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Motivation: Verification vs. Data Flow Analysis
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Chapter 7.1

Preliminaries
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Chapter 7.1.1
Flow Graphs
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Flow Graphs

...as representations of WHILE programs.

Definition 7.1.1.1 (Flow Graph)
A flow graph is a quadruple G = (N, E, s, e) with
» /\, set of nodes.
» £ C N x N, set of edges.
» s, distinguished start node w/out any predecessors.

» e, distinguished end node w/out any successors.

Nodes represent program points, edges the branching structure
of G. Every node of G is assumed to lie on a path from s to e.
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Node-labelled vs. Edge-labelled Flow Graphs

Given a flow graph, instructions (i.e., assignments, tests) can
be represented by

» nodes
» edges
leading to

» node-labelled
» edge-labelled

flow graphs, respectively.
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Example: A Node-Labelled Flow Graph
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Example: An Edge-Labelled Flow Graph

s=1

e=9'
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Edge-Labelled Flow Graph after Cleaning Up

a) b)

s=1

1
s=1

atb <0

at+b <0

p:=a*b

e=9'
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Predecessor Nodes, Successor Nodes, Paths
Let G=(N, E,s,e) be a flow graph, m, n be two nodes of .

Definition 7.1.1.2 (Predecessor, Successor Nodes)
» predg(n)=qg { m|(m,n) € E} denotes the set of prede-
cessor nodes of n.

» succg(n)=4r { m|(n,m) € E} denotes the set of succes-
sor nodes of n.

Definition 7.1.1.3 (Paths)
» A sequence of edges ((ny, my), (na, my), ..., (N, mg))
with m; = n;y1, 1 < i<k is called a path from n; to my.

» P¢[m, n] denotes the set of all paths from m to n.

Note, if G is obvious from the context, we drop index G and

write pred, succ, and P instead of pred¢, succg, and P, resp.
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In the following

...we consider

» edge-labelled

flow graphs, which are pragmatically advantageous by requi-
ring less notational overhead. Moreover, we do not evaluate
tests in order to avoid (some) undecidabilities, leading us to
so-called non-deterministic flow graphs.

Note, advantages and disadvantages of particular flow graph
variants as program representations are discussed in

» Appendix B: Pragmatics of Flow Graph Representations
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Chapter 7.1.2

Complete Lattices
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Partially Ordered Sets, Complete Lattices

Definition 7.1.2.1 (Partially Ordered Set)

Let S beasetand R C S x S be a relation on S. Then (S, R)
is called a partially ordered set (dtsch. partiell geordnete Men- 712
ge) iff R is reflexive, transitive, and anti-symmetric.

Definition 7.1.2.2 (Lattice, Complete Lattice)
Let (P,C) be a partially ordered set. Then (P,C) is a

» lattice (dtsch. Verband), if every finite nonempty subset
P’ of P has a least upper bound and a greatest lower
bound in P.

» complete lattice (dtsch. vollstandiger Verband), if every
subset P’ of P has a least upper bound and a greatest
lower bound in P.

22/444



Examples: Partially Ordered Sets and Lattices

a) b) c) d)
T T
. E ’T‘Ax
' 7il2
\ | | | ~
3 3 3 3
| | | |
2 2 2 2 o
\ | | | ’
1 1 1 1 —x
| | | | .
0 0 0 0 711
‘ ‘ 7.12
-1 -1
| \
-2 -2
\ \
-3 -3
1

23/444



Examples: Complete Lattices

a) {ab.c)

T

{a,b} {a,c} {b,c}

b)

True

False

0 /\
"/
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Notions, Notations for Lattices

Let (C,C) be a complete lattice, C' C C a subset of C. Then

» [] C’" denotes the greatest lower bound of C'. e
» | | C’ denotes the least upper bound of C'. -
» []1C=]| |0 is the least element of C, denoted by L.

» | |C =[]0 is the greatest element of C, denoted by T.

This gives rise to write a complete lattice as a six-tuple
> C=(C,C,m,u,L,T)

where I, LI, |, and T are read as meet, join, bottom, and
top, respectively.
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Descending, Ascending Chain Condition

Definition 7.1.2.3 (Chain Condition)
Let C = (C,C,r, L, L, T) be a lattice. C satisfies the

1. descending chain condition (dtsch. absteigende Kettenbe-
dingung), if every descending chain gets stationary, i.e.,
for every chain ¢ J ¢ ... J ¢, Jd ... thereis an index
m > 1 with ¢, = cpyj for all j € IN.

2. ascending chain condition (dtsch.aufsteigende Kettenbe-
dingung), if every ascending chain gets stationary, i.e., for
every chaing C o C ... C ¢, C ... there is an index
m > 1 with ¢, = cpyj for all j € IN.
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Monotonicity, Distributivity, and Additivity

...are important properties of functions on lattices:

Definition 7.1.2.4 (Monotonicity)

Let C= (C,C,M, U, L, T) be a complete lattice and f : C—C
be a function on C. Then f is called

» monotonic iff Ve, € C. cC ¢ = f(c) C f(c')
(Preservation of the order of elements)

Definition 7.1.2.5 (Distributivity, Additivity)

Let C = (C,C,M,u, L, T) be a complete lattice and f : C—C
be a function on C. Then f is called

» distributive iff V() #£ C" C C. f([]C") =[1{f(c)|c e C'}
(Preservation of greatest lower bounds)
» additive iff VO £ C" C C. (| |C) =|]{f(c)|ce C}

(Preservation of least upper bounds)
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Monotonicity

...characterized in terms of the preservation of greatest lower
and least upper bounds:

Lemma 7.1.2.6

Let C= (C,C,M,U, L, T) be a complete lattice, f : C—C a
function on C. Then:

f is monotonic

= vo£c cc f(|c) | |{f(e)ceC}
= vh#C cc f(|c) | |{f(c)lceC}
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Relating Monotonicity, Distributivity, Additivity

Let C = (C,C. M, L, L, T) be a complete lattice, f : C—C a
function on C.

Lemma 7.1.2.7
1. f is distributive iff f is additive.

2. f is monotonic if f is distributive or additive.
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Chapter 7.2
Local DFA Semantics
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Local DFA Semantics

Let G = (N, E,s,e) be an edge-labelled flow graph.

72

Definition 7.2.1 (Local DFA Semantics)

A local abstract DFA semanctics for G is a map
[1:E—(C—=C)
where C = (C,C,M, L, L, T) is a complete lattice.

Note: The elements of C are the mathematical objects mode-
ling and representing the data flow information of interest.
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Chapter 7.3
DFA Specification
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DFA Specification

Let G=(N, E,s,e) be an edge-labelled flow graph.

Definition 7.3.1 (DFA Specification)
A DFA specification for G is a triple S¢ = (C. [ ]. ¢) with

73

> C= (C,E,m, 4, L, T) a complete lattice.
» [ ]: E—(C—C) a local abstract semantics.

» ¢ € C an initial information (or start assertion).

Definition 7.3.2 (DFA Problem)

A DFA specification S¢ = (C. [ ]. ¢;) defines a DFA problem
for G.
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Note
Let S¢=(C.[ ]. ) be a DFA specification for G. Then:

» The elements of C represent the data flow information
of interest.

» The functions [ e ], e € E, abstract the concrete seman- ’
tics of instructions to the level of the analysis.

» ¢, € C is the data flow information assumed to be valid at
the startnode s of G.

Overall, this gives rise to call

> C a DFA lattice.

» [ ] a local abstract DFA semantics (or DFA semantics).

» [e]. e € E, alocal semantic DFA function (or DFA func-
tion).

» ¢, € C a DFA start assertion.
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General Convention

...for DFA lattices:

» greater in the lattice means better, more precise
information! .

(Note: In the Theory of Abstract Interpretation, this
convention is made oppositely (cf. Chapter 15.2)
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Example: Availability of a Term t (1)

...a term t is available at a program point n, if t is computed
along every path p from s to n without that any operand of t
is modified after the last computation of t on p.

73

DFA Specification for the Availability of a Term t:

» DFA lattice
C=(C,M,U,C, L, T) =g
(B, A, V, <, falsch, wahr) = B
» DFA semantics
[, : E—(B—IB) where
Vec E.Vbe B.[e],(b) =a (bV Comp:) A Transp!

» DFA start assertion: bs € IB

Overall:
> Availability Specification: 82 = (IB, [ ], bs)

36 /444



Example: Availability of a Term t (2)

_.where IB denotes the data flow lattice and Compt, Mod:,
and Transp three local predicates associated with edges and
their instructions: .

> IIABde(IB, A, V, <, falsch, wahr)
...lattice of Boolean truth values: least element falsch,
greatest element wahr, falsch < wahr, logical A and
logical V as meet and join operation, respectively.

» Comp! ...wahr, if t is computed by the instruction at
edge e, otherwise falsch.

> Transpf9 ...wahr, if e is transparent for t (i.e., no operand
of t is assigned a new value by the instruction at edge e),
otherwise falsch.
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DFA Problems

...are practically relevant, if their underlying local DFA seman- va
tics are

» monotonic
» distributive/additive

7.11

and their data flow lattices satisfy the

» descending/ascending chain condition.
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Properties of DFA Semantics, DFA Problems
Let Sg=4 (C.] ]. ) be a DFA specification for G.

Definition 7.3.3 (Properties of DFA Semantics)
The local DFA semantics [ | : E — (C — C) of S¢ is mono- -

tonic/distributive/additive iff all DFA functions [ e |, e € E,
are monotonic/distributive/additive, respectively.

Definition 7.3.4 (Properties of DFA Problems)
The DFA problem specified by S¢

» is monotonic/distributive/additive iff the local DFA se-
mantics [ ]| of S¢ is monotonic/distributive/additive,
respectively.

> satisfies the descending/ascending chain condition iff the
DFA lattice C of S¢ satisfies the descending/ascending

chain condition, respectively.
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Example: Availability of a Term t (1)

Lemma 7.3.5 (DFA Functions)
Cstwane  if Comp A Transp!
VecE.[e]i, = { ldg if =Comp., A Transp’
Cstfaisch  Otherwise

where

»  Cstwahr, CStfaisch : 1B — IB (constant functions on IB)

Cstwahr =dar Ab. wahr
CStfaIsch =df Ab. falsch

» ldg : IB— IB (identity on IB)
ldg =ar Ab. b

73
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Example: Availability of a Term t (2)

Lemma 7.3.6 (Chain Condition)

IB satisfies the descending and ascending chain condition.

Lemma 7.3.7 (Distributivity, Additivity)
[elf,. e € E, is distributive and additive (and hence, also

monotonic).

Proof. Immediately with Lemma 7.3.5 and Lemma 7.1.2.7(2).

Corollary 7.3.8 (Availability of a Term t)

The DFA problem specified by 52" = (B, [ 1%, bs) is distri-
butive and additive and satisfies the descending and ascending
chain condition.
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Towards a Global Abstract Semantics

...by globalizing a local abstract semantics for instructions to a
global abstract semantics for flow graphs.

This leads to the nondeterministic operational

» collecting (CS) semantics

from which we derive two deterministic operational variants:

» The meet over all paths (MOP) semantics
» The join over all paths (JOP) semantics

...together with two computational deterministic denotational
variants:

» The maximum fixed point (MaxFP) semantics

» The minimum fixed point (MinFP) semantics

which induce computation procedures for computing or ap-

proximating their operational counterparts.
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Chapter 7.4
Operational Global DFA Semantics
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Chapter 7.4.1

Collecting Semantics
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Extending DFA Functions from Edges to Paths
Let Se=ur (C,[ ]. <) be a DFA specification.

Definition 7.4.1.1 (Extending [ ] to Paths)

The DFA semantics [ e], e € E, is extended from edges onto
paths p = (e1, e, ..., e;) by defining:

[p] = lde if Ap <1
pL=dr [(e2,...,eq) ] o[ er] otherwise

where Ide : C — C denotes the identity on C, i.e., lde = \c. c.

lllustrating the extension of [ ] from edges to paths:

cg/cl]\o =c@> - c{[%ﬂ =c@> =C@) "3
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The Collecting DFA Semantics
Let Se=ur (C,[ ]. ) be a DFA specification.

Definition 7.4.1.2 (Collecting DFA Semantics)

The (nondeterministic) collecting DFA semantics (or global
abstract semantics) induced by S¢ is defined by:

[1S: N—P(C)
vneN. [n]s] =a {[PN(c)|p e Pls.nl}

where P denotes the powerset operator.

Note:

[s ]]fsf = {a}
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lllustrating the Collecting DFA Semantics

(7, 0]

07 1@
op U0
[j\b [] T[]
[T H [1

[] yan

Yo e, u...u{C}




Note

...if mis a WHILE program, G its flow graph representation,
and Sg =4 (C,[ ], L) a DFA specification for G wrt the start
assertion |, then the global DFA semantics at the program
end node e

741

[els; = {[,I(L)|p € Pls.e]}

can be considered the nondeterministic abstract counterpart of
the deterministic WHILE semantics of 7 for X:

[7 lwawe(E) ={[7 lwuwe(o)|o € X}
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Chapter 7.4.2
The Meet Over All Paths Semantics
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The Meet Over All Paths (MOP) Semantics

Let Se=ur (C,[ ]. ) be a DFA specification.

Definition 7.4.2.1 (MOP Semantics)
The (deterministic) MOP semantics of S is defined by:

[152F: N—cC
VneN.[[n]]gLOP =df Hﬂ”ﬂg
= [HIple)|p e Pls.nl}

Note: []] n]]gi and hence [[n]]gﬂcop, n e N, exists, since C is a
complete lattice.
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lllustrating the MOP Semantics




Chapter 7.4.3
The Join Over All Paths Semantics
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The Join Over All Paths (JOP) Semantics

Let Se=ur (C,[ ]. ) be a DFA specification.

Definition 7.4.3.1 (JOP Semantics)
The (deterministic) JOP semantics of S is defined by:

I ]]g{j” N—=C

VneN.[[n]]é?P =df |_|[[”]]§§
= LJ{IpN(@)Ip < Pls.al)

Note: | |[ n]]gi and hence ﬂnﬂé‘zp, n e N, exists, since C is a
complete lattice.
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lllustrating the JOP Semantics




Chapter 7.4.4

MOP and JOP Semantics as Specifying
Solutions of DFA Problems
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As illustrated by the Figures
...of Chapter 7.4.2 and 7.4.3, the MOP and the JOP semantics
bound for program point n the DFA information
» possible at n wrt Sg:
Independently of the path p € P(s, n] along which node n is
reached, the information provided by p at nis

» at least as large as the MOP semantics at n (it can not i
be worse, only better):

o
[Pl(a) 2 [n]s."
» at most as large as the JOP semantics at n (it can not be
better, only worse):

[Pl(a) Elnls”

This means:
VpePls,nl. [n]s’ Clpl(c)CTIn]e"
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In other words

...the MOP and the JOP semantics provide for every program
point n the DFA informations which are

» the best possible valid ones at n wrt Sg
in the following sense:
> [n ]]MOP is the minimum information valid at n (it can not
be worse, only better): Vp € P[s,n|. [ n ]]MOP Clpl(c).
> [n ]]JO'D is the maximum information valid at n (it can not
be better, only worse): ¥V p € P[s,n|. [ n ]]JOP JMpl(cs).

This means, the MOP and JOP semantics ensure the absence
of ‘surprises:’ Independently of the path p € P[s, n| taken
along which node n is reached, we always have:

[n]s" Slpl(e) Elnls
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The Specifying Solutions of a DFA Problem

This gives rise to the following definition:

Definition 7.4.4.1 (Specifying Solutions of a DFA P.)

The MOP and the JOP semantics of a flow graph define the s
specifying solutions of a DFA problem, its so-called MOP and
JOP solutions.

58/444



Conservative DFA Algorithms

Definition 7.4.4.2 (Conservative DFA Algorithm)

A DFA algorithm A is
» MOP conservative
» JOP conservative

7.4.4

for S¢, if A terminates with
» a lower approximation of the MOP semantics
» an upper approximation of the JOP semantics

of S¢, respectively.
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Tight DFA Algorithms

Definition 7.4.4.3 (Tight DFA Algorithm)
A DFA algorithm A is
» MOP tight s
> JOP tight
for S¢, if A terminates with
» the MOP semantics
» the JOP semantics
of S¢, respectively.
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Chapter 7.4.5
Undecidability of MOP and JOP Semantics
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Unfortunately

...the definitions of the MOP and JOP semantics do not direct-
ly induce

» effective computation procedures

for computing them (think of loops in a non-deterministically
interpreted flow graph causing the number of paths reaching a
node to be infinite).

Even worse, the MOP and JOP semantics of a flow graph are
» not decidable!
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Undecidability of the MOP Semantics

Theorem 7.4.5.1 (Undecidability of the MOP Sem.)

There is no algorithm A such that:
» The input of A'is
> a DFA specification S¢ = (C, [ ]. ).

» algorithms for computing of the meet, the equality test,
and the application of monotonic functions on C.

» The output of A is the MOP semantics of Sg.

(John B. Kam, Jeffrey D. Ullman. Monotone Data Flow
Analysis Frameworks. Acta Informatica 7:305-317, 1977)
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Undecidability of the JOP Semantics

Corollary 7.4.5.2 (Undecidability of the JOP Sem.)

There is no algorithm A such that:
» The input of A'is
> a DFA specification S¢ = (C. [ ]. ).

» algorithms for the computing the meet, the equality test,
and the application of monotonic functions on C.

» The output of A is the JOP semantics of Sg.
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Towards Conservative and Tight DFA Alg's

...because of the preceding negative results we complement
the operational approach underlying the MOP and JOP se-
mantics an orthogonal denotational globalization approach of
a local abstract semantics leading to the

» Maximum fixed point (MaxFP) semantics
» Minimum fixed point (MinFP) semantics

of a flow graph, respectively.
The MaxfFP and MinFP semantics are also called the

» Maximum fixed point (MaxFP) solution
» Minimum fixed point (MinFP) solution

of a DFA problem, respectively, which (under certain condi-
tions) can

» effectively be computed.
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Chapter 7.5

Denotational Global DFA Semantics
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Chapter 7.5.1

The Maximum Fixed Point Semantics
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The Maximum Fixed Point (MaxFP) Approach
Let Se=4r (C.] ]. ) be a DFA specification.

Equation System 7.5.1.1 (MaxFP Equation System)
- - GCs ifn=s -
inf(n) = [1{ [ (m, n) ](inf(m)) | m € pred(n)} otherwise

lllustrating the MaxFP Approach (n # s):
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The MaxFP Semantics

Let
» v-info(n), ne N

denote the greatest solution of Equation System 7.5.1.1.

Definition 7.5.1.2 (MaxFP Semantics)
The (deterministic) MaxFP semantics of S¢ is defined by:
[15277 :N—cC
VneN. ﬂn]]g/’:XFP =gr v-inf o (n)
Note:

ﬂs]]gﬂsxFP = ¢
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Chapter 7.5.2

The Minimum Fixed Point Semantics
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The Minimum Fixed Point (MinFP) Approach
Let Se=4r (C.] ]. ) be a DFA specification.

Equation System 7.5.2.1 (MinFP Equation System)
- - Gs if n=s
inf(n) = LI{[(m,n)](inf(m))| m € pred(n)} otherwise 5

lllustrating the MinFP Approach (n # s):
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The MinFP Semantics

Let
» u-info(n), ne N

denote the least solution of Equation System 7.5.2.1.

