ideal, we rely on efficient
methods from algorithmic combinatorics, as presented below.
Sequences and Recurrences. From the assignments statements of a P-solvable
loop, recurrence equations of the variables are built and solved, using the loop counter
n as the recurrence index.
In what follows, f : N → K defines a (univariate) sequence of values f (n) from K
(n ∈ N). A recurrence equation for the sequence f is a rational function defining the
values of f (n + r) in terms of the previous values f (n), f (n − 1), . . . , f (n + r − 1),
where r ∈ N is called the order of the recurrence. A solution of the recurrence equation
f (n), that is a closed-form solution, expresses the value of f (n) as a function of the
summation variable n and some given initial values, e.g. f (0), . . . , f (r − 1). A detailed
presentation of sequences and recurrences can be found in [4, 7]. In our research, we
only consider special classes of recurrence equations, as follows.
A C-finite recurrence f (n) is of the form f (n + r) = a0 (n)f (n) + a1 (n)f (n +
1) + . . . + ar−1 (n)f (n + r − 1), where the constants a0 , . . . , ar−1 ∈ K do not depend
on n. The closed form of a C-finite recurrence can always be computed [25, 4], and
it is a linear combination of polynomials in n and algebraic exponential sequences
θn ∈ K̄, with θ ∈ K̄, where there exist polynomial relations among the exponential
sequences. Moreover, by adding any linear combination of polynomials and exponential
sequences in n to the rhs of a C-finite recurrence, we obtain an inhomogeneous linear
recurrence with constant coefficients. Such recurrences can be transformed into C-finite
ones, and thus their closed forms can be always computed as well. In our work we rely
on a Mathematica implementation given by the RISC Combinatorics group [10]. For
example, the closed form of f (n + 1) = 4f (n) + 2 is f (n) = 4n f (0) − 32 (4n − 1),
where f (0) is the initial value of f (n).
A Gosper-summable recurrence f (n) is of the form f (n + 1) = f (n) + h(n),
where the sequence h(n) can be a product of rational function-terms, exponentials,
factorials and binomials in the summation variable n (all these factors can be raised
to an integer power). The closed form solution of a Gosper-summable recurrence can
be exactly computed using the decision algorithm given by [6]. In our research, we
use a Mathematica implementation of the Gosper-algorithm given by the RISC Combinatorics group [17]. For example, the closed form of f (n + 1) = f (n) + n5 is
1 2
5 4
f (n) = f (0) − 12
n + 12
n − 12 n5 + 16 n6 , where f (0) is the initial value of f (n).
In our work, we only consider P-solvable loops with the property that their assignment statements describe Gosper-summable or C-finite recurrences. Thus, the closed
forms of loop variables can be computed as presented above.
Algebraic Dependencies. As mentioned already, the closed form solutions of the
variables of a P-solvable loop are polynomial expressions in the summation variable
n and algebraic exponential sequences in the summation variable n. We thus need to
relate this sequences in a polynomial manner, such that the exponential sequences can
be eliminated from the closed forms of the loop variables, and polynomial invariants
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can be subsequently derived. In other words, we need to compute the algebraic dependencies among the exponential sequences θ1n , . . . , θsn ∈ K̄ of the algebraic numbers
θ1 , . . . , θs ∈ K̄ present in the closed forms. An algebraic dependency (or algebraic
relation) of these sequences over K̄ is a polynomial p ∈ K̄[y1 , . . . , ys ] in s distinct
variables y1 , . . . , ys , such that p(θ1n , . . . , θsn ) = 0, ∀n ∈ N. Computing the algebraic
dependencies reduces thus to compute a Gröbner basis of the ideal of all algebraic
dependencies. We integrated in our framework a Mathematica implementation for deriving such a basis [11]. For example, θ1n θ2n − 1 = 0 generates the ideal of algebraic
dependencies among the exponential sequences of θ1 = 4 and θ2 = 41 , whereas there is
no algebraic dependency among the exponential sequences of θ1 = 4 and θ2 = 3.
Invariant Generation for P-solvable Loops with Assignments Only. We have
now all necessary ingredients to synthesize our invariant generation algorithm for Psolvable loops with assignments only. This is achieved in Algorithm 3.1. Algorithm
3.1 starts first with extracting and solving the recurrence equations of the P-solvable
loop’s variables X. Next, the ideal A of algebraic dependencies among the exponential sequences from the derived closed forms is computed. Finally, from the polynomial
closed form system and A, the loop counter and the exponential sequences are eliminated, using Gröbner basis computation. The ideal G of polynomial invariants is thus
derived.
Algorithm 3.1 P-solvable Loops with Assignments Only
Input: P-solvable loop with only assignment statements S
Output: The ideal G E K[X] of polynomial invariants among X
Assumption: The recurrence equations of X are of order at least 1, n ∈ N, X0 are
the initial values of X
1