Definition 7.5.2.2 (MinFP Semantics)
The MinFP semantics of S is defined by: -

|[ ]]MlnFP N—>C
VHE N II ]]MlnFP —af - /nfcs( )

Note:
|I ]]I\/lmFP o
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Chapter 7.6
The Generic Fixed Point Algorithm
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The MaxFP and MinFP Semantics

...are practically relevant because MaxFP Equation System
7.5.1.1 and MinFP Equation System 7.5.2.1 induce a generic

» iterative computation procedure (Algorithm 7.6.1.1)

approximating their greatest and least solutions, respectively,
i.e., the MaxFP and MinFP semantics.

76
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Chapter 7.6.1
Algorithm
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The Generic Fixed Point Algorithm 7.6.1.1 (1)
Input: A DFA specification Sg=g (C.[ ]. ).

Output: On termination of the algorithm (cf. Termination
Theorem 7.6.2.1), variable inf[n| stores the MaxFP solution of
S¢ at node n.

Additionally (cf. Safety Theorem 7.7.1 and Coincidence Theo- 5
rem 7.7.2): If [ ]is -
» distributive: inf[n| stores
» monotonic: inf[n] stores a lower approximation of
the MOP solution of S¢ at node n.

Remark: The variable workset controls the iterative process.
It temporarily stores a set of nodes of G, whose annotations
have recently been changed and thus can impact the annota-

tions of their neighbouring nodes.
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The Generic Fixed Point Algorithm 7.6.1.1 (2)

( Prologue: Initializing inf and workset )
FORALL n € N\{s} DO inf[n]:= T OD;
inf[s] := cs;
workset := N;
( Main loop: The iterative fixed point computation )
WHILE workset # () DO
CHOOSE m € workset;
workset := workset\{ m };
( Updating the annotations of all successors of node m)
FORALL n € succ(m) DO
meet := [ (m, n) |(inf[m]) T inf[n];
IF inf[n] 3 meet
THEN
inf[n] := meet;
workset := workset U {n}
FI
OD ESOOHC OD.
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Chapter 7.6.2

Termination
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Termination

Theorem 7.6.2.1 (Termination)

The Generic Fixed Point Algorithm 7.6.1.1 terminates w/ the
1. MaxFP semantics of Sg, if

1.1 [ ] is monotonic

1.2 C satisfies the descending chain condition.

2. MinFP semantics of Sg¢, if
2.1 [ ] is monotonic

2.2 C/‘E’ satisfies the ascending chain condition, where
Cusd —ge (C,,M, 3, T, 1)

is lattice C = (C,r, L, =, L, T) put up-side down.
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The Computable Solutions of a DFA Problem

...together the Generic Fixed Point Algorithm 7.6.1.1 and Ter-
mination Theorem 7.6.2.1 give rise to the following definition:

Definition 7.6.2.2 (Computable Solutions of a DFA P.)

The MaxFP and the MinFP semantics of a flow graph define
the computable solutions of a DFA problem, its so-called
MaxFP and MinFP solutions.
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Chapter 7.7

Safety and Coincidence
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MOP / MaxFP- and JOP /MinFP Semantics

..of a DFA specification and the question of their relation-

ship:

MOP Semantics

MOP Solution:
Specifying
Solution of SG

So=4(C.[1.c)

MaxFP Semantics|

MinFP Semantics

JOP Semantics

MaxFP Solution:
‘) Computable

Solution of Sg

MinFP Solution:
Computable
Solution of SG

6)

JOP Solution:
Specifying
Solution of S
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Safety

Let Sc=yf (CA, [ 1, cs) be a DFA specification.

Theorem 7.7.1 (Safety)

1. The MaxFP semantics of Sg is a safe (i.e., lower) appro-
ximation of the MOP semantics of S¢, i.e.,

VneN. [n]e™ Cn]s”

2. The MinFP semantics of S¢ is a safe (i.e., upper) appro-
ximation of the JOP semantics of S¢, i.e.,

MinFP Jop
VneN. [n]s. " I [nls

if the DFA semantics | | is monotonic.

7.7
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Coincidence
Let Se=ur (C,[ ]. <) be a DFA specification.

Theorem 7.7.2 (Coincidence)
1. The MaxFP and the MOP semantics of S¢ coincide, i.e.,

v ne N |I ]]MaXFP — |I ]]MOP
2. The MinFP and the JOP semantics of S¢ coincide, i.e.,
v ne N |I ]]MlnFP — |I ]]JOP

if the DFA semantics | | is distributive or additive, respective-
ly.

Recall Lemma 7.1.2.7(1): [ ] is distributive iff | | is additive.

7.7
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MOP / MaxFP- and JOP /MinFP Semantics

...of a DFA Specification and their relationship:

Sq :df(é\’[ I.ey)

MOP Semantics

MaxFP Semantics|

MOP Solution:
Specifying
Solution of SG

MinFP Semantics

[ ﬂ distributive

— MaxFP Solution;|
- Computable
2 Solution of S

JOP Semantics

[ ﬂ additive

MinFP Solution] f—
Computable
Solution of SG E

H: ﬂ monotonic

JOP Solution:
Specifying
Solution of S

H: ] monotonic
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Conservativity of Algorithm 7.6.1.1

Corollary 7.7.3 (MOP/JOP Conservativity)
Algorithm 7.6.1.1 is
» MOP (JOP) conservative

for Sg, i.e., it terminates with a lower (upper) approximation
of the MOP (JOP) semantics of Sg, if

1. [ ] is monotonic

2. C satisfies the descending (ascending) chain condition, re-
spectively.

7.7
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Tightness of Algorithm 7.6.1.1

Corollary 7.7.4 (MOP /JOP Tightness)
Algorithm 7.6.1.1 is ,
> MOP (JOP) tight
for Sg, i.e., it terminates with the MOP (JOP) semantics of
Se, if
1. [ ] is distributive (additive)
2. C satisfies the descending (ascending) chain condition

respectively.
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Chapter 7.8

Soundness and Completeness
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Soundness and Completeness (1)

Analysis Scenario:
» Let ¢ be a program property of interest (e.g., availability
of a term, liveness of a variable, etc.).
> Let 82 be a DFA specification designed for ¢.

Definition 7.8.1 (Soundness)

82 is MOP sound (JOP sound) for ¢, if, whenever the MOP
semantics (JOP semantics) of S¢ indicates that ¢ is valid,
then ¢ is valid.

Definition 7.8.2 (Completeness)

82 is MOP complete (JOP complete) for ¢, if, whenever ¢ is
valid, then the MOP semantics (JOP semantics) of S¢ indi-

cates that ¢ is valid.
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Soundness and Completeness (2)

Intuitively

» MOP soundness means: | ]]gﬂfp ‘implies’ ¢.
G

MOP

» MOP completeness means: ¢ ‘implies’ [ ]o
G

and
L e s 7JOP
» JOP soundness means: ¢ ‘implies’ [ [5o .
G

» JOP completeness means: | ]]é%P ‘implies’ ¢.
G
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Soundness and Completeness (3)

Intuitively, if S is MOP (JOP) sound and complete for ¢, this
means:

We compute

78

» the property of interest,

7.10
7.11

» the whole property of interest,
» and only the property of interest.

In other words, we compute

» the program property of interest accurately!
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Chapter 7.9
The Framework and Toolkit View of DFA
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Data Flow Analysis: A Holistic View

...considering (intraprocedural) DFA from a holistic angle: The

» Framework and Toolkit (MOP/MaxFP) View of

Intraprocedural C
DFA  []
C

S, s

DFA

Intraprocedural Theory | Practice K

Framework

) Tool Kit

f - Termination | Theorem
Program Soundness Coincidence Theorem Termination Theorem
et <:> MOP-Solution =/ on = (Computed Solution)
mg’ Y Completeness /

Safety Theorem {

L
D (2 an
2
Proot ® @ ®) (@)
Obligations: Equivalence Optimality/Conservativity Effectivity

7.10
7.11

7.12
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Data Flow Analysis in Practice

...working with framework and toolkit is a three-stage process:
The Three-Stage Process

1. Identifying a Program Property of Interest

Identify a program property of interest (e.g., availability
of a term, liveness of a variable, etc.), say ¢, and define ¢
formally.

2. Designing a DFA Specification
Design a DFA specification S{ = (C.[ 1. ) for ¢.

3. Accomplishing Proof Obligations, Obtaining Guarantees

Prove a fixed set of proof obligations about the compo-
nents of S& and the relation of its MOP (JOP) solution
and ¢ to obtain guarantees that its MaxFP (MinFP) solu-
tion is sound or even sound and complete for ¢.
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Proof Obligations, Implied Guarantees (1)

Proof obligations and guarantees in detail:

» Proof Obligations 1a), 1b): Descending (ascending) chain
condition for C, monotonicity for [ ]
Guarantees:

» Effectivity: Termination of Algorithm 7.6.1.1 with the
MaxFP (MinFP) semantics of Sg.

» Conservativity: The MaxFP (MinFP) solution of Sg is
MOP (JOP) conservative.

» Proof Obligation 2): Distributivity (additivity) for [ ]
Guarantee:

> Tightness: The MaxFP (MinFP) semantics of S% is
MOP (JOP) tight.

95 /444



Proof Obligations, Implied Guarantees (2)

» Proof Obligation 3): Equivalence of MOPSg (JOPSS) and
¢

Guarantees:
» Whenever the MOP solution of S‘g indicates the validity
of ¢, then it is valid: Soundness.

~» We compute the property of interest, and only the s
property of interest. 71

» Whenever ¢ is valid, this is indicated by the MOP solu-
tion of Sg: Completeness.

~» We compute the whole property of interest.
» Vice versa for the JOP solution of 82.

Guarantee of combined Soundness and Completeness:

» We compute program property ¢ accurately!
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Chapter 7.10
Applications
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Chapter 7.10.1
Distributive DFA: Available Expressions
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Intuitively

...a term is available at a node if, no matter which path is ta-
ken from the entry of the program to that node, the term is
computed without that any of the variables occurring in it is
redefined before reaching this node.

[[lustration:

7.10.1

\
\ Transp

|
Mod Comp \‘ Transp
° 5
Com[?\ Transp ‘w“ Transp
Transp o) .

o) O
'[‘rzln\l\b'l‘rnn.\p Transp

Tmnsh Transp
n
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Availability

...we will specify the availability problem in four different vari-
ants in order to illustrate the

» usage of different lattices for DFA
» class of so-called

P bitvector
> Gen/Kill s
DFA problems availability is a typical representative of. :

...computing available terms is a

» canonical example of a distributive DFA problem.
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Preliminaries

Let 1. = x:= exp (or 1. = exp) be the instruction (or the con-
dition) at edge e, t a term.

Local Predicates (for edges)

» Comp!
...wahr, if t is computed by ¢, (i.e., t is a subterm of the
right-hand side expression exp of ..), otherwise falsch.

» Mod!
...wahr, if t is modified by ¢, (i.e., . assigns a new value
to some operand of t), otherwise falsch.

» Transpl, =4 ~Mod}!

...wahr, if e is transparent for t (i.e., .. does not assign a
new value to any operand of t), otherwise falsch.

7.10.1
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Variant 1: Fixing the Setting

...availability for a single term t.

Lattice
> B =qr (B, A\, V, <, falsch, wahr)

...lattice of Boolean truth values: least element falsch,
greatest element wahr, falsch < wahr, logical A and
logical V as meet and join operation, respectively.

7.10.1

Utility Functions

» Constant Functions Cstwahr, CStaisch : 1B — 1B
Cstwahr =df Ab. wahr
Csttalsch =ar \b. falsch

» |dentity Idg : IB—IB
ldg =4r Ab. b
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Variant 1: Specifying the DFA

DFA Specification

> DFA lattice
C=(C,MULE LT)=q4
(B, A, V, <, falsch, wahr) =1

» DFA semantics
[1:, : E—(B—IB) where

Veec EVbeB. [el.,(b) =ar (bV Compt) A Transp’
» Start assertion: bs € IB

Availability Specification for t
> Specification: 82 = (B, [ ], bs)

7.10.1
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Variant 1: Fulfilling the Proof Obligations

Lemma 7.10.1.1 (DFA Functions)

Cstwane  if Comp: A Transp!
VecE. [e],, =< ldg if =Comp’ A Transp},
Cstfalsch  Otherwise

Lemma 7.10.1.2 (Chain Conditions)

IB satisfies the descending and ascending chain condition. o
Lemma 7.10.1.3 (Distributivity, Additivity)
[ 1., is distributive and additive.

Proof. Immediately with Lemma 7.10.1.1.
Corollary 7.10.1.4 (Monotonicity)

t . .
[ 1., is monotonic.
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Variant 1: Collecting the Guarantees
...on termination, tightness.
Theorem 7.10.1.5 (Termination)

Applied to S = (IB [ 1., bs), Algorithm 7.6.1.1 terminates
with the MaxFP/M/nFP semantics of S2"".

Proof. Immediately with Lemma 7.10.1.2, Corollary 7.10.1.4,
and Termination Theorem 7.6.2.1.

Theorem 7.10.1.6 (Tightness)

Applied to S = (IB [ 1., bs), Algorithm 7.6.1.1 is
MOP | JOP tlght for S2* (i.e., terminates with the MOP/JOP
semantics of SZ"*).

Proof. Immediately with Lemma 7.10.1.3, Coincidence Theo-
rem 7.7.2, and Termination Theorem 7.6.2.1.

7.10.1
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Variant 2: Fixing the Setting

...availability for a finite set of terms T.

Lattice

> 1)( 7_)::df (7)( 7_)’ N, Y, E;, @> 7_)
...power set lattice of T: least element (), greatest ele-
ment T, subset relation C as ordering relation, set inter-
section M and set union U as meet and join operation,
respectively.

7.10.1
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Variant 2: Specifying the DFA

DFA Specification

> [A)FA lattice -
C=(C,MU,C, L,T) = (P(T),N,U,C,0, T)=P(T)

» DFA semantics
[1:E—(P(T)—=P(T)) where

Vec EVYT eP(T). [e]l(T) =a
{te T | (te TV Comp.)A TranspL}

» Start assertion: T, € P(T)

Availability Specification for T
> Specification: ST =(P(T),[ 1%, Ts)

av’
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Variant 2: Fulfilling the Proof Obligations

Lemma 7.10.1.7 (Chain Conditions)

—

P(T) satisfies the descending and ascending chain condition.

Lemma 7.10.1.8 (Distributivity, Additivity)

[ 1., is distributive and additive.

Corollary 7.10.1.9 (Monotonicity)

[ 1., is monotonic.
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Variant 2: Collecting the Guarantees

...on termination, tightness.

Theorem 7.10.1.10 (Termination)

Applied to ST = (5(?),[[ 11, T.), Algorithm 7.6.1.1 termi-
nates with the MaxFP/MinFP semantics of S27.

Proof. Immediately with Lemma 7.10.1.7, Corollary 7.10.1.9,
and Termination Theorem 7.6.2.1.

Theorem 7.10.1.11 (Tightness)

Applied to S2°7 = (5(?),[[ 17, T.), Algorithm 7.6.1.1 is
MOP / JOP tight for S27 (i.e., it terminates with the
MOP/ JOP semantics of S2°7).

Proof. Immediately with Lemma 7.10.1.8, Coincidence Theo-
rem 7.7.2, and Termination Theorem 7.6.2.1.

7.10.1
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Variant 3: Fixing the Setting (1)

...availability for a finite set of terms T,

Lattice
> B "=4r (IB", Apws Vpw, <pw, falsch, wahr)

...n-ary cross-product lattice over IB: least element
falsch=, (falsch, . .. falsch) € IB", greatest element
wahr=, (wahr, ... wahr) € B, orderlng relation <,

7.10.1

as pointwise extension of < from B to IB” A pw and
V pw as pointwise extensions of logical A and logical Vv

from IB to IB" as meet and join operation, respectively.
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Variant 3: Fixing the Setting (2)

Utility Functions
> ix: T—{1,....n}, ixt:{1,...,n} =T

...bijective index mappings which uniquely associates

every term t € T with a number in {1,..., n} and vice
versa.
The ix(t)™ element of an element 01

b=(b1,..., b, --.,bn) € B" )
is the availability information for t stored in b.

> - |.B"—={1,...,n} > B
...projection function which yields the i*" element of an

element b€ B", ie., Vie {1,...,n}. bl =g b
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Variant 3: Specifying the DFA (cross-pr. view)
DFA Specification (cross-product view (cpv))
> DFA lattice
C=(C,MU,C, L, T) =4
(IB”, Apws V pws <pw, falsch, wahr) = B”

» DFA semantics
T . n n
[ 1. : E—(B"—1B") where

Vee EVveB" Je ]]avcpv( b) =g B/

where Vi € {1,...,n}. P|; =dr
(bi, vV Comp?™ D) A Transp ™'

» Start assertion: bs € IB”

Availability Specification for T
> Specification: S2°7%P* = (IB” [1. v by)
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Variant 3: Towards the Bitvector View (1)

...as implementation of

>

>
>

av, T ,cpv,
Sav Ty,

I/I§\" can efficiently be implemented in terms of bitvectors
bv=|di,...,dy), di€{0,1}, 1 <i < n, of length n.

Let BY" denote the set of all bitvectors of length n.
Let bv[i]=d; for all by =[di,...,d,] € BV", 1< i< n.

7.10.1

Let 0 =4¢[0,...,0] € BV" and 1 =4 [1,...,1] € BV".

Let mingy and maxgs), be the bitwise minimum (‘logical
A') and the bitwise maximum function (‘logical V') on

bitvectors, i.e., ¥V bvi, bv, € BV" Vi € {1,...,n}.
> (bvi mingy bvy)[i] =ar min(bvy[i], bva[i])
» (bvy maxpy bwa)[i] =4 max(bwili], bva[i])
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Variant 3: Towards the Bitvector View (2)

Utility Functions:
> ix: T—{1,....n}, ixt:{1,...,n} =T

...bijective index mappings which associate every term
t € T uniquely with a number in {1,...,n} and vice
versa.

7.10.1

The ix(t)®" element of a bitvector
bv = [dl, cee dix(t); Ceey dn)] e BY"
is the availability information for t stored in bv.
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Variant 3: Towards the Bitvector View (3)

...extending and adapting local predicates to bitvectors:

H
> Comp. e BV"
- i x()
Vie{l,...,n}. Comp! [i] =4 { 1 if Comp,

0 otherwise

H
» Transp] € BV"
— ; (i
_ _ 1 if Transp™ ()
1,...,n}. Transp! [i] = e
Vie{l,...,n}. Transp, [i] =g { 0 otherwise

7.10.1
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Variant 3: Specifying the DFA (bitvector view)

DFA Specification (bitvector view (bvv))

| QFA lattice
C:(C,l_l,u,;7 L’T) :df
(BV", mingy, maxgy, <sy, 6, f) — 5)7’
» DFA semantics
[ 12,4 : E—(BV"—BV") where

VGGEVbVEBV" |[ ]]avbw( ):df
. — —
(bv maxgy Compl) mingy, Transp!

» Start assertion: bv, € BV"

Availability Specification for T

> Specification: S2°7% = AR

av,bvv?

7.10.1
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Variant 3: Fulfilling the Proof Obligations

Lemma 7.10.1.12 (Chain Conditions)

B” and BV" satisfy the descending and ascending chain con-
dition.

Lemma 7.10.1.13 (Distributivity, Additivity)

[ ]]‘_,Tmpv and [ ]];bw are distributive and additive.

Corollary 7.10.1.14 (Monotonicity)

I ]]:,’va and [ ]]Z:/’bw are monotonic.
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Variant 3: Collecting the Guarantees (1)

...on termination.

Theorem 7.10.1.15 (Termination)

Apphed to Sav T,cpv __ (IBn lI ]]av oo ) Sav T,bw _ (an

I ]]aT‘,J,‘/\/7 bvs), Algorithm 7.6.1.1 terminates with the MaxFP/
MinFP semantics of SZV’T’CPV or SZ"’T’bW.

7.10.1

Proof. Immediately with Lemma 7.10.1.12, Corollary
7.10.1.14, and Termination Theorem 7.6.2.1.
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Variant 3: Collecting the Guarantees (2)

...on tightness.

Theorem 7.10.1.16 (Tightness)

Applied to 82T =(B", [ 17, .. bs) or S& T = (BV",

[ 12, 5 bvs), Algorithm 7.6.1.1 is MOP/ JOP tight for

SZ-V’T’CPV or SZV’T’bW, respectively (i.e., it terminates with the

MOP ] JOP semantics of S2°7" or S2"T"" respectively).

Proof. Immediately with Lemma 7.10.1.13, Coincidence Theo-
rem 7.7.2, and Termination Theorem 7.6.2.1.

Note:

» Applied to SZV‘T"bW instead of its cross-product counter-
part, Algorithm 7.6.1.1 can take advantage of the efficient
bitvector operations available on actual processors.

» This gives rise to call availability a bitvector problem.

7.10.1
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Variant 4: Fixing the Setting

...availability for a finite set of terms T.

Introducing Gen/Kill Predicates for edges

> Gen! =4 {t € T|Comp: AN—=Mod.}
= {t e T|Comp A Transp}

> Ki//eT =df {t S T| MOdZ}
= {te T|~Transp'}

7.10.1
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Variant 4: Specifying the DFA (gen/kill view)

DFA Specification (gen/kill view (gkv))

> QFA lattice -
C=(C.NMU,C,L,T) = (P(T),N,U,C,0, T)=P(T)

» DFA semantics
[ ]]:/,gkv E—=(P(T)—P(T)) where

Vec EVT'€P(T). [e ]]Z;,gkv(T/) =df (T/\KI'//ET) U GeneT ot
» Start assertion: Tg € P(T)

Availability Specification for T
> Specification: S27 & = (73/(?), I1x Ts)

av,gkv? °S
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Variant 4: Fulfilling the Proof Obligations

Comparing
> [ 150 E= (P(T)=>P(T)) where
Vee EVT € P(T). [ els, o (T') =ar (T'\Kill])UGen!
with
> [ 1L : E=(P(T)—=P(T)) where
Vec EVT eP(T). [e]ll(T) =4
{te T|(te TV Comp)A Transp.}

...we get:
Lemma 7.10.1.17 (Equality)

[12 =112
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Variant 4: Collecting the Guarantees

...on termination, tightness.

Theorem 7.10.1.18 (Termination)

Applied to S2° T8 = (5(?),[[ ]]aTv’gkv, Ts), Algorithm 7.6.1.1
terminates with the MaxFP/MinFP semantics of S2 7€,

Proof. Immediately with Lemma 7.10.1.7, Lemma 7.10.1.8,
Corollary 7.10.1.9, and Termination Theorem 7.6.2.1.

Theorem 7.10.1.19 (Tightness)

Applied to ST = (P(T), [ 17, 4o+ T+, Algorithm 7.6.1.1
is MOP / JOP tight for ST (i.e., it terminates with the
MOP ] JOP semantics of S274%).

Proof. Immediately with Lemma 7.10.1.7, Lemma 7.10.1.8,

Coincidence Theorem 6.7.2, and Termination Theorem 7.6.2.1.

7.10.1
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Availability again as a Gen/Kill-Problem (1)

...specializing the generic MaxFP Equation System 7.5.1.1:

Equation System 7.5.1.1 (MaxFP Equation System)

_ B o if n=s
inf(n) = { [1{[ (m,n)](inf(m))| m € pred(n)} otherwise

...for the availability problem vyields:

Equation System 7.10.1.20 (Availability)
Available(n) =

{ Ts if n= S
N A{[(m,n) ]]T (Available(m))| m € pred(n)} otherwise

av,gkv
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Availability again as a Gen/Kill Problem (2)

T

av.gky WE get:

...expanding additionally [ |

Equation System 7.10.1.21 (Availability)
Available(n) =

Ts if n=s
Available(m)\Kill" YU Gen/ m € pred(n otherwise
(m,n) (m,n)

7.10.1

Note: Both Equation System 7.10.1.21 and the definition of
the DFA semantics

> [ 1o g0 E= (P(T)=>P(T)) where
Ve € EVT' € P(T). [ ell, s, (T") =ar (T'\Kill])UGen/
give rise to call availability a Gen /Kill problem.
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Gen/Kill (or Bitvector) Problems

...including properties like

» availability and very busyness of terms, liveness and
reaching definitions of variables, etc.

form despite their conceptual simplicity a most important class
of DFA problems with numerous applications in program opti-
mization including: i
» Partially redundant expression elimination (busy/lazy
code motion)
» Strength reduction (busy/lazy strength reduction)
» Partial dead-code elimination
» Partially redundant assignment elimination
» Assignment motion
>

...see course notes of LVA 185.A04 Optimizing Compilers for
further details.
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Variants 1 Thru 4: Closing the Final Proof Gap

...proving soundness and completeness for the MOP view of
av,t

the availability property using SZ”° (Variant 1) as example:

Tntraprocedural C
DFA  []
C~

S(J

Intraprocedural P Theory | Practice Tool Kit
DFA 4

Framework

(3 (2) 1)

(3)9 (2) (1b))

Proof T e N \P/) \/ /
Obligations: 1

Equi Optimality Effectivity
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Recall

...informally, a term is available at a node

» if, no matter which path is taken from the entry of the
program to that node, the term is computed without that
any of the variables occurring in it is redefined before
reaching this node.

Note

» If entry of the program is replaced by entry of the proce-
dure, the informal ‘definition’ of availibility does not fore-
see the possibility of the availability of an expression at
the procedure entry itself.

» Situations where this availability is ensured by the calling
context of the procedure, are thus not captured and can
not be dealt with.
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Towards defining Availability Formally

...useful notation.

Let G= (N, E,s, e) be a flow graph, and Predicate a predicate
defined for edges e € E.

For paths p=(ey, ..., e;) € P[m, n|, we define:
» p;, 1 < i< gq, denotes the i*" edge ¢; of p.
» pp«.) denotes the subpath (e, ..., e) of p. o

» )\, =q denotes the length of p, i.e., the number of edges
of p.

For predicates along paths, we define:
> Predicatez =g V1< i <A\, Predicatey,

> Predicate?) =g 31 <0 < A, Predicatep,

129/444



Availability

...defined formally:

Definition 7.10.1.22 (Availability)
Let G=(N, E,s,e) be a flow graph, t a term, and av, € IB
the availability information for t at s ensured by the calling
context of G. Then: 7101
Available'(n) <=4

ave if n=s

Vp € P[s,n]. (avf A Transp')) Vv

3i < Ap. Comp,, A Transptl\i[,-’)\p] otherwise
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lllustrating the Essence of Definition 7.10.1.22

Transp

Q

Mod Comp Transp -

P .

Compo\ Transp TTransp 710
Transp o) yooe 7.10.1
O 7.10.2

Transrx Transp Transp =

O 2

TTansB\\\\,
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Context Edges

...allow a simpler case-free definition of availability:

[ 0 =5

— (atb < 0)

a=a+l

y :=a+b 7O

3 a>2%z — (a>2%2)
z:=a+b
e=9
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Using Context Edges

S ctx

Comp = avg
Transp

®]
\
\ Transp

|
Transp

O-
— O

| Transp

Compo\ Transp
Transp \o

Transp \ Transp

Transp

Transp Transp

n

e

...availability can be defined without cases:

V' n € N\{sc}. Available’(n) <= g4
. t tv
Vp € P[scix, n]. 3i < A,. Comp,, A Transp PliN] _



Closing the Final Proof Gap

Theorem 7.10.1.23 (Soundness and Completeness)

Let G=(N, E,s,e) be a flow graph, t an expression, av € IB
the availability information for t at s ensured by the calling

context of G, and let | ]]g/{—aof be the MOP semantics of G for

the DFA specification S2” ‘ —(B,[ I\, av, fw).

Then:
Vn e N. Available'(n) <= [[n]]g”;’?

7.10.1
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Gap Closed: Soundness and Completeness

_.for the MOP view of S" for term availability proven:

7.1
73
Tntraprocedural C 75
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, DFA  [] 76
@©
S, 5 7
7.8
- y .
Intraprocedural RN Theory | Practice Tool Kit -
DFA 4
Framework 7.101
10.2

A Termination | Theorem
Program Soundness Coincidence Theorem Termination Theorem
Prokrem) (s o 3 )
o Completeness
L

A @ ®)
Proof &Y \/ N\ \/ \l,/) \/ \/

Obligations: Equivalence Optimality Effectivity
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Homework: Exercise 7.10.1.24

1. What does soundness and completeness mean

2. How can soundness and completeness be proven

..for the JOP view of SZ"" for term availability? o
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Chapter 7.10.2
Monotonic DFA: Simple Constants
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Intuitively

...a term is a constant of value ¢ at a node, if, no matter
which path is taken from the entry of the program to that
node, the evaluation of this term at the node yields value c.

[[lustration:

s=

x:=2 x:=3
yi=3 2
7.10.2
2 xy-6—= 0
X 1= Xy-6
y=0
)y(z)}(:{ 3 x+y —= 0
7= x>+ xy
e= z——= 0

Example by Markus Miiller-Olm, Helmut Seidl (SAS 2002)
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Constant Propagation and Folding

...terms of a constant value can be replaced at compile time
by this value effectively moving computational effort from the
run time of a program to its compile time improving its run
time performance, a so-called program optimization known as
constant propagation and folding.

Unfortunately, there is no algorithm which always succeeds in
determining if a term is a constant of some value at a node or
not.
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Undecidability of Constant Propagation

Theorem 7.10.2.1 (Undecidability, Reif&Lewis 1977)

In the arithmetic domain, the problem of discovering all text
expressions covered by constant signs is undecidable.

(John H. Reif, Harry R. Lewis. Symbolic Evaluation and

the Global Value Graph. In Conference Record of the
4th Annual SIGPLAN-SIGACT Symposium on Principles
of Programming Languages (POPL'77), 104-118, 1977)

140/444



Proof Sketch of Theorem 7.10.2.1 (1)

The proof of Theorem 7.10.2.1 works by reducing Hilbert's
10th problem to the problem of discovering all text expressions
covered by constant signs:

» Hilbert's 10th Problem

Let {x1,...,xx} be a set of variables, k > 5, and let s
P(x1,...,xx) be a (multivariate) polynomial.
It is not decidable, if P(x,...,x,) has a root in the

natural numbers (Matijasevic 1970).
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Proof Sketch of Theorem 7.10.2.1 (2)

...consider program G given by its below flow graph:

7.10.2
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Proof Sketch of Theorem 7.10.2.1 (3)

Then: Proving the equivalence

P has no root in the natural numbers iff

z is of a constant value at node e of G

completes the proof.

7.10.2

O
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Simple Constants

...due to this negative result, in practice simpler decidable ver-
sions of the constant propagation and folding problem are con-
sidered, one of which is the class of so-called simple constants.

Informally, a term is a simple constant at a node, if every ope-
rand of the term has a unique constant value at this node, no

matter, which path is taken from the entry of the program to
the node.

7.10.2
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llustrating Simple Constants (1)

a) o b) 0]
a:=2 a:=2
a—2
b:=a b:i=2
a:=3 ab—2 a:=3

a—=3, b—=2 c:=atb c:=4
c:=a+l a,b—=2, c—=4 c:=4

a3, b—=2, c—=4 d:=a+l d:=3
d:=c-2 ab—=2, c—=4, d—=3 d:=2

a—=3, bd—=2,c——=4
b—=2, c—=4
e:=a+d e:=a+d
b2, c+—4
if = atb*c if =at+8

Note:

©) o
a:=2
b:i=2
a:=3
c:=4
c:=4
d:=3
d:=2
e:=5
fi=a+8

» All terms except of a + d and a + 8 are simple constants

(Figure b)).

» a2+ dis a constant of value 5 but not a simple constant

(Figure c)).
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llustrating Simple Constants (2)

» None of the (none-trivial) terms in the initial example of
Miiller-Olm and Seidl is a simple constant.

» a-+ d as well as all terms in the example of Miiller-Olm
and Seidl can be detected to be constants by more so-
phisticated (and in the latter case computationally con-
siderably more complex) constant propagation algorithms
(cf. course notes of LVA 185.A04 Optimizing Compilers
for details).

7.10.2

...computing simple constants is

» a canonical example of a monotonic (non distributive)
DFA problem.

» an example of an incomplete analysis algorithm, which
fails to dectect many terms to be constant, which could
be detected so, but which is efficient w/ still useful results

for optimization: Trading completeness for efficiency!
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Computing Simple Constants: Preliminaries

...from data domains to DFA lattices.

Let ID be the

» data domain of interest (e.g., the set of natural numbers
IN, the set of integers Z, the set of Boolean truth values
IB, etc.) with a distinguished element | representing the
value undefined.

We extend ID by adding
» anew element T notin ID,ie., T £ID

7.10.2

...and denote the extended domain by

» ID' =4+ IDU{T} .
Note: Assuming | an element of the underlying data domain,
whereas T not, might appear arbitrary. It is motivated by the

fact that data types implemented on machines often contain a

representation considered the undefined value of the data type. \araas



Constructing DFA Lattices

...given an extended data domain ID’, we construct the flat
lattice F Ly (cf. Appendix A.4)

///ﬂ\\\

which is the basic DFA lattice of the DFA analysis for simple
constants.

Intuitively
» T represents complete but inconsistent information.
» d;, i > 1, represents accurate information.
» | represents no information, the ‘empty’ information.

7.10.2
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The Basic DFA Lattice over Z

...Is given by FLz:

-

\\\

€L

...which is used for computing the class of simple constants
over Z.
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Abstract Program States: DFA States

Definition 7.10.2.2 (DFA States)

1. A DFA state is a total mapping o : V — ID’, which maps
every variable to a datum d € ID".

2. The set of all DFA states is defined by
Y =g4s{0o|oc:V—ID}.

7.10.2

3. 0, and o1 denote two distinguished DFA states of 2/,
which are defined by:

VveV.o(v)=1, or(v)=T.
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lllustrating a DFA State o over Z




Initial DFA States

...for an initial DFA state, we require that no variable is
mapped to the special value T, i.e, we require to either have
accurate information of the value of a variable, when entering
a procedure, or no information at all. We define:

Definition 7.10.2.3 (Initial DFA States over ID’)
The set of initial DFA states is defined by

i

Zlnit —df{O'E Z/’VVGV. O'(V)#T}
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Extending the Interpretation

...of constant and operator symbols from ID to ID’.

Definition 7.10.2.4 (Extending the Interpretation)
Let / =4 (ID, Iy ) be an interpretation of constant and opera-
tor symbols over the data domain ID.
Then I'=4 (ID', Ij) is an interpretation over ID" which ex-
tends / by defining
» J{(c)=ar Ib(c) for every constant symbol ¢ € C }To;

> /i(op) : ID’* — ID’ for every k-ary operator symbol op € O:

V(dy,...,d) €D [(op)(dh,...,dk) =g
lo(op)(dy,...,dk) if di=_L1 for some 1 < i<k, or
d+T, 1<j<k
T ifdi# L, 1<i<k, and
di=T for some 1 <) < k
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The Abstract Term Semantics over ID’

Definition 7.10.2.5 (Abstract Term Semantics)

The abstract semantics of terms t € T is defined by the eva-

[uation function
ET— (¥—1ID)

defined by o

o(x) ift=xeV —

)
/ l(c) ift=ceC
ET e e EOZa Lop)(E(t)(o). - E(5)0))

if t=(op,ty,...,1t)
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The Abstract Instruction Semantics

Definition 7.10.2.6 (Abstract Instruction Semantics)

The abstract semantics of

» an assignment instruction ¢ = x := t is given by the state
transformer 6,: > — %' defined by

E(t)(o) ify=x

VoeX' VyeV.0,(0)(y)=a { a(y) otherwise

» the empty instruction + = skip and a condition ¢ = cond
is given by the identical state transformer Idy/, i.e.,
0, =g¢ Ids: with Ids: " — Y defined by
Voel Idz/(()’) =gf O.

Note: Executing skip and evaluating conditions do not have
side effects.

7.10.2
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The DFA Lattice for Simple Constants

...the set of DFA states together with the pointwise ordering
of states, Cy/, forms a complete lattice (cf. Appendix A.4):

Vo,0' €Y. oy o' iff VveV.o(v)Crg, o'(v)

Lemma 7.10.2.7 (Lattice of DFA States)

7.10.2

Y =4 (XN, Us, Cyr 00, 07) is a complete lattice with

> |east element o,
» greatest element o,

» pointwise meet My/ and join Ly as meet and join opera-
tion, respectively.
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Simple Constants: Specifying the DFA

DFA Specification

> QFA lattice
C = (CJ |_|7 l—lv E7 Lu T):df
(zlv |_|Z’, LIZ’a EZH g, O-T) — f,
with Y’ set of DFA states over Z.

» DFA semantics
[l :E= (Y —=XY")whereVec E. [e], .=ur 0,

7.10.2

!/

» Start assertion: o5 € X,

Simple Constants Specification

» Specification: Sg"":(f’,[[ e 0s)
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Simple Constants: Fulfilling the Proof Oblig.

Lemma 7.10.2.8 (Chain Conditions)

Y/ satisfies the descending and ascending chain condition.

Note: The set of variables occurring in a program is finite.

Lemma 7.10.2.9 (Monotonicity)

[ ].. is monotonic.

7.10.2

Lemma 7.10.2.10 (Non-Distributivity /Addititivity)

[ 1. is (in general) not distributive and not additive.
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Simple Constants: Collecting the Guarantees

...on termination, conservativity.

Theorem 7.10.2.11 (Termination)

Applied to S = (¥, l.e: os), Algorithm 7.6.1.1 terminates
with the MaxFP/MinFP semantics of S¥.

Proof. Immediately with Lemma 7.10.2.8, Lemma 7.10.2.9,
and Termination Theorem 7.6.2.1.

Theorem 7.10.2.12 (Safety, Conservativity)

Applied to S = (X, ]...0s), Algorithm 7.6.1.1 is MOP/ JOP
conservative for SE (i.e., it terminates with a lower (upper)
approximation of the MOP /JOP semantics of SE, resp.).

Proof. Immediately with Lemma 7.10.2.8, Lemma 7.10.2.9,
Safety Theorem 7.7.1, and Termination Theorem 7.6.2.1.

7.10.2
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Simple Constants: Negative Result

...on tightness.

Theorem 7.10.2.13 (Non-Tightness)

Applied to Sg = (f’,[[ l... 0s), Algorithm 7.6.1.1 is in general
not MOP/JOP tight for SE (i.e., it terminates with a proper
approximation of the MOP /JOP solution of S&, respectively).

Proof. Immediately with Lemma 7.10.2.8, Lemma 7.10.2.9,
Lemma 7.10.2.10, Coincidence Theorem 7.7.2, and Termina-
tion Theorem 7.6.2.1.