Extract and solve the recurrence equations of the loop variables. We obtain:

n
n

θj ∈ K̄, qi ∈ K̄[n, θ1n , . . . , θsn ],
 x1 [n] = q1 (n, θ1 , . . . , θs )
..
, where qi are parameterized by X0 ,
.


n
n
j = 1, . . . , s, i = 1, . . . , m
xm [n] = qm (n, θ , . . . , θ )
1

2
3
4
5

s

Compute the ideal A of algebraic dependencies among n, θ1n , . . . , θsn .
Denote z0 = n, z1 = θ1n , . . . , zs = θsn .
Consider I = hx1 − q1 , . . . , xm − qm )i + A E K̄[z0 , z1 , . . . , zs , x1 , . . . , xm ]
return G = I ∩ K[x1 , . . . , xm ].

E XAMPLE 3.1 Consider the program fragment taken from [18], implementing an algorithm for computing the sum of the first n integers at power 5.
x := 0; y := 0; While[y 6= k, y := y + 1; x := x + y 5 ].
By applying Algorithm 3.1 and using Aligator, the polynomial invariants of the
above loop are obtained as follows.
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Step
(
 1:
y[n] Gosper
= y[0] + n
y[n + 1] = y[n] + 1
=⇒
1 2
5
x[n + 1] = x[n] + y[n]
n +
x[n] Gosper
= x[0] − 12

5 4
12 n

− 21 n5 + 16 n6

where y[0], x[0] denote the initial values of y, x before the loop.
Steps 2, 3: z0 = n, A = hz0 − ni
Steps 4: The Gröbner basis computation with z0  x  y yields:
G = h12 x + y 2 − 5 y 4 + 6 y 5 − 2 y 6 − 12 x[0] − y[0]2 + 5 y[0]4 − 6 y[0]5 + 2 y[0]6 i,
that is
G = h12x + y 2 − 5y 4 + 6y 5 − 2y 6 i,
by initial value substitutions.