7.10.2

In closing: The MaxFP/MinFP solutions of S are always safe
approximations of the MOP /JOP solutions of SE. In general,
the operational MOP/JOP solutions of S& and their denota-
tional MaxFP/MinFP counterparts do not coincide.
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Simple Constants: Closing the Final Proof Gap

...proving soundness and completeness for the MOP view of
S for the simple constant property: iz

Tntraprocedural C 6
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, DFA  [] 7
@© 5
S -
7.9
7.10
Intraprocedural P Theory || Practice K ) Tool Kit 7101
DFA 4
. 10.2
Framework 1o
7.11
7.12
Max
Termination | Theorem

Program’ Soundness Safety Theorem Termination Theorem
Property ) <= > (_MOP-oluion o = Computed Solutio)
¢ Completeness
U |

D 1)) N
®? @/ () v

ffectivity

Proof
Obligations: Equivalence Conservativity

=
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Simple Constants: Soundness, Completeness

...for the MOP semantics.

Theorem 7.10.2.14 (Soundness and Completeness)
The MOP semantics of S¥ is

1. sound and complete for variables.

2. sound but not complete for (non-trivial) terms (i.e., for
terms containing at least one (non—unary) operator sym-
bol).

7.10.2

...for Theorem 7.10.2.14(2), note that the MOP solution at
every node can be considered a state, i.e., a map from vari-
ables to values, allowing an evaluation of terms.
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Simple Constants: Soundness, Completeness

...for the MaxFP semantics.

Theorem 7.10.2.15 (Soundness and Completeness)

The MaxFP semantics of S& is sound but not complete (for
both variables and terms).

7.10.2

...see course notes of LVA 185.A04 Optimizing Compilers for
further details.
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Simple Constants: lllustrating Example

a)
a:=2
a—=2
b:=a
a:=3 ab—=2
a3, b—=2 c:=atb
c:=a+l ab—=2, c+—=4
a3, b—=2, c——=4 d:=a+l
d:=c-2 O ab—=2, c—=4, d—=3 d:=2 (@]

a3, b,d—=2,c—=4
b——=2, c—=4

e :=a+d e:=a+d
b—=2, c+—=4
f:= a+b*c fi=a+8

...all terms except of a + d and a + 8 are simple constants.

Recall: a+ d is a constant of value 5 but not a simple con-
stant; a + 8 is not a constant.

7.10.2
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Gap Partially Closed: Soundness

..for the MOP view of S for simple constants proven:

7.1
73
Tntraprocedural C 75
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ra L1 .
@
Sq ’ 7.7
7.8
7.9
Intraprocedural Theory || Practice K ) Tool Kit .
7.10
DFA
Framework e
: 7.10.2
| Generic 711
| MaxFP Algorithm 7
H 7.12
7 A Termination | Theorem
Program Soundness Safety Theorem Termination Theorem
Property <: | = Computed Solmma
9 U §
Yo\ N A
(3) 2) (1b))
Proof N Z/ \‘}
Obligations: Soundness Conservativity Effectivity
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Homework: Exercise 7.10.2.16

1. What does soundness and completeness mean

2. How can soundness and completeness be proven

10
7.10.1
7.10.2

...for the JOP view of S for the simple constants property?

7.12
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Chapter 7.11
Summary, Looking Ahead
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The Framework/Toolkit View

...of data flow analysis.

Tntraprocedural C
DFA  []
C

Sy s

Intraprocedural ) Theory

e Practice
DFA e
Framework p

Termination

Program < Soundness > o
- MOP-Solution
Pro$erty Completeness

It Safety Theorem

(Computed Solution|

() (2 an .
2
Proot ® O, (1) (is)
Obligations: Equivalence Optimality/Conservativity Effectivity

...reconsidered from the angle of correctness, accuracy, and

the kind of ¢.
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Kinds of Properties: Must vs. May

...basically, we can distinguish two kinds of properties ¢:

» Universally quantified (or must) properties ¢": ¢" holds
at a node n, if it holds along all paths from s to n at n.

» Existentially quantified (or may) properties ¢~: ¢~ holds
at a node n, if it holds along some paths from s to n at n.

Must-properties ¢" are related to the

» operational MOP semantics of a program and its compu-
tational denotational counterpart, the MaxFP semantics.

May-properties ¢~ are related to the

» operational JOP semantics of a program and its computa-
tional denotational counterpart, the MinFP semantics.
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Correctness and Accuracy

...essentially, there are two places where correctness and accu-
racy issues are handled in the framework/toolkit view of DFA:
Framework / Toolkit internally: captured by

» Safety ~~ Conservativity

» Coincidence ~~ Tightness
...relating MaxFP /MinFP and MOP /JOP solution, respective- ™
ly.
Framework/Toolkit externally: captured by

» Soundness ~~ No false positives

» Completeness ~~ No false negatives

..relating MOP / JOP solution and ¢" /¢, respectively.
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lllustrating

...the places of internal and external correctness and accuracy
handling: -

73
75
Intraprocedural C 7.6
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2
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Obligations: Equivalence Optimality/Conservativity Effectivity

Timination Theokm
MaxFP-Solution =
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Looking ahead: The Uniform View of DFA

...in the course of this lecture course (and of LVA 185.A04
Optimizing Compilers), we will see:

» The Framework and Toolkit View of DFA

is achievable beyond the base case of intraprocedural DFA pro-
viding a uniform view of DFA:

DFA
T Specification

DFA i Theory| Practice Toolkit
Framework § Interfac
o Intraprocedural 7
o Interprocedural F
o Parallel

 Object-oriented
® Conditional
.

Generic
MaxFP Alg.(s)
Termination q; Theorem

Program Soundness Coincidence Theorem Termination Theorem
Property <:> MOP—Solution —/ MaxFP—Solution Computed Solutio
¢ Completeness /
[

Safety Theorem ‘L
N N N\
2 (
Proof “\E/‘ N\ \\lvb})
Obligations: Equivalence Optimality/Conservativity Effectivity
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Chapter 7.12
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about a Program without its Execution: Static Analysis)
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Mathematics and Computer Science 1979:441-448, 1979.
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Further Reading for Chapter 7 (12)

[ Yuri V. Matijasevic. Hilbert's Tenth Problem. MIT Press,
1993.

[d Markus Miiller-Olm, Helmut Seidl. Polynomial Constants
are Decidable. In Proceedings of the 9th Static Analysis i
Symposium (SAS 2002), Springer-V., LNCS 2477, 4-19,

2002.
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Chap. 10

Chapter 10

Program Verification vs. Program Analysis:

Axiomatic Verification, Data Flow
Analysis Compared
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Strongest Post-Condition View in PV and PA

[ The g

Post-conditi i ]

Program Verification

Logical Formulas,F’

Assertion Language

Abstract Interpretation

Program Analysis

Complete Lattice§'

Abstraction
{(p} P {c}
.- ‘Concretization
T
n l%
Abstraction

{ SPC(pm) }

Concretization

{ SPC(c) }

SPC(p) € LF must satisfy:
=, {pIn { SPC(pm) }

(2) VY q€rLr. ):W( plin{q} implies SPC(pm) => q

SPC(e;n) € C must satisfy:

(1) = {cln{SPC(cx)}

A

2 Vde¢c. =, (¢)x (d} implies SPC(cm) J d

Chap. 10
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Weakest Pre-Condition V

iew in PV and PA

[ The Weakest Pre-conditi io |

Program Verification

Logical Formulas,F’

Abstraction

{ WPCer.q) }
‘Concretization
n
Abstraction
(q}

Concretization

Assertion Language

Abstract Interpretation

Program Analysis

Complete Lattice§'

{ WPClr.c) }

WPC@®.Q) € LF must satisfy:
M) =, (WPCra) Jn{q}

(2) ¥V pCLF. »:W( pin{q} implies p = WPC(r.q)

WPC(r,c) € C must satisfy:

(1) = (WPCreo)}nfc)

A

@) Vd¢c. ):M( dim {c} implies d ] WPC(r.c)

Chap. 10
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Appendix A

Mathematical Foundations
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Al A1

Relations
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Relations

Let M;, 1 </ < k, be sets.

Definition A.1.1 (k-ary Relation)

A (k-ary) relation is a set R of ordered tuples of elements of
My, ...,M,, ie, RC M; x...x M, is a subset of the car-
tesian product of the sets M;, 1 </ < k.

A1l

Examples

» () is the smallest relation on M; x ... x M,.

» M; x ... x M, is the biggest relation on M; x ... x M,.
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Binary Relations
Let M, N be sets.

Definition A.1.2 (Binary Relation)

A (binary) relation is a set R of ordered pairs of elements of
M and N, i.e., R is a subset of the cartesian product of M and
N, RC M x N, called a relation from M to .

A1l

Examples

» () is the smallest relation from M to .
» M x N is the biggest relation from M to V.

Note

» If R is a relation from M to NV, it is common to write
mRn, R(m,n), or R mn instead of (m, n) € R.
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Between, On

Definition A.1.3 (Between, On)

A relation R from M to N is called a relation between M and
N (or a relation on M x N).

A1l

If M equals NV, then R is called a relation on M, in symbols:
(M,R).
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Domain and Range of a Binary Relation

Definition A.1.4 (Domain and Range)
Let R be a relation from M to . m

The sets
» dom(R) =4 {m|3Ine N.(m,n)e R}
» ran(R) =g {n|3me M. (m,n) € R}

are called the domain and the range of R, respectively.
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Properties of Relations on a Set M

Definition A.1.5 (Properties of Relations on M)

A relation R on a set M is called

» reflexive iff Vme M. mRm
irreflexive iff Vme M. -mRm s
transitive iff Vm,n.p e M. mRn AN nRp = mRp
intransitive ifft Ymn,pe M. mRn AN nRp = -mRp
symmetric iff Vmne M. mRn <= nRm
antisymmetric iff Vmne M. mRn A nRm = m=n
asymmetric iff Vmne M. mRn = —-nRm

linear iff Vmne M. mRn VnRm V m=n

vV vV vV vV vV vV VY

total iff Ym,ne M. mRn V nRm
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(Anti-) Example

Let G=(N,E,s=1,e =7) be the below (flow) graph, and
let R be the relation ‘- is linked to - via a (directed) edge’ on
N of G (e.g., node 4 is linked to node 6 but not vice versa).

A1l

The relation R is not reflexive, not irreflexive, not transitive,
not intransive, not symmetric, not antisymmetric, not asym-

metric, not linear, and not total.
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Equivalence Relation

Let R be a relation on M.

A1l

Definition A.1.6 (Equivalence Relation)

R is an equivalence relation (or equivalence) iff R is reflexive,
transitive, and symmetric.
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Exercise A.1.7

Let | denote the divisibility relation on the set of natural num-
bers INo, i.e., the relation ‘- divides -' (w/out remainder),
e.g. 5|35.

Prove or disprove: The divisibility relation | on INg is

1. reflexive

irreflexive

transitive

intransitive
symmetric
antisymmetric
asymmetric

linear

total

equivalence (relation)

A1l

O 0N WD

—
©

Proof or counterexample.
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A.2
Ordered Sets
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A2.1
Pre-Orders, Partial Orders, and More
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Ordered Sets

Let R be a relation on M.

Definition A.2.1.1 (Pre-Order)

R is a pre-order (or quasi-order) iff R is reflexive and transitive.

Definition A.2.1.2 (Partial Order)

R is a partial order (or poset or order) iff R is reflexive, tran-
sitive, and antisymmetric.

Definition A.2.1.3 (Strict Partial Order)

R is a strict partial order iff R is asymmetric and transitive.
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Examples of Ordered Sets

Pre-order (reflexive, transitive)

» The relation = on logical formulas.

Partial order (reflexive, transitive, antisymmetric)

» The relations =, < and > on IN.
» The relation m|n (m is a divisor of n) on IN.

Strict partial order (asymmetric, transitive)

» The relations < and > on IN.
» The relations C and D on sets.

Equivalence relation (reflexive, transitive, symmetric)

» The relation <= on logical formulas.
» The relation ‘have the same prime number divisors' on IN.

» The relation ‘are citizens of the same country’ on people.
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Note

» An antisymmetric pre-order is a partial order; a symmetric

>

pre-order is an equivalence relation.

For convenience, also the pair (M, R) is called a pre-order,
partial order, and strict partial order, respectively.

More accurately, we could speak of the pair (M, R) as of
a set M which is pre-ordered, partially ordered, and strict-
ly partially ordered by R, respectively.

Synonymously, we also speak of M as a pre-ordered, par-
tially ordered, and a strictly partially ordered set, respec-

tively, or of M as a set which is equipped with a pre-order,
partial order and strict partial order, respectively.

On any set, the equality relation = is a partial order,
called the discrete (partial) order.
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The Strict Part of an Ordering

Let C be a pre-order (reflexive, transitive) on P.

Definition A.2.1.4 (Strict Part of C)
The relation [ on P defined by

Vp,qeP.pCg+=apEq AN p#q
is called the strict part of .

A21

Corollary A.2.1.5 (Strict Partial Order)
Let (P,C) be a partial order, let [_ be the strict part of L.

Then: (P, ) is a strict partial order.
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Useful Results

Let C be a strict partial order (asymmetric, transitive) on P.

Lemma A.2.1.6

The relation C is irreflexive.

Lemma A.2.1.7
The pair (P.C), where L is defined by

Vp,qe P.pC g4 pCqV p=q

is a partial order.
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Induced (or Inherited) Partial Order

Definition A.2.1.8 (Induced Partial Order)

Let (P,Cp) be a partially ordered set, let Q@ C P be a subset
of P, and let C be the relation on @ defined by oon

Vgre@.gqCqr <=a qLCpr

Then: Cg is called the induced partial order on @ (or the in-
herited order from P on Q).
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Exercise A.2.1.9

Let | denote the divisibility relation on the set of natural num-
bers INy, i.e., the relation ‘- divides -' (w/out remainder),
e.g. 5|35.

Prove or disprove: The divisibility relation | on INg is a

1. pre-order

2. partial order

3. strict partial order
4.

equivalence (relation)

Proof or counterexample.
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A.2.2

Hasse Diagrams

209/444



Hasse Diagrams

...are a sparse graphical representation of partial orders.

‘ Al
A2.1
A22

The links of a Hasse diagram

> are read from below to above (lower means smaller).

» represent the relation R of ' is an immediate predecessor
of - defined by

pRq<—=4 pCgNAreP.pCrCgq
of a partial order (P, ), where [ is the strict part of L.
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Reading Hasse Diagrams

The Hasse diagram representation of a partial order

» omits links which express reflexive and transitive relations
explicitly
» focuses on the ‘immediate predecessor’ relation.

The representation of a partial order by its Hasse diagram s

» is sparse and thus economical (in the number of links).
» while preserving all relevant information of the partial
order it represents:
» p L gAp=q (reflexivity): trivially represented (just
without an explicit link)
» p L gAp+# q (transitivity): represented by ascending
paths (with at least one link) from p to g.
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Exercise A.2.2.1

Which of the below diagrams are Hasse diagrams representing
a partial order?

a) b) c) d e)
0 ® ® ©® @ @ .
<£ -

5 ) h) P o
NP @ .
o g B ‘e :
W oo,
0
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Exercise A.2.2.2

Let | denote the divisibility relation on the set of natural num-
bers INy, i.e., the relation ‘- divides -' (w/out remainder),
e-g- 5 | 35- A22

Draw an expressive section of the Hasse diagram of the divisi-
bility relation | on INj.
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A.2.3

Bounds and Extremal Elements
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Bounds in Pre-Orders

Definition A.2.3.1 (Bounds in Pre-Orders)
Let (Q,C) be a pre-order, let g € @ and Q' C Q.
q is called a
» lower bound of @', insigns: ¢gC Q,ifVg € Q. gC ¢
» upper bound of @', insigns: Q' C q,if Vg € Q. ¢ C g a2

» greatest lower bound (glb) (or infimum) of @', in signs:
[1Q', if g is a lower bound of Q" and for every other
lower bound § of @’ holds: g C g.

» least upper bound (lub) (or supremum) of @', in signs:
| | @', if g is an upper bound of @' and for every other
upper bound g of Q' holds: g C 4.
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Extremal Elements in Pre-Orders

Definition A.2.3.2 (Extremal Elements in Pre-Ord's)

Let (@, C) be a pre-order, let [ be the strict part of L, and
let @ CQandge Q.

q is called a
» minimal element of @', if there is no ¢’ € Q" with ¢’ C q. .
» maximal element of @', if there is no ¢’ € Q' with g C ¢'.
» least (or minimum) element of @', if ¢ C Q.
» greatest (or maximum) element of @', if Q' C g.
Note: Least and greatest elements of @ itself are usually deno-
ted by | and T (bottom, top (in German: Tief, Hoch)), re-

spectively, if they exist. Least (greatest) elements of @ are

always minimal (maximal) elements of Q.
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Existence and Uniqueness
...of bounds and extremal elements in partially ordered sets.

Let (P, L) be a partial order, and let @ C P be a subset of P.

Lemma A.2.3.3 (lub/glb: Unique if Existent)

Least upper bounds, greatest lower bounds, least elements,
and greatest elements in @ are unique, if they exist.

Lemma A.2.3.4 (Minimal/Maximal El.: Not Unique)

Minimal and maximal elements in @ are usually not unique.

Note: Lemma A.2.3.3 suggests considering | | and [ | partial
maps | |, [ ]: P(P)— P from the powerset P(P) of P to P.
Lemma A.2.3.3 does not hold for pre-orders.
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Characterization of Least, Greatest Elements

...in terms of infima and suprema of sets.

Let (P,C) be a partial order.

Lemma A.2.3.5 (Characterization of L and T)

The least element | and the greatest element T of P are gi- o
ven by the supremum and the infimum of the empty set, and
the infimum and the supremum of P, respectively, i.e.,

L=[|0=[1]P and T= []o=||P

if they exist.
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Lower and Upper Bound Sets

Considering | | and [ ] partial functions | |, [ ]: P(P)— P on
the powerset of a partial order (P, C) suggests introducing
two further maps LB, UB : P(P)— P(P) on P(P):

Definition A.2.3.6 (Lower and Upper Bound Sets)
Let (P,C) be a partial order. Then: as

LB, UB : P(P)— P(P) denote two maps, which map a subset
R C P to the set of its lower bounds and upper bounds,
respectively:

1.VQCP.LB(Q) =4 {lIbe P| IbC Q}

2. VQ C P. UB(Q) =4 {ub e P|Q C ub}
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Properties of Lower and Upper Bound Sets

Lemma A.2.3.7
Let (P, ) be a partial order, and let @ C P. Then:

| |@=[1]UB(Q) and []Q=]| |LB(Q)

if the supremum and the infimum of @ exist.

Lemma A.2.3.8
Let (P,C) be a partial order, and let @, @y, @> € P. Then:

1. @ CQ = LB(Q) DLB(@) N UB(Q1) 2 UB(Q)
2. UB(LB(UB(Q)))=UB(Q)
3. LB(UB(LB(Q)))=LB(Q)

Note: Lemma A.2.3.8(1) shows that LB and UB are antitonic
maps (cf. Chapter A.2.7).
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Exercise A.2.3.9

Which of the elements of the below diagrams are minimal,
maximal, least or greatest?

a) b) ) d ©)
TR CEENORNO RN JJJolNe :
A2.1
$ -
A2.4

PN %ﬁl ’
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Exercise A.2.3.10

Let | denote the divisibility relation on the set of natural num-
bers INg, i.e., the relation ‘- divides -' (w/out remainder),
e.g. 5|35.

Write down the sets of elements of INg, which are

1. minimal n23
2. maximal

3. least

4. greatest

wrt the divisibility relation | on INg.
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Noetherian and Artinian Orders

223/444



Noetherian and Artinian Orders

Let (P,C) be a partial order.

Definition A.2.4.1 (Noetherian Order)

(P,C) is called a Noetherian order, if every non-empty subset
() # Q C P contains a minimal element.

Definition A.2.4.2 (Artinian Order)

(P,C) is called an Artinian order, if the dual order (P, ) of
(P,C) is a Noetherian order.

Lemma A.2.4.3

(P,C) is an Artinian order iff every non-empty subset
() # Q C P contains a maximal element.
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Well-founded Orders

Let (P,C) be a partial order.

Definition A.2.4.4 (Well-founded Order)

(P,C) is called a well-founded order, if (P, C) is a Noetherian
order and totally ordered.

Lemma A.2.4.5

(P,C) is a well-founded order iff every non-empty subset
() # Q C P contains a least element.
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Noetherian Induction

Theorem A.2.4.6 (Noetherian Induction)

Let (N,C) be a Noetherian order, let N, C N be the set of

minimal elements of /V, and let ¢ : N — IB be a predicate on
N. Then:

If

1. Vn € Npjp. ¢(n) (Induction base)
2. Vn e N\Npin. (YmZ n. ¢p(m)) = ¢(n) (Induction step)

then:
Vne N ¢(n)

226/444



A25
Chains

207/444



Chains, Antichains
Let (P,C) be a partial order.

Definition A.2.5.1 (Chain)

A set C C P is called a chain, if the elements of C are totally
ordered, i.e.,, Vo, € C.ciCE Vo E q.

Definition A.2.5.2 (Antichain)

A set C C P is called an antichain, if
Ve, oelC.cgCo=cag=0.

Definition A.2.5.3 (Finite, Infinite (Anti-) Chain)

Let C C P be a chain or an antichain. C is called finite, if the
number of its elements is finite; C is called infinite otherwise.

Note: Any set P may be converted into an antichain by giving
it the discrete order: (P, =).
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Ascending Chains, Descending Chains

Definition A.2.5.4 (Ascending, Descending Chain)
Let C C P be a chain. C given in the form of

> C:{C()EClgC2E...}
> C:{Cogclgng...} /j25

is called an ascending chain and descending chain, respectively. y\:j
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Examples of Chains

The set
> S =4 {neIN|neven} is a chainin IN.
» S =y {ze€Z|zodd} is a chain in Z.

> S =4 {{keIN|k<n}|neIN}isa chain in the
powerset P(IN) of IN.

Note: A chain can always be given in the form of an ascending 2
or descending chain. as
> {0<2<4<6<...}: IN as ascending chain.
» {...>6>4>2>0}: IN as descending chain.
> {..<-3<-1<1<3<...}:Z as ascending chain.
» {...>3>1>-1>-3>...}: Z as descending chain.
>
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Eventually Stationary Sequences

Definition A.2.5.5 (Stationary Sequence)
1. An ascending sequence of the form
ppEptEppE ...
is called eventually stationary, if
dneIN.Vj €IN. p,yj=pn

2. A descending sequence of the form
Podprdpd...
is called eventually stationary, if

AneIN.Vj € IN. ppsj=pn
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Chains and Sequences
Lemma A.2.5.6

An ascending or descending sequence of the form
pEpmEPpL... or ppdprJdppd...

1. is a finite chain iff it is eventually stationary.
2. is an infinite chain iff it is not eventually stationary.

Note the subtle difference between the notion of chains in
terms of sets

{(PEPpEPE...} or {pIprdpI...}
and in terms of sequences
PpEpEPpCE... or ppdprdpd...

Sequences may contain duplicates, which would correspond to
defining chains in terms of multisets.

232/444



Ascending, Descending Chain Condition

Let (P, ) be a partial order.

Definition A.2.5.7 (Asc./Desc. Chain Condition)
(P, ) satisfies the

1. ascending chain condition (in German: aufsteigende
Kettenbedingung), if every ascending chain is eventually
stationary, i.e., for every chain py C po C ... C p, C ... Azs
there is an mdex m > 1 with p,, = pp; for aIIJ € IN.

2. descending chain condition (in German: absteigende
Kettenbedingung), if every descending chain is eventually
stationary, i.e., for every chain p; J p, 2 ... J p, -
there is an index m > 1 with p,, = pp,; for all j € IN.
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Chains and Noetherian Orders

Let (P,C) be a partial order.

Lemma A.2.5.8 (Noetherian Order)
The following statements are equivalent:
1. (P,C) is a Noetherian order.
2. (P, C) satisfies the descending chain condition.
3. Every chain of the form aos

podprdpd...
is eventually stationary, i.e.: 3n € IN. Vj € IN. p,yj = pp.
4. Every chain of the form

Po Jpr Ip2J...
is finite.
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Chains and Artinian Orders

Let (P,C) be a partial order.

Lemma A.2.5.9 (Artinian Order)
The following statements are equivalent:
1. (P,C) is an Artinian order.
2. (P,C) satisfies the ascending chain condition.
3. Every chain of the form aos

ppLpiEppl ...
is eventually stationary, i.e.: 3n € IN. Vj € IN. p,yj = pp.
4. Every chain of the form

PpoLprLppC ...
is finite.
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Chains and Noetherian, Artinian Orders

Let (P,C) be a partial order.

Lemma A.2.5.10 (Noetherian and Artinian Order)
The following statements are equivalent:

1. (P,C) is a Noetherian and an Artinian order.

2. (P, C) satisfies the descending and the ascending chain
condition.

3. Every chain C C P is finite.
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A.2.6
Directed Sets
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Directed Sets

Let (P,C) be a partial order, and let () £ D C P.

Definition A.2.6.1 (Directed Set)

D (# 0) is called a directed set (in German: gerichtete Men-

if
ge). | Vd,ec D.3f e D. fe UB({d,e})
i.e., for any two elements d and e there is a common upper ]
bound of d and e in D, i.e., UB({d,e}) N D # (.
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Properties of Directed Sets

Let (P,C) be a partial order, and let D C P.

Lemma A.2.6.2

D is a directed set iff any finite subset D’ C D has an upper
bound in D, i.e., 3d € D. d € UB(D'), i.e., UB(D')N D # .

Lemma A.2.6.3

If D has a greatest element, then D is a directed set.
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Properties of Finite Directed Sets
Let (P,C) be a partial order, and let D C P.

Corollary A.2.6.4
Let D be a finite directed set. Then: | | D exists € D and is

the greatest element of D.
Proof. Since D a directed set, we have:
dd e D. d € UB(D), ie., UB(D)N D # 0.

This means D C d. The antisymmetry of C yields that the
element enjoying this property is unique. Thus, d is the
(unique) greatest element of D given by | | D, i.e., d=||D.

Note: If D is infinite, the statement of Corollary A.2.6.4 does
usually not hold.
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Strongly Directed Sets

Let (P,C) be a partial order with least element L, and let
D CP.

Definition A.2.6.5 (Strongly Directed Set)

D # () is called a strongly directed set (in German: stark ge-

richtete Menge), if :
1. LeD rae
2. VdecD.3feD. f=|]{d, e}, ie., for any two ele-

ments d and e the supremum | |{d, e} of d and e exists
in D.
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Properties of Strongly Directed Sets

Let (P,C) be a partial order with least element L, and let
DCP.

Lemma A.2.6.6

D is a strongly directed set iff every finite subset D’ C D has a
supremum in D, i.e,, 3d € D. d= | | D'

Lemma A.2.6.7

Let D be a finite strongly directed set. Then: | | D exists € D
and is the greatest element of D.

Note: The statement of Lemma A.2.6.7 does usually not hold,
if D is infinite.
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Directed Sets, Strongly Directed Sets, Chains

Let (P,C) be a partial order with least element L.

Lemma A.2.6.8
Let ) # D C P be a non-empty subset of P. Then:

1. D is a directed set, if D is a strongly directed set.
2. D is a strongly directed set, if | € D and D is a chain.

Corollary A.2.6.9
Let ) # D C P be a non-empty subset of P. Then:

1€ DA D chain = D strongly directed set = D directed set
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Exercise A.2.6.10

Which of the below partial orders are (strongly) directed sets?
Which of their subsets are (strongly) directed sets?

TN A
A P P
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Exercise A.2.6.11

Which of the below partial orders are (strongly) directed sets?
Which of their subsets are (strongly) directed sets?

a) b) ©) d)

o
=
I,
=

9
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Exercise A.2.6.12

Let (INg, =) be the partial order with T = |, where | denotes
the divisibility relation on the natural numbers INg, i.e., the
relation ‘- divides -" (w/out remainder), e.g. 5| 35.

Is the set INg
1. directed?
2. strongly directed?
What subsets of INg are
1. directed?
2. strongly directed?

Proof or counterexample.
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A.2.7
Maps on Partial Orders
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Monotonic and Antitonic Maps on POs

Let (C,C¢) and (D,Cp) be partial orders, and let
f € [C — D] be a map from C to D.

Definition A.2.7.1 (Monotonic Maps on POs)
f is called monotonic (or order preserving) iff

Ve,deC.cCed = f(c) Ep f(c)
(Preservation of the ordering of elements)

Definition A.2.7.2 (Antitonic Maps on POs)
f is called antitonic (or order inversing) iff

Ve,deC.cCed = f(c) dp f(e)
(Inversion of the ordering of elements)
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Expanding and Contracting Maps on POs

Let (C.C¢) be a partial order, let f € [C — C| be a map on
C, and let ¢ € C be an element of C.

Definition A.2.7.3 (Expanding Maps on POs)

f is called

» expanding (or inflationary) for ¢ iff ¢ C f(¢)
» expanding (or inflationary) iff Vce C. c C f(c)

Definition A.2.7.4 (Contracting Maps on POs)

f is called

» contracting (or deflationary) for ¢ iff () C ¢
» contracting (or deflationary) iff Vce C. f(c)C ¢
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A.2.8

Order Homomorphisms and Order
|sormorphisms
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PO Homomorphisms, PO Isomorphisms

Let (P,Cp) and (R, Cg) be partial orders, and let
f € [P — R] be a map from P to R.

Definition A.2.8.1 (PO Hom. & Isomorphism)

f is called an
1. order homomorphism between P and R, if f is monotonic
(or order preserving), i.e.,
Vp,geP.pCpq= f(p) Cr f(q)
2. order isomorphism between P and R, if f is a bijective

order homomorphism between P and R and the inverse
f~1 of f is an order homomorphism between R and P.

Definition A.2.8.2 (Order Isomorphic)

(P,Cp) and (R, Cg) are called order isomorphic, if there is an
order isomorphism between P and R.
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PO Embeddings

Let (P,Cp) and (R, Cg) be partial orders, and let
f € [P — R] be a map from P to R.

Definition A.2.8.3 (PO Embedding)
f is called an order embedding of P in R iff

Vp,ge P.pCpq <= f(p)Crf(q)

Lemma A.2.8.4 (PO Embeddings and Isomorphisms)

f is an order isomorphism between P and R iff f is an order
embedding of P in R and f is surjective.

A28

Intuitively: Partial orders, which are order isomorphic, are
‘essentially the same.’
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A3
Complete Partially Ordered Sets
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A3.1
Chain and Directly Complete Partial Orders
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Complete Partially Ordered Sets

...or Complete Partial Orders:

» a slightly weaker ordering notion than that of a lattice
(cf. Appendix A.4), which is often more adequate for the
modelling of problems in computer science, where full
lattice properties are often not required. o
» come in two different flavours as so-called
» Chain Complete Partial Orders (CCPOs)
» Directedly Complete Partial Orders (DCPOs)
based on the notions of chains and directed sets, respec-
tively, which, however, are equivalent (cf. Theorem 3.1.7).
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Complete Partial Orders: CCPO View

Definition A.3.1.1 (Chain Complete Partial Order)
A partial order (P,C) is a
1. chain complete partial order (pre-CCPO), if every non-

empty (ascending) chain ) ## C C P has a least upper
bound | |Cin P, ie., | | C exists € P. o

2. pointed chain complete partial order (CCPO), if every
(ascending) chain C C P has a least upper bound | | C in
P, i.e., | | C exists €P.

Note: Some authors use CCPO and CCPPO instead of pre-CCPO
and CCPO, respectively.
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Complete Partial Orders: DCPO View

Definition A.3.1.2 (Directedly Complete Partial Ord.)
A partial order (P.C) is a

1. directedly complete partial order (pre-DCPO), if every di-
rected subset D C P has a least upper bound | | D in P,
i.e., | | D exists € P.

2. pointed directedly complete partial order (DCPO), if it is
a pre-DCPO and has a least element L.

Note: Some authors use DCPO and DCPPO instead of pre-DCPO
and DCPO, respectively.
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Remarks on CCPOs and DCPOs

On CCPOs:
» A CCPO is often called a domain.

» ‘Ascending chain’ and ‘chain’ can equivalently be used in
Definition A.3.1.1, since a chain can always be given in
ascending order. ‘Ascending’ chain is just more intuitive.

On DCPOs:

A31

» A directed set S, in which by definition every finite subset
has an upper bound in S, does not need to have a supre-
mum in S, if S is infinite. Therefore, the DCPO property

does not trivially follow from the directed set property
(cf. Corollary A.2.6.4).
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Existence of Least Elements in CPOs

Lemma A.3.1.3 (Least Elem. Existence in CPOs)

Let (C,C) be a CPO, i.e., a CCPO or DCPO. Then there is a
unique least element in C, denoted by |, which is given by
the supremum of the empty chain or set, i.e.: | = | |0.

Corollary A.3.1.4 (Non-Emptyness of CPOs)
Let (C,C) be a CPO, i.e., a CCPO or DCPO. Then: C # 0.

Note: Lemma A.3.1.3 does not hold for pre-CPOs, i.e., a pre-
CPO (P, LC) does not need to have a least element.
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Relating Finite POs, CCPOs and DCPOs

Let P be a finite set, and let C be a relation on P.

Lemma A.3.1.5 (Fin. POs, pre-CCPOs, pre-DCPOs)

The following statements are equivalent:

1. (P,C) is a partial order.
2. (P.C) is a pre-CCPO.
3. (P,C) is a pre-DCPO.

Lemma A.3.1.6 (Finite POs, CCPOs, DCPOs)
Let p € P with p = P. Then the following statements are

equivalent:
1. (P,C) is a partial order.
2. (P.C)is a CCPO.
3. (P,C) is a DCPO.
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Equivalence of CCPOs and DCPOs

Theorem A.3.1.7 (Equivalence)

Let (P, ) be a partial order. Then the following statements
are equivalent:

1. (P,C) is a CCPO. asa
2. (P,C) is a DCPO.

Note: We simply speak of a CPO, if its flavour based on
chains (CCPO) or directed sets (DCPO) does not matter;
analogously, this applies to pre-CPOs.
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Examples of pre-CPOs and CPOs (1)

» (P(IN),C) is a CPO (i.e.,, a CCPO and a DCPO).

> Least element: ()
» Least upper bound | | C of C chain CP(IN): | C’

c'ec
» The set of finite and infinite strings S partially ordered by :
the prefix relation C 4 defined by }5.3;
Vs,s"€S. sCpp s <=gr
s=s"V (s finite NIs' € S. s4++s'=5")
isa CPO.
» ({—n|nelIN}, <)is a pre-CPO (i.e., a pre-CCPO and a
pre-DCPO) but not a CPO (i.e., not a CCPO and
DCPO).
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Examples of pre-CPOs and CPOs (2)

» (0,0) is a pre-CPO (i.e., a pre-CCPO and a pre-DCPO)

but not a CPO (i.e., not a CCPO and DCPO).

(Both the pre-CCPO (absence of non-empty chains in ())

and the pre-DCPO (0 is the only subset of () and is not

directed by definition) property holds trivially. Note also

that P =) implies = =() C P x P). -
» The partial order (P ) given by the below Hasse dia-

gram is a CPO.
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Examples of pre-CPOs and CPOs (3)

» The set of finite and infinite strings S partially ordered by
the lexicographical order ., defined by

Vs, t€S. sCix t <y
s=tV(3p finite,s';t' € S. s=p++s A t=p++t' A
(s'=e V sp<th))
where = denotes the empty string, w|; denotes the first

character of a string w, and < the lexicographical order-
ing on characters, is a CPO (i.e., a CCPO and a DCPO).
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(Anti-) Examples of CPOs

» (IN, <) is not a CPO (i.e., not a CCPO and DCPO).
» The set of finite strings Sz, partially ordered by the
> prefix relation C 5 defined by
Vs,s' € Shin. s Cppc ' <=gr 35" € Sfin. s ++s" =5’
is not a CPO (i.e., not a CCPO and DCPO).
P |exicographical order C . defined by
Vs, t € Sin. S Ejex t <=ar
dp,s’,t' € S4ip. s=p++s A t=p++t' A
(s'=e Vv sl <t'lh)
where ¢ denotes the empty string, w i denotes the first
character of a string w, and < the lexicographical orde-

ring on characters, is not a CPO (i.e., not a CCPO and
DCPO).

» (Psin(IN), <) is not a CPO (i.e., not a CCPO and DCPO).
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Exercise A.3.1.8

Which of the partial orders given by the below Hasse diagrams
are (pre-) CCPOs? Which ones are (pre-) DCPOs?

a) b) c) d) e)

0 ™ o @ i

h) i)

PEN
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Strongly Directed CPOs: A DCPO Variant

On DCPOs based on Strongly Directed Sets

>

>

Replacing directed sets by strongly directed sets in Defini-
tion A.3.1.2 leads to SDCPOs.

Recalling that strongly directed sets are not empty (cf.
Definition A.2.6.5), there is no analogue of pre-DCPOs
for strongly directed sets.

A strongly directed set S, in which by definition every
finite subset has a supremum in S, does not need to have
a supremum itself in S, if S is infinite. Therefore, the
SDCPO property does not trivially follow from the strong-
ly directed property of sets (cf. Corollary A.2.6.4).
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Exercise A.3.1.9

Let (INg, =) be the partial order with T = |, where | denotes
the divisibility relation on the natural numbers INg, i.e., the
relation ‘- divides -" (w/out remainder), e.g. 5| 35.

Prove or disprove: (INg, L) is a
1. pre-CCPO A3
CCPO
pre-DCPO
DCPO
SDCPO

AR

Proof or counterexample.
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A.3.2
Maps on Complete Partial Orders

269/444



Continuous Maps on CCPOs

Let (C,C¢) and (D,Cp) be CCPOs, and let f € [C — D] be
a map from C to D.

Definition A.3.2.1 (Continuous Maps on CCPOs) |
f is called continuous iff f is monotonic and A

VC" %0 chain C C. f(I |- C) =p Lp F(C")
(Preservation of least upper bounds)

Note: VS C C. f(S) =4 {f(s)|s € S}
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Continuous Maps on DCPOs

Let (D,Cp) and (E,Cg) be DCPOs, and let f € [D — E| be
a map from D to E.

Definition A.3.2.2 (Continuous Maps on DCPOs)
f is called continuous iff

V D' # () directed set C D. f(D') directed set C E A
f(Up D) =€ e f(D)

(Preservation of least upper bounds)

Note: VS C D. f(S) =4 {f(s)|s € S}
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Characterizing Monotonicity

Let (C,C¢),(D,Cp) be CCPOs, let (E,Cg), (F,CF) be
DCPOs.