4

P-solvable Loop Properties and Examples

In this section interesting properties of P-solvable loops will be presented, justified by
motivating examples.
T HEOREM 4.1 Given an imperative loop with assignment statements only.
If the closed form system of the recursively changed loop variables {x1 , . . . , xm } is as
in step 1 of Algorithm 3.1, with the property that there are no algebraic dependencies
among the exponential sequences θin , then the loop has no polynomial invariant.
Proof. Consider a loop with closed form system as in step 1 of Algorithm 3.1, with the
property that there are no algebraic dependencies among θ1n , . . . , θsn . Using notation
from Algorithm 3.1, we thus have A = ∅.
Let’s assume there is a polynomial relations g ∈ K[X] among x1 , . . . , xm , i.e. g is valid
at any loop iteration n. Using the closed form solutions of X, we derive that g ∈ A
whenever evaluated at (x1 , . . . , xm ) = (q1 , . . . , qm ), contradicting the assumption that
A = ∅.
E XAMPLE 4.2 Consider the loop While[. . . , x := 4x; y = 3y]. The recurrence equations of the loop are C-finite, thus solvable, and their closed form solutions involve the
exponential sequence 3n and 4n . As mentioned on page 4, there are no algebraic dependencies among these sequences. Hence, by Theorem 4.1, the loop has no polynomial
invariant.
In the process of automatically inferring polynomial invariants for P-solvable loops, efficient techniques from symbolic summations are involved. Hence, Algorithm 3.1 can
be applied on a rich class of practical imperative loops with assignments, implementing non-trivial algorithms working on numbers. From these assignments, the values of
variables are expressed in terms of their previously computed values, and the loop is
thus modeled by means of recurrence equations.
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Moreover, using recurrence equations of order greater or equal to 2, we are able to
handle imperative loops where auxiliary variables are used in order to refer to values of
variables computed at finitely many loop iterations before (the number of previous loop
iterations is given by the order of the recurrence). Such a loop behavior is presented
below.
P ROPOSITION 4.3 Given the P-solvable loop
While[. . . , t := r; r := b ∗ r + a ∗ q; q := t; x := a ∗ x],
where t, r, q, x are loop variables and a, b ∈ K are constants.
Then there is always a polynomial invariant p ∈ K[r, q, x] among r, q and x.
Proof. Denoting by n ≥ 0 the loop counter, the given imperative loop can be expressed
in terms of C-finite recurrence equations as follows.

 r[n + 2] = b ∗ r[n + 1] + a ∗ r[n]
q[n + 2] = r[n + 1]
(1)