Lemma A.3.2.3 (Characterizing Monotonicity)
1. f: C— D is monotonic
iff V. C" # (0 chain C C. r
f(C") chain C DA F( - C') Db Ly F(C)
2. g: E— F is monotonic
iff VE' # () directed set C E.
g(E’) directed set C F A g(LUe E') ZF LU g(E')
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Strict Maps on CCPOs and DCPOs

Let (C,C¢),(D,Cp) be CCPOs with least elements | - and
L p, respectively, let (E,Cg),(F,Cfr) be DCPOs with least

con

elements | £ and | £, respectively, and let f € [C — D] and
g € [E ¥ F] be continuous maps.

Definition A.3.2.4 (Strict Functions on CPOs)
f and g are called strict, if the equalities

> f(UcC)=plUp f(C), e(Ue E")=FlUrg(E")
also hold for C' = () and E’' =), i.e., if the equalities

> f(|_|c®) —C f(J—C):D 1p =p |_|@
> (e ) =e g(Le)=F Lr =[]0

are valid.
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A.3.3

Mechanisms for Constructing Complete
Partial Orders
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Common CCPO and DCPO Constructions

The following construction principles hold for

» CCPOs
» DCPOs

Therefore, we simply write CPO.
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Common CPO Constructions: Flat CPOs

Lemma A.3.3.1 (Flat CPO Construction)
Let C be a set. Then:

(CU{ L}, Ca) with Cg; defined by
\V/C,dGCU{J_}.CEf/atd<:>df c=1 V c=d .
is a CPO, a so-called flat CPO. o

G, & & € C C C .

\\\///

1
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Common CPO Constructions: Flat pre-CPOs

Lemma A.3.3.2 (Flat Pre-CPO Construction)
Let D be a set. Then:

(D U{T}, Caae) with Ty, defined by
Vd,GGDU{T}.dEf/atE@dfe:T V d=e :
is a pre-CPO, a so-called flat pre-CPO. aos

///l\\\

1 2 3 4 (1 d6 d7 o
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Common CPO Constructions: Products (1)

Lemma A.3.3.3 (Non-strict Product Construction)
Let (P1.Cq), (P2, E2). ..., (Ps,C,) be CPOs. Then:
The non-strict product (X P;, C..), where

» X P, =4 Py X Py x ... x P, is the cartesian product of
all P, 1 <i<n
» [ is defined pointwise by
V(P15 Pn)s (q1,---,qn) € X P,
(Prs--sPn) Ex (151 Gn) ar
Vie{l,...,n}. piC;q;

is a CPO.
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Common CPO Constructions: Products (2)

Lemma A.3.3.4 (Strict Product Construction)
Let (P1,C4), (P2, 55), ..., (P, =,) be CPOs. Then:

The strict (or smash) product (&) P;, ), where

» ) P; =4¢ X P; is the the cartesian product of all P; s
» . =4 L defined pointwise with the additional setting ;
(p]-?"'?pn):J— <= df di e {1,...,[7}. Pi:J—i

is a CPO.
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Common CPO Constructions: Sums (1)

Lemma A.3.3.5 (Separated Sum Construction)
Let (P1.C1), (P2, E2), ..., (Ps, ) be CPOs. Then:

The separated (or direct) sum (B P;,C. ), where

> D, Pi=4 PLUP, U ... U P, U{L} is the disjoint union
of all P;, 1 < i < n, and a fresh bottom element L

» [ is defined by

Vp,ge @ Pi.ple g =ur
p=L Vv (3ie{l,....n}. p,ge P N pC;q)

is a CPO.
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Common CPO Constructions: Sums (2)

Lemma A.3.3.6 (Coalesced Sum Construction)
Let (Pl-/ El) (ID27 Ez)./ Ce (Pn: En) be CPOs. Then:

The coalesced sum (6D, P;,Ce,, ), where
> PP =4 PI\{L1JUPN{ L2} U ... UPN{L,}U{L}
is the disjoint union of all P;, 1 < < n, and a fresh

bottom element L, which is identified with and replaces
the least elements L; of the sets P;, i.e., L=g4 L;,

ie{l,...,n}
» [, is defined by
Vp,g e @D Pi. pLe,q =>ur
p=L Vv (3ie{l,...,n}.p,geP; N pC;q)

isa CPO.

A33
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Common CPO Constructions: Function Space

Lemma A.3.3.7 (Continuous Function Space Con.)
Let (C,C¢) and (D,Cp) be pre-CPOs. Then:

The continuous function space ([C ¥ D], C.s), where

con

» [C — D] is the set of continuous maps from C to D
» [ is defined pointwise by
Vf,g€[CED] fCu g <o Ve C. f(c)Tpg(c)
is a pre-CPO. It is a CPO, if (D,Cp) is a CPO.

Note: The definition of C .. does not make use of C being a
pre-CPO. This requirement is only to allow us tailoring the
definition to continuous maps.
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A4

Lattices
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A4l

Lattices, Complete Lattices
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Lattices and Complete Lattices

Let (P,C) be a partial order, P + (.

Definition A.4.1.1 (Lattice)

(P,C) is a lattice (in German: Verband), if every non-empty
finite subset P’ of P has a least upper bound and a greatest
lower bound in P.

Definition A.4.1.2 (Complete Lattice)

(P,C) is a complete lattice (in German: vollstandiger Ver-
band), if every subset P’ of P has a least upper bound and a
greatest lower bound in P.

Note: Lattices and complete lattices are special partial orders.
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Properties of Complete Lattices

Lemma A.4.1.3 (Existence of Extremal Elements)
Let (P,C) be a complete lattice. Then there is
1. a least element in P, denoted by |, satisfying:
L=0=1]P.
2. a greatest element in P, denoted by T, satisfying:

T=M0=L]P.

Lemma A.4.1.4 (Characterization Lemma)

Let (P,C) be a partial order. Then the following statements
are equivalent:

1. (P,C) is a complete lattice.
2. Every subset of P has a least upper bound.
3. Every subset of P has a greatest lower bound.
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Properties of Finite Lattices

Lemma A.4.1.5 (Finiteness implies Completeness)
If (P,C) is a finite lattice, then (P, ) is a complete lattice.

Corollary A.4.1.6 (Finiteness impl. Ex. of ext. Elem.)

If (P,C) is a finite lattice, then (P,C) has a least element
and a greatest element.
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Complete Semi-Lattices

Let (P,C) be a partial order, P + (.

Definition A.4.1.7 (Complete Semi-Lattice)
(P,C) is a complete

1. join semi-lattice (in German: Vereinigungshalbverband) iff
V0 #SCP. ]S exists € P.

2. meet semi-lattice (in German: Schnitthalbverband) iff
VO #SCP.[]S exists € P.
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Properties of Complete Semi-Lattices (1)

Proposition A.4.1.8 (Extr. Bounds in C. Semi-Lat.)
If (P,C) is a complete
1. join semi-lattice, then | | P exists € P (whereas
| |0 (=L) does usually not exist in P).

2. meet semi-lattice, then [ | P exists € P (whereas
[10 (=T) does usually not exist in P).

Informally: Least elements need not exist in complete join
semi-lattices, greatest elements need not exist in complete
meet semi-lattices.
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Properties of Complete Semi-Lattices (2)

Lemma A.4.1.9 (Ex. great. El. in C. Join Semi-Lat.)
Let (P,C) be a complete join semi-lattice. Then:

| | P exists € P and is the (unique) greatest element in P
that is usually denoted by T, ie., T =[|P.

Lemma A.4.1.10 (Ex. least El. in C. Meet Semi-Lat.)
Let (P,C) be a complete meet semi-lattice. Then:

['| P exists € P and is the (unique) least element in P that is
usually denoted by L, ie., L =[]P.
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Characterizing Upper and Lower Bounds (1)

...in complete semi-lattices.

Lemma A.4.1.11 (Char. u./I. Bounds in C. Semi-L.)

1. Let (P,C) be a complete join semi-lattice, and let Q C P
be a subset of P.

If there is a lower bound for Q in P, i.e, if
{peP|lpC Q} #0, then [|Q exists € P satisfying

[]@=] [{pePlpC @}

2. Let (P,C) be a complete meet semi-lattice, and let
Q C P be a subset of P.

If there is an upper bound for @ in P, i.e, if
{peP|QLC p}+#0, then | | Q exists € P satisfying

| Je=[HrePlQCp}
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Characterizing Upper and Lower Bounds (2)

Lemma A.4.1.12 (L./gr. Elements in C. Semi-L.)
If (P,C) is a complete
1. join semi-lattice and | | () exists € P, then | | () is the
(unique) least element in P, denoted by |, ie., L = |0. At

2. meet semi-lattice and []() exists € P, then [ () is the

(unique) greatest element in P, denoted by T, i.e.,
T=170.
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Relating Complete Semi-Lattices and Lattices

Lemma A.4.1.13 (Complete Semi-Lattices&Lattices)

If (P,C) is a complete \
1. join semi-lattice and | | () exists € P oy
2. meet semi-lattice and [ ]() exists € P

then (P, ) is a complete lattice.
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Exercise A.4.1.14

Prove or disprove:

If (P,C) is a complete lattice, then
1. (P\{L},C\ 1) is a complete join semi-lattice.
2. (P\{T},E\7) is a complete meet semi-lattice.

where T\ | and L\ denote the restrictions of C from P to
P\{L} and P\{T}, respectively. Proof or counterexample.
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Relating Lattices and Complete Partial Orders

Lemma A.4.1.15 (Complete Lattices and CPOs)

If (P,C) is a complete lattice, then (P,C) is a CPO (i.e., a
CCPO and DCPO).

A4l

Corollary A.4.1.16 (Finite Lattices and CPOs)

If (P,C) is a finite lattice, then (P,C) is a CPO (i.e., a CCPO
and DCPO).

Note: Lemma A.4.1.15 does not hold for lattices.
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Examples of Complete Lattices

a) {ab.c) b)

T True

{a,b} {a,c} {b,c}

>

fa}  {b}  {c} False
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(Anti-) Examples

» The partial order (P,C) given by the below Hasse dia-
gram is not a lattice (whereas it is a CPO).

>
IS

» (Prin(IN), C) is not a complete lattice (and not a CPO).
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Exercise A.4.1.17

Which of the partial orders given by the below Hasse diagrams
are lattices? Which ones are complete lattices?

a) b) <) d)

e)

0 ® ORNO) ® Cf

¢

> >
SO O S
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Exercise A.4.1.18

Let (INg, =) be the partial order with T = |, where | denotes
the divisibility relation on the natural numbers INg, i.e., the
relation ‘- divides -" (w/out remainder), e.g. 5| 35.

Prove or disprove: (INg, L) is a

1. lattice o
2. complete lattice

3. complete join semi-lattice

4.

complete meet semi-lattice

Proof or counterexample.
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Summary, Overview

Corollary A.4.1.19
Let P # () be a non-empty set, and L a relation on P. Then:

(P, ) finite lattice (L. A.4.1.5) v
(P.C) complete join semi-lattice and
| |0 exists € P (L. A4.1.13(1)) v
(P,C) complete meet semi-lattice and
|_|V) exists € P (L. A.4.1.13(2))
= (P,LC) complete lattice
(D. A4.1.2 and
L. A41.14) = (P,LC) lattice and complete partial order
(D. A4.1.1 and
D. A.3.1.1/2)
(D. A2.1.2)

4

(P,C) partial order
(P,C) pre-order

4
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Excercise A.4.1.20

Let
Q0,PO,L,CPO,CL,FL,CTISL,CTSL,,CMSL,CMSLT

denote the sets of all quasi-orders OO, partial orders PO,

lattices £, complete partial orders CP O, complete lattices CL,

finite lattices F L, complete join semi-lattices without/with

least element C7SL/CTSL |, and meet semi-lattices with- At
out/with greatest element CMSL/CMSL".

1. What further implications or equivalences hold in addi-
tion to those listed in Corollary A.4.1.197 (Proof or
counterexample)

2. What inclusions or (set) equalities hold among QO, PO,
L, etc.? (Proof or counterexample)
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A.4.2

Distributive, Additive Maps on Lattices
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Distributive, Additive Maps on Lattices

Let (P,C) be a complete lattice, and let f € [P — P] be a
map on P.

Definition A.4.2.1 (Distributive, Additive Map)

f is called

» distributive (or M-continuous) iff
VO£P CP.f([IP)=T1]1f(P)

(Preservation of greatest lower bounds)

» additive (or Ll-continuous) iff
VO #P CP.f(LUP)=L]f(P)

(Preservation of least upper bounds)

Note: VS C P. f(S) =ur {f(s)|s €S}
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Characterizing Monotonicity

...in terms of the preservation of greatest lower and least up-
per bounds:

Lemma A.4.2.2 (Characterizing Monotonicity)

Let (P,C) be a complete lattice, and let f € [P — P] be a
map on P. Then:

f is monotonic <= VP C P. f([ |P) C[]|f(P)
= vP CP f(|P)2|]Ff(P)

Note: VS C P. f(S) =uar {f(s)|s €S}
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Useful Results on Mon., Distr., and Additivity

Let (P,C) be a complete lattice, and let f € [P — P] be a
map on P.

Lemma A.4.2.3

f is distributive iff f is additive.

Lemma A.4.2.4

f is monotonic, if f is distributive (or additive).
(i.e., distributivity (or additivity) implies monotonicity)
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A.4.3

Lattice Homomorphisms, Lattice
Isomorphisms
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Lattice Homomorphisms, Lattice Isomorphisms

Let (P,Cp) and (R, Cg) be two lattices, and let f € [P — R]
be a map from P to R.

Definition A.4.3.1 (Lattice Homorphism)

f is called a lattice homomorphism, if

Vp,ge P.f(pUp q)=f(p) Ug f(g) A
f(p Mp q)=1(p) Ne f(q)

Definition A.4.3.2 (Lattice Isomorphism)

1. f is called a lattice isomorphism, if f is a lattice homo-
morphism and bijective.

2. (P,Cp) and (R, CRg) are called isomorphic, if there is lat-
tice isomorphism between P and R.
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Useful Results (1)

Let (P,Cp) and (R, Cg) be two lattices, and let f € [P — R)|
be a map from P to R.

Lemma A.4.3.3
fFelP"™R] = fe[P ™R

The reverse implication of Lemma A.4.3.3 does not hold, how-
ever, the following weaker relation holds:

Lemma A.4.3.4

felP™R] =
Vp,qge P. f(pUpq) Jo f(p) U f(q) A
f(pMp q) Cq f(p) Mo f(q)
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Useful Results (2)

Let (P,Cp) and (R,Cg) be two lattices, and let f € [P — R)|
be a map from P to R.

Lemma A.4.3.5
felPBR = FtelRB P

Lemma A.4.3.6

po hom

fFe[PBR — felP R] wrt Cp and Cg
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A4.4

Modular, Distributive, and Boolean Lattices
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Modular Lattices

Let (P, ) be a lattice with meet operation " and join opera-
tion L.

Lemma A.4.4.1

Vp,greP.pCr=pU(gnr)C(pUqg)nr

Definition A.4.4.2 (Modular Lattice)
(P,LC) is called modular, if

Vp,greP.pCr=pU(gnr) = (pUgqg)nr
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Characterizing Modular Lattices

Theorem A.4.4.3 (Characterizing Modular Lattices)
A lattice (P,C) is
1. modular iff

Vp,qre P.pCgq, piir=qnr, pUr=qlr=p=gq

2. not modular iff (P, C) contains a sublattice, which is iso-

)

morphic to the lattice:
/e
d
b\ /
a
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Distributive Lattices

Let (P, ) be a lattice with meet operation ' and join opera-
tion L.
Lemma A.4.4.4
L. Vp,greP.pu(gnr)C(pUg)n(pUr)
2.Vp,qreP.pf(qur) I (prqg)U(pnr)

Definition A.4.4.5 (Distributive Lattice)
(P, ) is called distributive, if

1. Vp,qgreP.pu(gnr) = (plq)n(pUr)
2.Yp,qreP.pfi(qur) = (pNq)U(pnr)
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Towards Characterizing Distributive Lattices

Lemma A.4.4.6

The following two statements are equivalent:

1. Vp,qreP.pu(qnr)=(pUq)n(pUr)
2.Vp,gqreP.pni(qur)=(pnq)u(pnr)

Hence, it is sufficient to require the validity of property (1) or
of property (2) in Definition A.4.4.5.
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Characterizing Distributive Lattices

Let (P,C) be a lattice.

Theorem A.4.4.7 (Characterizing Distributive Lat.)

(P,C) is not distributive iff (P, C) contains a sublattice that
is isomorphic to one of the below two lattices:

) b)
7N\ |
N / N

a

Corollary A.4.4.8
If (P,C) is distributive, then (P, ) is modular.
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Boolean Lattices

Let (P,C) be a lattice with meet operation [, join operation
LI, least element |, and greatest element T.

Definition A.4.4.9 (Complement)
Let p,g € P. Then:

1. g is called a complement of p, if plig=T and plig= L.

2. P is called complementary, if every element in P has a
complement.

Definition A.4.4.10 (Boolean Lattice)

(P,C) is called Boolean, if it is complementary, distributive,
and | # T.

Note: If (P, ) is Boolean, then every element p € P has an

unambiguous unique complement in P, which is denoted by p.
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Useful Result

Lemma A.4.4.11
Let (P,C) be a Boolean lattice, and let p, g, r € P. Then:

1. p=p (Involution Law)

2. pUg=pNg, pflg=pUg (De Morgan Laws)
1

3. pEq < pUg=T <= prlig

M

4. pCqUlr < pMNgCr < gL pUr
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Boolean Lat. Homomorphisms/Isomorphisms

Let (P,Cp) and (Q,Cg) be two Boolean lattices, and let
f € [P— Q] be a function from P to Q.

Definition A.4.4.12 (Boolean Lattice Homorphism)

f is called a Boolean lattice homomorphism, if f is a lattice
homomorphism and

VpeP. f(p)=Ff(p) s
Definition A.4.4.13 (Boolean Lattice Isomorphism)

f is called a Boolean lattice isomorphism, if f is a Boolean
lattice homomorphism and bijective.
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Useful Results

Let (P,Cp) and (Q,Cg) be two Boolean lattices, and let

felP bhgm Q] be a Boolean lattice homomorphism from P

to Q.
Lemma A.4.4.14
f(Ly=L AFf(T)=T

Lemma A.4.4.15
f is a Boolean lattice isomorphism iff f(L)=_1 A f(T)=T
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Summary, Overview
Corollary A.4.4.16

Let P # () be a non-empty set, and L a relation on P. Then:

(P,C) Boolean lattice
(Def. A.4.4.10) = (P,LC) distributive lattice
(Cor. A4.48) = (P,C) modular lattice
(Def. A4.42) = (P,LC) lattice
(Def. A4.1.1) = (P.LC) partial order
(Def. A2.1.2) = (P,LC) pre-order

Corollary A.4.4.17

QO DO>PODLDOMLDDLDBL

where all inclusions are proper and OO, PO, L, ML, DL,
and BL denote the sets of all quasi- (or pre-) orders, partial
orders, lattices, modular, distributive, and Boolean lattices.
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Exercise A.4.4.18

Let (INg, =) be the partial order with = = |, where | denotes
the divisibility relation on the natural numbers INg, i.e., the
relation ‘- divides -" (w/out remainder), e.g. 5| 35.

Prove or disprove: (INg, L) is a

1. modular lattice
2. distributive lattice

3. Boolean lattice

Proof or counterexample.
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A.4.5

Mechanisms for Constructing Lattices
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Common Lattice Constructions: Flat Lattices

Lemma A.4.5.1 (Flat Lattice Construction)
Let C be a set. Then:

(CU{L, T}, Cpae) with Cg; defined by
Ve, de CU{L, T} cChped <=grc=1Vec=dVvd=T

is a complete lattice, a so-called flat lattice (or diamond lat-
tice).

\4.3
A4
A4S

A4.6

I

G &6 &6 & &6 &G G .-

\\\///
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Lattice Constructions: Products, Sums,...

Like the principle for constructing flat CPOs also the principles
for constructing

» non-strict products -
» strict products .

A4.1

» separate sums
» coalesced sums o
» continuous (here: additive, distributive) function spaces

carry over from CPOs to (complete) lattices (cf. App. A.3.3).
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A.4.6

Order-theoretic and Algebraic View of
Lattices

325/444



Motivation

In Definition A.4.1.1, we introduced lattices as special
» ordered sets (P,C)

which induces an
» order-theoretic view of lattices.

Alternatively, lattices can be introduced as special
» algebraic structures (P, 1, L)

which induces an
» algebraic view of lattices.

Next, we will show that both views are equivalent:

» Order-theoretically defined lattices can be considered
algebraically and vice versa.
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Lattices as Algebraic Structures

Definition A.4.6.1 (Algebraic Lattice)

An algebraic lattice is an algebraic structure (P, 7, L1), where

» P () is a non-empty set.

» [1,LJ: P x P— P are two maps such that for all elements
p,q,r € P the following laws hold (infix notation):

pUg=qlUp
Mr=pM(gmr)
q)Ur=pU(qUr)
Up=p
Mp=p

» Commutative Laws: pfg=qp .

» Associative Laws: (pﬂ q

(pU

» Absorption Laws: (pMgq
(PUgq

\_/\/ V\_/
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Properties of Algebraic Lattices
Let (P,1,L!) be an algebraic lattice.

Lemma A.4.6.2 (Idempotency Laws)

For all p € P, the maps I,/ : P x P — P satisfy the following
laws:

» |dempotency Laws: pMp=p
pUp=p

Lemma A.4.6.3
For all p,q € P, the maps ;L) : P x P — P satisfy:

1. pMg=p < pUg=q
2. pMg=pUqg < p=q
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Induced (Partial) Order

Let (P, I, L1) be an algebraic lattice.

Lemma A.4.6.4
The relation = C P x P on P defined by

Vp,ge P.pC q<=u4 plig=p

is a partial order relation on P, i.e., L is reflexive, transitive,
and antisymmetric.

Definition A.4.6.5 (Induced Partial Order)

The relation C defined in Lemma A.4.6.4 is called the induced
(partial) order of (P, I, Ll).

329/444



Properties of the Induced Partial Order
Let (P,1,L!) be an algebraic lattice, and let C be the induced
partial order of (P, 1, L).

Lemma A.4.6.6

For all p, g € P, the infimum (= greatest lower bound) and
the supremum (= least upper bound) of the set {p, g} exist
and are given by the images of 1 and LI applied to p and g,
respectively, i.e.:

Vp.geP. [ {p,at=pna A | {p.a}=pUg

Lemma A.4.6.6 can inductively be extended yielding:

Lemma A.4.6.7
Let ) # Q@ C P be a non-empty finite subset of P. Then:

Jglb, lube P. glb=[]Q A lub=]| |Q
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Algebraic Lattices Order-theoretically

Corollary A.4.6.8 (From (P,1,U) to (P,C))
Let (P,1,11) be an algebraic lattice. Then:

(P,LC), where C is the induced partial order of (P,1, L)), is an
order-theoretic lattice in the sense of Definition A.4.1.1.
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Induced Algebraic Maps

Let (P,C) be an order-theoretic lattice.

Definition A.4.6.9 (Induced Algebraic Maps)

The partial order C of (P, ) induces two maps 1 and LI from
P x P to P defined by:

1. Vp,ge P.priqg =4 [ {p, q}
2.Vp,ge P.puq=u | {p.q}
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Properties of the Induced Algebraic Maps (1)

Let (P, ) be an order-theoretic lattice, and let [l and LI be
the induced algebraic maps of (P, C).

Lemma A.4.6.10
Let p,g € P. Then the following statements are equivalent:

1.pEgq
2p|_|q:p A46
3. pUg=gq
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Properties of the Induced Algebraic Maps (2)

Let (P, ) be an order-theoretic lattice, and let [ and LI be
the induced algebraic maps of (P, ).

Lemma A.4.6.11

For all p, g, r € P, the induced maps 'l and L! satisfy the
following laws:
» Commutative Laws: pfig=qTlp
pUg=qUp
» Associative Laws:  (pMq)Mr=pf(qgrr)
(pUq)Ur=pu(qUr)
» Absorption Laws:  (pMgq)Up=p
(pUq)Mp=p
» Idempotency Laws: pMp=p
pUp=p
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Order-theoretic Lattices Algebraically

Corollary A.4.6.12 (From (P,C) to (P,1,L))
Let (P, ) be an order-theoretic lattice. Then:

(P,M, ), where M and LI are the induced maps of (P,LC), is
an algebraic lattice in the sense of Definition A.4.6.1.
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Equivalence (1)

...of the order-theoretic and the algebraic view of lattices.

From order-theoretic to algebraic lattices:

» An order-theoretic lattice (P, C) can be considered alge-
braically by switching from (P, C) to (P,1,L!), where [
and L are the induced maps of (P, ).

From algebraic to order-theoretic lattices:

» An algebraic lattice (P,1,LJ) can be considered order-
theoretically by switching from (P,1,L1) to (P. L), where
C is the induced partial order of (P, 1, L).
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Equivalence (2)

Together, this allows us to simply speak of a lattice P, and to
speak only more precisely of P as an

» order-theoretic lattice (P, L)
» algebraic lattice (P, M, L)

if we want to emphasize that we think of P as a special or-
dered set or as a special algebraic structure.
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Bottom and Top vs. Zero and One (1)

Let P be a lattice with a least and a greatest element.

Considering P

» order-theoretically as (P, ), it is appropriate to think of
its least and greatest element in terms of bottom | and
top T with

» Bottom L e P: L=|]0
> Top TeP: T=[]0

» algebraically as (P, 1, Ll), it is appropriate to think of its
least and greatest element in terms of Zero 0 and One 1,
where (P, 11, L) is said to have a (if existent, uniquely de-
termined)

> Zero0e P:VpeP.pul0=p

> Onele P:VpeP.pNl=p
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Bottom and Top vs. Zero and One (2)

Lemma A.4.6.13
Let P be a lattice. Then:

» (P,C) has a bottom element L iff (P,7,L) has a zero
element 0, and in that case:

([ Jo=)L=0

» (P.C) has a top element T iff (P,1,LJ) has a one ele-
ment 1, and in that case:

[]o=)T=1
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On the Adequacy of the two Lattice Views

In mathematics, usually the

» algebraic view of a lattice is more appropriate as it is in
line with other algebraic structures (‘a set together with
some maps satisfying a number of laws'), e.g., groups,
rings, fields, vector spaces, categories, etc., which are
investigated and dealt with in mathematics.

In computer science, usually the

» order-theoretic view of a lattice is more appropriate, since
the order relation can often be interpreted and under-
stood as ‘- carries more/less information than -, ‘- is
more/less defined than -," ‘- is stronger/weaker than -,
etc., which often fits naturally to problems investigated
and dealt with in computer science.

A46
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Exercise A.4.6.14

Let (INg, ) be the lattice with T =, |, where | denotes the
divisibility relation on the natural numbers INg, i.e., the rela-
tion ‘- divides -' (w/out remainder), e.g. 5| 35.

Provide the definition of (INg, A, V), i.e., write down the alge-
braically defined counterpart of (INg, C). To this end, provide
the definition of the meet and join operation on INg x INg:

1. A INO X INO — INO

2. V: INO X INO — INO
What is the

1. zero element 0

2. one element 1

of (INg, A, V)?
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A.5

Fixed Point Theorems
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Ab.1

Fixed Points, Towers
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Fixed Points of Functions

Definition A.5.1.1 (Fixed Point)

Let M be a set, let f € [M — M| be a function on M, and let
m € M be an element of M. Then:

m is called a fixed point of f iff f(m) = m.
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| east, Greatest Fixed Points in Partial Orders

Definition A.5.1.2 (Least, Greatest Fixed Point)

Let (P,C) be a partial order, let f € [P — P] be a function
on P, and let p be a fixed point of f, i.e., f(p)=p. Then:

p is called the

» least fixed point of f, denoted by /f,
iffVge P. f(q)=q=pLCq

» greatest fixed point of f, denoted by vf,
iffVge P. f(q)=qg=qgCp
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Towers in Chain Complete Partial Orders

Definition A.5.1.3 (f-Tower in C)

Let (C,C) be a CCPO, let f € [C — C] be a function on C,
and let T C C be a subset of C. Then:

T is called an f-tower in C iff

1. L eT.
2. If t € T, then also f(t) € T.
3. If T"C Tisachainin C, then | | T € T.
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Least Towers in Chain Complete Partial Orders

Lemma A.5.1.4 (The Least f-Tower in C)

The intersection
I =4 (T | T f-tower in C} -
of all f-towers in C is the least f-tower in C, i.e.,

1. /is an f-tower in C.
2. VT f-towerin C. | C T.

Lemma A.5.1.5 (Least f-Towers and Chains)

The least f-tower in C is a chain in C, if f is expanding.
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A.5.2

Fixed Point Theorems for Complete
Partial Orders
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Fixed Points of Exp./Monotonic Functions

Fixed Point Theorem A.5.2.1 (Expanding Function)

Let (C,C) be a CCPO, and let f € [C ¥ C] be an expanding
function on C. Then:

The supremum of the least f-tower in C is a fixed point of f.

Fixed Point Theorem A.5.2.2 (Monotonic Function)

Let (C,C) be a CCPO, and let f € [C ™" C] be a monotonic
function on C. Then:

f has a unique least fixed point uf, which is given by the su-
premum of the least f-tower in C.
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Note

» Theorem A.5.2.1 and Theorem A.5.2.2 ensure the
existence of a fixed point for expanding functions and of a
unique least fixed point for monotonic functions, respec-
tively, but do not provide constructive procedures for
computing or approximating them.

A5.2

» This is in contrast to Theorem A.5.2.3, which does so for
continuous functions. In practice, continuous functions
are thus more important and considered where possible.
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Least Fixed Points of Continuous Functions

Fixed Point Theorem A.5.2.3 (Knaster Tarski,Kleene)

Let (C,C) be a CCPO, and let f € [C “¥ C] be a continuous
function on C. Then:

f has a unique least fixed point pf € C, which is given by the
supremum of the (so-called) Kleene chain

(L (L), (1), ), ie: -
pf=| | ()= J{L AL F(L)... .}

i€Ng

Note: f° =qr ldc; fi =g f o fiil, i >0.
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Proof of Fixed Point Theorem A.5.2.3 (1)

We have to prove:
pf= L f(L)=LHF (L) |i=0}
ieNg
1. exists,
2. is a fixed point of f,
3. is the least fixed point of f.
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Proof of Fixed Point Theorem A.5.2.3 (2)

1. Existence

» By definition of | as the least element of C and of f° as
the identity on C we have: | = (L) C f1(L)=7(L).

» Since f is continuous and hence monotonic, we obtain by
means of (natural) induction:
Vi, j€INg. i<j= fi(L)E fFTH(L)C F(L).

» Hence, the set {f/( L) | i > 0} is a (possibly infinite)
chain in C.

» Since (C,C)isa CCPO and {f/(L) | i > 0} a chain in
C, this implies by definition of a CCPO that the least
upper bound of the chain {f'(L) |/ > 0}

U{f )| i>0}= |_| fi(L) exists.

i€INg
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Proof of Fixed Point Theorem A.5.2.3 (3)

2. Fixed point property

(f continuous)

(C'=g4e {f'L | i>1}is achain =
| | C" exists =1L U||C)

(Fo(L)=ar L)

(L] FL)

i€INg

L] F(F (L)

i€INg

L] F()

i€INy

Lu ] fi)

i€INy

L] F()

i€INg
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Proof of Fixed Point Theorem A.5.2.3 (4)

3. Least fixed point property
» Let ¢ be an arbitrary fixed point of . Then: | L c.

» Since f is continuous and hence monotonic, we obtain by
means of (natural) induction:
Vi€ Ny fi(L)C fi(c) (=c).
» Since c is a fixed point of f, this implies:
Vi€ INg. fi(L)C c (=f(c)).
» Thus, c is an upper bound of the set {f'(L) | i € INg}. A
» Since {f'(L) | i € INo} is a chain, and | |,y f'(.L) is by
definition the least upper bound of this chain, we obtain
the desired inclusion
| ] fl(hCce
i€INg

OJ

355/444



Least Conditional Fixed Points

Let (C,C) be a CCPO, let f € [C — C] be a function on C,
and let d, ¢, € C be elements of C.

Definition A.5.2.4 (Least Conditional Fixed Point)

¢y is called the least conditional fixed point of f wrt d (in Ger-
man: kleinster bedingter Fixpunkt) iff ¢, is the least fixed ro2
point of C with d C ¢, i.e.

VxeC.f(x)=x N dCx = ¢, Cx
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Least Cond. Fixed Points of Cont. Functions

Theorem A.5.2.5 (Conditional Fixed Point Theorem)

Let (C,C) bea CCPO, let d € C, and let ¥ € [C ¥ C] be a
continuous function on C which is expanding for d, i.e.,
d C f(d). Then:

f has a least conditional fixed point ;1fy € C, which is given by
the supremum of the (generalized) Kleene chain e

{d.f(d). f(d),.. .} ie:
pha= | | £i(d)=| [{d.f(d),*(d),...}

i€INg
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Finite Fixed Points

Let (C.C) bea CCPO, let d € C, and let f € [C — C]| be a
monotonic function on C.

Theorem A.5.2.6 (Finite Fixed Point Theorem)

If two succeeding elements in the Kleene chain of f are equal,
i.e., if there is some / € IN with f'(_L)=f""*(_L), then we
have: pf =f/(L).

Theorem A.5.2.7 (Finite Conditional FP Theorem)

If f is expanding for d, i.e., d C f(d), and two succeeding
elements in the (generalized) Kleene chain of f wrt d are
equal, i.e., if there is some / € IN with 7/(d) = f""(d), then
we have: jfy=f'(d).

Note: Theorems A.5.2.6 and A.5.2.7 do not require continuity
of f. Monotonicity (and expandingness) of f suffice(s).
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Towards the Existence of Finite Fixed Points

Let (P,C) be a partial order, and let p,r € P.

Definition A.5.2.8 (Chain-finite Partial Order)

(P,C) is called chain-finite (in German: kettenendlich) iff P
does not contain an infinite chain.

Definition A.5.2.9 (Finite Element)
p is called

> finite iff the set Q =4 {q € P|q C p} does not contain
an infinite chain.

» finite relative to r iff the set Q =4 {g € P|rC qC p}
does not contain an infinite chain.
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Existence of Finite Fixed Points

...there are numerous sufficient conditions ensuring the
existence of a least finite fixed point of a function f, which
often hold in practice (cf. Nielson/Nielson 1992), e.g.:

» the domain or the range of f are finite or chain-finite,
» the least fixed point of f is finite, As2

» f is of the form f(c)=c Ll g(c) with g a monotonic
function on a chain-finite (data) domain.
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Fixed Point Theorems, Lattices, and DCPOs

Note: Complete lattices (cf. Lemma A.4.1.13) and DCPOs
with a least element (cf. Lemma A.3.1.5) are CCPOs, too.

Thus, we can conclude:

Corollary A.5.2.10 (Fixed Points, Lattices, DCPOs) ...

The fixed point theorems of Chapter A.5.2 hold for functions
on complete lattices and on DCPOs with a least element, too.
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A5.3

Fixed Point Theorems for Lattices
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Fixed Points of Monotonic Functions

Fixed Point Theorem A.5.3.1 (Knaster, Tarski)

mon

Let (P,C) be a complete lattice, and let f € [P — P] be a
monotonic function on P. Then:
1. f has a unique least fixed point uf € P, which is given by
pf=[1{p e Plf(p) E p}.
2. f has a unique greatest fixed point vf € P, which is
given by vf = | [{p € P|pC f(p)}. e

Characterization Theorem A.5.3.2 (Davis)
Let (P,C) be a lattice. Then:
(P,C) is complete iff every f € [P "' P] has a fixed point.

363/444



The Fixed Point Lattice of Mon. Functions

Theorem A.5.3.3 (Lattice of Fixed Points)

mon

Let (P,C) be a complete lattice, let £ € [P = P] be a mono-
tonic function on P, and let Fix(f) =4 {p € P|f(p)= p} be
the set of all fixed points of . Then:

Every subset F C Fix(f) has a supremum and an infimum in
Fix(f), i.e., (Fix(f), C|Fix(r)) is @ complete lattice.

Theorem A.5.3.4 (Ordering of Fixed Points)

Let (P,C) be a complete lattice, and let f € [P ™% P| be a
monotonic function on P. Then:

|| Fi(L) CoufCufC []|F(T)

i€INg i€INg
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Fixed Points of Add./Distributive Functions

For additive and distributive functions, the leftmost and the
rightmost inequality of Theorem A.5.3.4 become equalities:

Fixed Point Theorem A.5.3.5 (Knaster,Tarski,Kleene)

Let (P,C) be a complete lattice, and let £ € [P — P] be a
function on P. Then: f has a unique

1. least fixed point puf € P given by puf = [ |, (L), if f
is additive, i.e., f € [P add P].
2. greatest fixed point vf € P given by vf = [, . f'(T), if

f is distributive, i.e., f € [P 25 P].

Recall: fO =y ldc; fi =4 fofi=1 i>0.

365/444



A.6

Fixed Point Induction
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Admissible Predicates

Fixed point induction allows proving properties of fixed points.
Essential is the notion of admissible predicates:

Definition A.6.1 (Admissible Predicate)

Let (P,C) be a complete lattice, and let ¢ : P — B be a pre-
dicate on P. Then:

¢ is called admissible (or Ll-admissible) iff for every chain
C C P holds:

(Vee C g(c)) = ¢ |C)
Lemma A.6.2

Let (P,C) be a complete lattice, and let ¢ : P — IB be an ad-
missible predicate on P. Then: ¢(_L)=wahr.

Proof. The admissibility of ¢ implies ¢(| |()) = wahr.
Moreover, we have | = | | (), which completes the proof.

A6
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Sufficient Conditions for Admissibility

Theorem A.6.3 (Admissibility Condition 1)

Let (P,C) be a complete lattice, and let ¢ : P — IB be a
predicate on P. Then:

¢ is admissible, if there is a complete lattice (Q,C ) and two
additive functions f, g € [P S @], such that

VpeP.¢(p) < f(p) Co glp)

Theorem A.6.4 (Admissibility Condition 2)

Let (P,C) be a complete lattice, and let ¢, : P — IB be two
admissible predicates on P. Then:

The conjunction of ¢ and 1, the predicate » A 1 defined by

VpeP. (¢ A )p) =ar d(p) A b(p)
is admissible.

A6
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Fixed Point Induction on Complete Lattices

Theorem A.6.5 (Fixed Point Induction on C. Lat.)

Let (P, ) be a complete lattice, let f € [P S P] be an
additive function on P, and let ¢ : P — IB be an admissible

predicate on P. Then:
The validity of
> VpeP. o(p) = o(f(p)) (Induction step)

A6

implies the validity of ¢(uf).