x[n + 2] = a ∗ x[n + 1].
Note that the recurrence of r is of order 2. Therefore, in its closed form computation
two initial values of r are needed (that are the initial values of r and q before entering
the loop). Thus, the one-to-one correspondence between the loop counter and the recurrence index does not hold anymore, but, denoting by j the recurrence index, we have
j = n + 1, where j ≥ 1 and n ≥ 0.
Solving (1) reduces to solving C-finite recurrences, and thus can always be solved.
The derived closed forms are linear combinations of polynomials in j and algebraic
exponential sequences, whose algebraic dependencies are obtained using the method
discussed on page 4. Hence, (1) is P-solvable. Applying Algorithm 3.1, the obtained
polynomial relation among the loop variables r, q, x is:
−a2 x2 q[0]4 − 2 a b x2 q[0]3 r[0] + 2 a x2 q[0]2 r[0]2 − b2 x2 q[0]2 r[0]2 +
2 b x2 q[0] r[0]3 − x2 r[0]4 + a2 q 4 x[0]2 + 2 a b q 3 r x[0]2 − 2 a q 2 r2 x[0]2 +
b2 q 2 r2 x[0]2 − 2 b q r3 x[0]2 + r4 x[0]2 .
Note that computing the above invariant requires computation of algebraic dependencies among arbitrary algebraic sequences, and thus not just rationals. Hence, [21]
would fail in generating polynomial relations as invariants. Moreover, [15, 22] would
need to guess first the degree of the polynomial, i.e. in this case 4, and then, fixing to
4 the degree of the generic polynomial invariant, a large number of constraints on the
unknown coefficients of the polynomial would be generated. Proposition 4.3 highlights
thus one of the advantages of combining algorithmic combinatorics and polynomial
algebra for inferring invariant properties.
By substituting concrete values for the symbolic constants a and b, (1) generates a
rich class of interesting examples. For example, taking a = b = 1 (and simplifying the
loop body), we derive polynomial invariants for a loop implementing the computation
of Fibonacci numbers, as presented below.
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E XAMPLE 4.4 Fibonacci Numbers [7, 13].
Given the program fragment:
r := 1; q := 0; While[. . . , t := r; r := r + q; q := t].
By applying Algorithm 3.1 and using Aligator, we obtain the polynomial invariant
q 4 +2 q 3 r −q 2 r2 −2 q r3 +r4 −q[0]4 −2 q[0]3 r[0]+q[0]2 r[0]2 +2 q[0] r[0]3 −r[0]4 ,
that is −1 + q 4 + 2 q 3 r − q 2 r2 − 2 q r3 + r4 , by initial values substitutions.
Similarly to Proposition 4.3, using recurrences of order 1, 2, 3, . . . , our work thus
offers an algorithmic approach for inferring polynomial invariants of programs computing other special numbers, e.g. the Tribonacci numbers.
E XAMPLE 4.5 Tribonacci numbers [23, 13].
Given the program fragment:
r := 1; a := 1; b := 0; While[. . . , s := t; t := r; r := r + a + b; a := t; b := s ].
By applying Algorithm 3.1 and using Aligator, we obtain the polynomial invariant
2a3 + 2a2 b + 2ab2 + b3 − 2abr + b2 r − 2ar2 − br2 + r3 − 2a[0]3 − 2a[0]2 b[0] −
2a[0]b[0]2 − b[0]3 + 2a[0]b[0]r[0] − b[0]2 r[0] + 2a[0]r[0]2 + b[0]r[0]2 − r[0]3 ,
that is −1 + 2a3 + 2a2 b + 2ab2 + b3 − 2abr + b2 r − 2ar2 − br2 + r3 , by initial values
substitutions.
We finally focus our attention on a special class of loops, called the affine loops, defined
as below.
D EFINITION 4.6 An imperative loop with only affine assignments is an affine loop.
Considering n ≥ 0 as the loop counter, the variables X of an affine loop satisfy the
matrix equation
X[n + 1] = A ∗ X[n] + B,
(2)
with the matrix A ∈ Km×m and the (column) vector B ∈ Km .
In what follows, whenever we refer to an affine loop, we have in my mind an affine loop
with ignored test condition.
Conform Section 3, affine assignments of variables define C-finite recurrences.
Hence, any closed form solution of a loop variable defined by an affine relation among
the loop variables is a linear combination of polynomials and algebraically related exponentials in the summation variable n. For such cases the P-solvable loop properties
are hence fulfilled. We have the following theorem.
T HEOREM 4.7 Affine loops are P-solvable. The ideal of polynomial invariants for an
affine loop is algorithmically computable by Algorithm 3.1.
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Unlike [15, 22], in the process of inferring automatically a basis for the polynomial invariant ideal of an affine loop, our method does not need to fix a priori the
degree of sought polynomials. Moreover, due to powerful techniques from algorithmic
combinatorics (C-finite solving and computing algebraic dependencies of exponential
sequences), unlike [21] where the affine assignments have to be with positive rational
eigenvalues, we do not impose any restriction on the shape of affine assignments. Based
on Theorem 4.7, many interesting properties of affine loops can be thus automatically
derived by symbolic summation algorithms.
E XAMPLE 4.8 Consider the affine loop given below, implementing an algorithm for
computing the cubic root r for a given integer number a [12, 21].
x := a; r := 1; s := 13/4;
While[x − s > 0, x := x − s; s := s + 6 ∗ r + 3; r := r + 1].
By applying Algorithm 3.1 and using Aligator, we obtain the polynomial invariants
−3r2 + s + 3r[0]2 − s[0],
r − 3r2 + 2r3 + 2x − r[0] + 3r[0]2 − 6rr[0]2 + 4r[0]3 + 2rs[0] − 2r[0]s[0] − 2x[0],
yielding
−1 − 12r2 + 4s, −1 − 4a + 3r − 6r2 + 4r3 + 4x,
by initial values substitutions.

5

Conclusions

In this paper, we present interesting properties of P-solvable loops with assignments
only. These properties involve algebraic reasoning for automatically inferring polynomial invariants. Our approach is implemented in a new software package Aligator,
in top of the computer algebra system Mathematica.
Our experiments show that many non-trivial algorithms working on numbers can be
implemented using P-solvable loops. A collection of examples successfully worked out
using the framework is presented in [13], some of them are given in this paper. For all of
these examples a basis of polynomial invariants have been generated automatically and
the generated invariants, together with additional non-polynomial properties asserted
by the user, can be subsequently used for verifying properties of programs.
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