Note: The induction base, i.e., the validity of ¢(_L), is implied
by the admissibility of ¢ (cf. Lemma A.6.2) and proved when
verifying the admissibility of ¢.
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Fixed Point Induction on CCPOs

The notion of admissibility of a predicate carries over from
complete lattices to CCPOs.

Theorem A.6.6 (Fixed Point Induction on CCPOs)

Let (C,C) be a CCPO, let f € [C ™" C] be a monotonic
function on C, and let ¢ : C — IB be an admissible predicate
on C. Then:

The validity of
> Vce C. ¢(c) = o(f(c)) (Induction step)

A6

implies the validity of ¢(uf).

Note: Theorem A.6.6 holds (of course still), if we replace the
CCPO (C,C) by a complete lattice (P, LC).

9
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Pragmatics: Variants of Flow Graphs
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B.1

Motivation
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B.1.1
Flow Graph Variants
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Representing Instructions in Flow Graphs

...representing programs by flow graphs, instructions (assign-
ments, tests) can be attached to:

» nodes
» edges Bz
as

» single instructions

» basic blocks (i.e., sequential sequences of instructions)
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Flow Graph Variants

This leads to four flow graph variants:

» Node-labelled flow graphs
(in the style of Kripke structures)
1) Single instruction graphs (SI graphs)
2) Basic block graphs (BB graphs)

» Edge-labelled flow graphs
(in the style of transition systems)
3) Single instruction graphs (SI graphs)
4) Basic block graphs (BB graphs)

B.11
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Node-labelled Flow Graph Variants

a) Single instruction vs. b) basic block flow graphs:

a) b
. " o,
2 [x=ah | 4 | N f"‘
s I 6la=x_]
5 =a+h
e a:=b+c
e=7
d:=a+b
Node-labelled SI Flow Graph ei=crd
di=bic
Xi=y+z
¢ =b+e
yi=y+z

Node-labelled BB Flow Graph .

u

B.11

DWW W W w
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Edge-labelled Flow Graph Variants

a), b) Single instruction vs. c) basic block flow graphs:

a) c)
x:lo
1 '
O/ }{\
Lo S ‘ -
4 ¢ :
Ba=x bie :
6 H
3 5 B
T Ty = b
3 s H
T "
e H
bic
b)
—bic

Edge-labelled SI Flow Graphs

Edge-labelled BB Flow Graph : R

B.11

DWW W W w
SNooomow i
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Which Flow Graph Variant shall We Select?

Conceptually, there is

» no difference between the various flow graph variants ma-
king the choice of a particular one essentially a matter of
taste.

Pragmatically, however,

» the flow graph variants differ in the ease and hence ade-
quacy of use for specifying and implementing program
analyses and optimizations.

This will be considered in more detail next.
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B.1.2
Flow Graph Variants: Which One to Select?
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Basic Block or Single Instruction Graphs

...node or edge-labelled, these are the questions.

We will investigate these questions by comparing the adequacy
of different flow graph variants for program analysis and opti-
mization.

To this end we consider node and edge-labelled flow graphs
annototated with basic blocks and single instructions, respec- .

B.1.1

tively, and investigate their o1a
» advantages and disadvantages for program analysis
from a pragmatical perspective addressing thereby especially
the question:
» BB or Sl graphs: Just a matter of taste?

On the fly we will learn some new data flow analyses such as

» Faint variable analysis, example of a non-separable real

world data flow analysis problem.
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Basic Block Graphs: Expected Advantages

Advantages commonly attributed to basic block graphs by
‘folk knowledge:’

Better scalability and performance because

> less nodes (edges) are involved in the (potentially)
computationally costly fixed point iteration

» larger programs fit into the main memory.
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Basic Block Graphs: Definite Disadvantages
Definite disadvantages of basic block graphs in practice:

» Higher conceptual complexity: Basic blocks introduce an un-
desired hierarchy into flow graphs making both theoretical
reasoning and practical implementations more difficult.

» Need for pre- and post-processes: These are usually required
in order to cope with the additional problems introduced by
the hierarchical structure of basic block flow graphs (e.g., in
dead code elimination, constant propagation,...); or which
necessitate ‘tricky’ formulations to avoid them (e.g., in partial
redundancy elimination).

» Limited generality: Some practically relevant program analy-
ses and optimizations are difficult or not at all expressible on
the level of basic block flow graphs (e.g., faint variable elimi-
nation).
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Core Issue
...basic blocks cause a hierarchical graph structure:
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In the following

...we oppose advantages and disadvantages of

» basic block (BB) and single instructions (SI) graphs

considering DFA problems already discussed:

B.1.1
B.1.2

» Available expressions

» Simple constants

W W W

and new DFA problems:

» Faint variables
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B.2
MOP and MaxFP Approach
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B.2.1
Edge-labelled Instruction Graphs
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Fixing the Setting

Let

» G=(N,E,s,e) be an edge-labelled SI flow graph.
> Sc=ar (C. ] lc,, ¢ fw) be a DFA specification.
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The MOP Approach and MOP Solution

...for an edge-labelled single instruction flow graph.

Definition B.2.1.1 (The MOP Solution)
The MOPE, solution of S¢ is defined by:

MOPES, : N —C

VneNlN. /\/IOP‘EGL —df|—|{[[p]]ELcs)|p€P[s n] }
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The MaxFP Approach and MaxFP Solution

...for an edge-labelled single instruction flow graph.

Definition B.2.1.2 (The MaxFP Solution)
The MaxFPg , solution of S¢ is defined by:

MaxFPgS, : N —C

V1 € N. MaxFPZS (n) =gs v-inf o, (n)

where v-inf . denotes the greatest solution of the MaxFP
Equation System for instruction graphs:

_ e ifn=s
inf (n) = { 4 (m,n) ]]Ejb(inf(m)) | m € pred(n)} otherwise
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B.2.2
Node-labelled Basic Block Graphs
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Fixing the Setting (1)

In the following we denote:

» basic block nodes by boldface letters (m, n,...)

» single instruction nodes by normalface letters (m, n,...)

We start from:
» G = (N, E,s,e), a node-labelled SI flow graph
> SGz((?,[[ ]]Nw ¢, fw), a DFA specification

which induce a node-labelled BB flow graph G and a corres-
ponding DFA specification Sg.
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Fixing the Setting (2)
Given G and Sg, let
» G=(N,E, sg,eq)
> Sc= (CA [ Ing G fw)
denote the node-labelled BB flow graph and the DFA speci-
fication induced by G and Sg, respectively, where
> [ ]]N,/3 N—-C—C

denotes the extension of the SI DFA functional [ |, , from
nodes to basic blocks defined by '

> vn:<nz/17"'7n1/k> € N. IIn]]N,;‘S :dfll<n17“'7nk> ]]N’L

B22

Auxiliary Mappings
» bb: maps a node n to the basic block n it is included in.

» start: maps a basic block node n to its entry node n.

» end: maps a basic block node n to its exit node n.
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The MOP Approach and MOP Solution (1)
...for a node-labelled basic block flow graph.

Definition B.2.2.1 (The MOP Solution, Part 1)
The MOPy s solution of Sg is defined by

MOPys, : N— (C,C)
¥n € N. MOPyS,(n) =g ( N-MOPyS,(n), X-MOPyS,(n))

where

N-MOPyE, (m) =ar [1{1pTns(cs) | p € Pels.nl}
X-MOP3E, () =r [1{LPIn ()| p € Pols,n]}
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The MOP Approach and MOP Solution (2)

Entry (N) and exit (X) information for basic block nodes must
be pushed inside of the basic blocks:

B22

W W W
N o oo s w
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The MOP Approach and MOP Solution (3)

...and their push to the instruction level:

Definition B.2.2.1 (The MOP Solution, Part 2)
The MOPy, solution of S¢ is defined by

MOP3S, : N — (C,C)

Y n e N. MOPyS,(n) =g ( N-MOP3S, (n), X-MOP3E, (n))
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The MOP Approach and MOP Solution (4)

where

,

S
N-MOP\#5(bb(n))
if n=start(bb(n))
N-MOPSS (n)  =ar
" [, (N-MOPYS(bb(n)))
otherwise (p is the prefix path from
start(bb(n)) up to but exclusive of n) 622

X-MOPyf, () =ar [ P, (N-MOPX®,(bb(n)))
(p is the prefix path from start(bb(n)) up

to and inclusive of n)
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The MaxFP Approach and MaxFP Solution (1)
...for a node-labelled basic block flow graph.

Definition B.2.2.2 (The MaxFP Solution, Part 1)
The MaxFPy s solution of Sg is defined by

Vn € N. MaxFPy,(n) =4r ( N-MaxFPE;(n), X-MaxFPy,(n))
with
N—I\/IaxFPﬁfB(n) =dr V-preg, g(n)
X-MaxFPE,(n) =4r v-post,, 5(n)
where v-pre_ ;5 and v-post, ; denote the greatest solution of
the MaxFP Equation System for basic block graphs:
re(n) = Cs ifn=s
P - [1{ post(m) | m € predg(n)} otherwise
post(n) = [n]y (pre(n)) 407 /444



The MaxFP Approach and MaxFP Solution (2)

Entry (N) and exit (X) information for basic block nodes must
be pushed inside of the basic blocks:

B22

W W W
N o oo s w
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The MaxFP Approach and MaxFP Solution (3)

...and their push to the instruction level:

Definition B.2.2.2 (The MaxFP Solution, Part 2)
The MaxFPy,, solution of S¢ is defined by

Vn € N. MaxFPyf,(n) =g ( N-MaxFPyE (n), X-MaxFPye (n)) ...

with

N—MaxFszL(n) =dr V-pre., ,(n)
X—MaxFP‘,f,‘fL(n) df V—postcs7L(n)
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The MaxFP Approach and MaxFP Solution (4)

...where v-pre_, and v-post . , denote the greatest solution of
the MaxFP Equation System for instruction graphs:

v-pre., 5(bb(n)) if n= start(bb(n))

post(m) otherwise, where m is the
unique predecessor of n

in bb(n)

pre(n) =

B22

post(n) {u—postcsyﬁ(bb(n)) if n=end(bb(n))
[ 1y, (pre(n))
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B.3

Available Expressions

B3
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B.3.1
Node-labelled Basic Block Graphs
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Available Expressions (1)

...for node-labelled basic block graphs and a single term t.

Stage |: The Basic Block Level

Local Predicates (associated with basic block nodes):
> BB-XCompg: [ contains a statement . computing t, and
neither © nor a statement following ¢ in 5 modifies an

operand of t. ;
> BB—TranspE,: [ does not contain a statement which mo- 631
difies an operand of t. -

The Basic Block MaxFP Equation System of Stage I:

Cs if [3 =Sg
BB-N-Availz; = A\ BB-X-Avail; otherwise
Bepred(B)

BB-X-Avail; = (BB-N-Availz A BB-Transpy) V BB-XCompy,
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Available Expressions (2)

Stage Il: The Instruction Level

Local Predicates (associated with instruction nodes):
» Comp': . computes t.
» Transp’: ¢ does not modify an operand of t.

» -BB-N-Avail, v-BB-X-Avail: the greatest solution of the
MaxFP Equation System of Stage . o

Auxiliary Mappings
» bb: maps an instruction ¢ to the basic block /7 it is inclu-
ded in.
» start: maps a basic block [ to its entry instruction ..

» end: maps a basic block [ to its exit instruction .
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Available Expressions (3)

The Instruction MaxFP Equation System of Stage Il

N-Avail, = V—BB—!\I—Avallbb(L) if 1= s.tart(bb(L))
X-Avail yred(,) otherwise (note: |pred(t)| =1)
v-BB-X-Availyy)  if ¢=end(bb(r)) 531
X-Avail, =
(N-Avail, V Comp!) A Transp!  otherwise
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B.3.2

Node-labelled Instruction Graphs

416/444



Available Expressions

...for node-labelled instruction graphs and a single term t.

Local Predicates (associated with instruction nodes):
» Comp!: « computes t.

» Transp': ¢ does not modify an operand of t.

B.3.1

The Instruction MaxFP Equation System: a2
_ Cs if L=s N
N-Avail, = /\  X-Avail; otherwise
i€pred(L)

X-Avail, = (N-Avail, V Comp}) A Transp;
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B.3.3
Edge-labelled Instruction Graphs
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Available Expressions

...edge-labelled instruction graphs and a single term t.

Locale Predicates (associated with instruction edges):
» Comp!: Instruction ¢ of edge ¢ computes t.

» Transp!: Instruction . of edge = does not modify an ope-
rand of t.

B.3.1

B33

The Instruction MaxFP Equation System:

Cs |f n=s
Avail. — A (Avail, v Compy,, v) A Transpg
no mépred(n) ’
otherwise

m,n)
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B.3.4

Summary of Findings
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Findings

...edge-labelled instruction graphs are conceptually and nota-
tionally the most

» convenient ones.

...node-labelled basic block graphs the most

P> inconvenient ones.
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in the following

...we consider two more examples to illustrate the impact of
selecting a flow graph variant on the conceptual and practical
complexity of data flow analysis:

» Simple constants analysis (cf. Chap. B.4)
» Faint variables analysis (cf. Chap. B.5)

To this end we will oppose and investigate MaxFP formula-
tions of these problems for

» node-labelled basic blcok graphs
» edge-labelled instruction graphs

which are the antipodes of each other.
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B.4

Simple Constants
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Simple Constants Analysis

...for the formal problem formulation we require two auxiliary
functions:

» Backward substitution &

m W W
W

» State transformation 6

B.4.2

together with their extensions to (path) instruction sequences.  *
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Backward Substitution, State Transformation

Let « = (x:= t) be an instruction. We define:

» Backward substitution ¢,
0, : T— T defined by

VseT.0,s) =g s[t/x]

where s[t/x| denotes the simultaneous replacement of all
occurrences of x by t in s.

» State transformation 6,
0, : ¥ — ¥ defined by

Vo cXVveV.0,(0)v) =4 { iéc))(a) gthver:w)i(se

B.4
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The Relationship of ¢ and 6

Let 7 denote the set of all instructions.

Lemma B.4.1 (Substitution Lemma for Instructions)

VieIVteTVoeXL. £6,(t)(0)=E(t)0.(0))

Proof by induction on the structure of t.

B.4
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B.4.1
Edge-labelled Instruction Graphs
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Simple Constants Analysis

...for an edge-labelled instruction graph.
The MaxFP Equation System for edge-lab. instruction graphs:

falls n=s

>Cn= { )‘SV' [ EG(m,m(v))(SCm) | m € pred(n) } sonst

where o, € X start information.

The Solution of the Simple Constants Analysis is given by:
» -SC: N— %, the greatest solution of the above EQS.
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B.4.2
Node-labelled Basic Block Graphs
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Backward Substitution, State Transformation

...for paths.

Adapting and extending ¢ and 6 from instructions to sequen-
ces of instructions on paths (and hence basic blocks) of node-
labelled flow graphs:

» Backward Substitution on Path Instruction Sequences

A,:T—>T
_ [ 0n, if g=1
A, =af { AV ng_1) © 5nq ifg>1

» State Transformation on Path Instruction Sequences
O, X=X

o — O, ifg=1
pdf ng) ©On, ifg>1

yyyyy
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The Relationship of A and ©

Let BB denote the set of all basic blocks.

Lemma B.4.2.1 (Substitution L. for Basic Blocks)
VBEBYteT Voex. &(Ds(t))(0)=E(t)(Os(c))

Proof by induction on the length of .
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Simple Constants Analysis (1)

...for a node-labelled basic block graph.
Stage |: The Basic Block Level

The BBy MaxFP Equation System of Stage I:

Os if B=s
BB-N-5C; { [{BB-X-SC; | 3 € pred(B)} otherwise
BB-X-SC; — Av. &(As(v))(BB-N-5C,) =

where o, € X start information.

The Solution of the BBy SC Analysis is given by:

» v-BB-N-SCp, v-BB-X-SCs : N — X, the greatest solu-
tions of the above equation system.
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Simple Constants Analysis (2)
Stage |lI: The Instruction Level
Auxiliary Mappings
» bb: maps an instruction ¢ to the basic block [ it is inclu-
ded in.

» start: maps a basic block [ to its entry instruction ¢.
» end: maps a basic block [ to its exit instruction .

The Sly MaxFP Equation System of Stage II: o
v-BB-N-SCpp(,y if ¢ =start(bb(r))
N-SC, = X-SCpred(s) otherwise (because
| pred(:) | =1)

X.-SC — V—BB—X—SCbb(L) if L= end(bb(L))
T T L Ave E(6,(v))(N-CP,)  otherwise
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Simple Constants Analysis (3)

The Solution of the S/y SC Analysis is given by:

» v-N-SC, v-X-SC: N — X, the greatest solution of the pre-
ceding equation system.

434/444



B.5

Faint Variables
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Faint Variables: Between Life and Death

...consider the program:

=[]

1:=1+1
d :=b+c
4| f:=f+
2:=f1
fl:=12

3 (o |

BS

e=s[ |
Note: Instruction
» /| = [+ 1is live,
» d := b+ cisdead,

» f = f+1,f1 := f2,and f2 := f1 are live but faint
(in German: geisterhaft, schattenhaft).
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Faint Variables Analysis (1)

...for an edge-labelled instruction graphs.

Local Predicates (associated with instruction edges):

» LifeEnforcingUse”: Variable v is used by the instruction ¢
associated with edge ¢ and ‘forced to live’ by it (i.e., ¢ is
an output or test operation).

» MOD/: The instruction ¢ at edge ¢ modifies variable v.
» Ass-Used!: Variable v, occurs in the right-hand side
expression of the instruction ¢ associated with edge c.
Auxiliary Mapping

» [hsVar: Maps an edge ¢ to the left-hand side variable of
the instruction ¢ associated with it.

BS
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Faint Variables Analysis (2)
The Slg MaxFP Equation System:

FAINTY —

( if n=e
i A ( )ﬂLifeEnforcingUse(,,’m) A
(FAINTY, vV MODY, ) A

(FAINT,thsvar("’m) V. ﬁAss_Used{mm)) otherwise “

\

where fv, € B'V! start information.

The Solution of the S/g Faint Variables Analysis is given by:

» -FAINT : N —IB!V! , the greatest solution of the above
equation system.
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Informally

...a variable v ist faint at node n, if v

» is not forced to live by an instruction at an incoming edge
of n (1-st conjunction term).

» is already faint at node n or modified by an instruction at
an incoming edge of n and thereby made faint (2-nd con-
junction term).

BS

» is not used by an instruction at an incoming edge of n or
(at most) used to assign a new value to a variable which
is faint itself (3-rd conjunction term).
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Summing up

Faint variables are an example of a (so-called) non-separable
DFA problem, where a formulation leading to an efficient
implementation is

» obvious for (node and edge-labelled) instruction graphs,

» not at all obvious, if not impossible at all, for (node and
edge-labelled) basis block graphs.

BS

(Note that the naive straightforward extension to basic
block graphs would require for every basic block n to
compute the full semantic function [n ], . : B — IB*,
where k,, is the number of variables occuring in n, a func-
tion with 2% arguments. In the worst case, k, coincides
even with the number of all variables in the program
under consideration.)

440/444



B.6

Conclusions

B6
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Conclusion

All 4 flow graph variants are conceptually essentially equivalent
with in most cases only minor pragmatic advantages and dis-
advantages.

Thus the general holistic framework and tool kit view of DFA

DFA
Framework

B6

) (2)
Proof N N

Obli qui Optimality/Conservativity Effectivity

is conceptually adequate and sufficient when being aware of
the differences and their impact on specification, implementa-

tion, and proof obligation accomplishment.
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